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Scientific  progress  and  accomplishments: 

A  New  Mathematical  and  Computational  Framework  for  BVPs  and  IVPs 
for  Solids,  Liquids  and  Gases  and  their  Interactions 


Final  Report 

Under  the  Grant  number:  W-9 1 1 NF- 1 1  - 1  -047 1  (FED006 1541) 

PI:  Karan  S.  Surana,  The  University  of  Kansas 
Co-PI:  J.  N.  Reddy,  Texas  A&M  University 

Abstract 

In  the  three  year  duration  of  the  research  grant,  the  research  has  been  concentrated  in  five  major  areas: 

(I)  Ordered  rate  constitutive  theories  in  Lagrangian  description 

(II)  Mathematical  models  and  their  numerical  solutions  for  fluid-solid  interaction 

(III)  Mathematical  models  and  their  numerical  solutions  for  solid-liquid  and  liquid-solid  phase  transition 

(IV)  A  mixture  theory  for  v  component  incompressible  fluids 

(V)  ID  normal  shocks  (Riemann  shock  tube):  numerical  simulations  and  comparisons  with  experiments 

(1)  Ordered  rate  constitutive  theories  in  Lagrangian  description:  Ordered  rate  constitutive  theories  in  Lagrangian  de¬ 
scription  for  thermoelastic  solids,  thermoviscoelastic  solids  without  memory  and  thermoviscoelastic  solids  with  memory 
using  entropy  inequality  expressed  in  terms  of  Helmholtz  free  energy  density  $  as  well  as  Gibbs  potential  T  for  isotropic, 
homogeneous,  compressible  as  well  as  incompressible  solid  matter  experiencing  finite  deformation  and  finite  strains  have 
been  derived.  In  case  of  thermoelastic  solids,  the  first  and  second  law  of  thermodynamics  are  derived  from  fundamental  prin¬ 
ciples  in  which  the  mechanical  work  does  not  result  in  rate  of  entropy  production  and  hence  cannot  influence  entropy.  For 
such  matter,  the  resulting  entropy  inequality  provides  no  mechanism  to  derive  constitutive  theories  for  the  stress  tensor.  The 
research  work  during  this  grant  presents  a  number  of  alternatives,  the  associated  constitutive  theories,  their  usefulness  and 
limitations.  The  constitutive  theories  for  the  stress  tensor  as  well  as  heat  vector  are  presented  for  thermoelastic  solids.  The 
ordered  rate  constitutive  theories  for  thermoviscoelastic  solids  (for  stress  tensor  and  heat  vector)  with  and  without  memory 
are  derived  using  entropy  inequality  expressed  in  terms  of  $  and  T  in  conjunction  with  the  theory  of  generators  and  invari¬ 
ants.  Although  the  two  forms  of  the  entropy  inequality  using  <1>  and  T  are  precisely  equivalent,  their  equivalence  may  or  may 
not  exist  in  the  constitutive  theories  resulting  from  these  two  approaches.  This  report  presents  developments  and  derivations 
of  ordered  rate  constitutive  theories  in  Lagrangian  description  for  solid  matter  for  homogeneous,  isotropic,  compressible  and 
incompressible:  (i)  thermoelastic  solids  (ii)  thermoviscoelastic  solids  without  memory  and  (iii)  thermoviscoelastic  solid  mat¬ 
ter  with  memory  experiencing  finite  deformation.  To  ensure  thermodynamics  equilibrium  in  the  deforming  solid  matter,  the 
rate  constitutive  theories  are  derived  using  the  second  law  of  thermodynamics  i.e.  entropy  inequality  derived  and  expressed 
(a)  using  Helmholtz  free  energy  density  $  and  (b)  using  Gibbs  potential  T.  This  research  work  provides  a  consistent  and  rig¬ 
orous  continuum  mechanics  framework  for  the  derivations  of  broad  range  of  constitutive  theories  that  enable  varied  physics 
in  the  mathematical  models  for  finite  deformation  of  solid  matter.  Comparisons  with  currently  used  constitutive  theories  ex¬ 
plain  and  illustrate  (1)  various  assumptions  employed  in  their  derivations  and  their  severe  limitations  for  finite  deformation 

(2)  total  lack  of  continuum  mechanics  foundation  in  many  cases.  The  ordered  rate  constitutive  theories  derived  here,  when 
incorporated  with  the  conservation  and  balance  laws,  result  in  mathematical  models  that  ensure  thermodynamic  equilibrium 
during  the  entire  evolution  and  allow  us  to  incorporate  complex  material  behaviors  in  the  mathematical  models.  In  high 
temperature  applications,  melting  and  subsequent  solidification  may  occur  in  solids.  In  such  cases,  mathematical  models  for 
the  transition  zone,  a  mixture  of  solid  and  liquid,  is  critical.  Use  of  mixture  theory  based  on  continuum  mechanics  principles 
and  thermodynamics  is  being  investigated.  Preliminary  work  for  mixture  theory  for  Newtonian  and  generalized  Newtonian 
fluids  is  quite  promising  and  is  being  extended  for  solid-liquid  mixtures. 
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(II)  Mathematical  models  and  their  numerical  solutions  for  fluid-solid  interaction:  The  second  area  of  research  during 
this  grant  considers  development  of  mathematical  models  and  possibility  of  obtaining  their  numerical  solutions  for  fluid-solid 
interaction  (FSI)  processes.  A  number  of  alternate  mathematical  models  are  derived  using  conservation  and  balance  laws 
in  Lagrangian  and  Eulerian  descriptions  including  currently  used  ALE  (Arbitrary  Lagrangian  Eulerian)  approach  to  demon¬ 
strate  that  ALE  methodologies  do  not  permit  discretized  solid  and  fluid  domains  to  coexists  and  interact  with  each  other 
during  the  solution  process.  This  is  primarily  due  to  the  fact  that  solids  employ  Lagrangian  description  in  which  displace¬ 
ments  of  material  points  are  intrinsic  in  the  mathematical  models.  In  case  of  fluids,  we  monitor  the  evolving  state  of  the  fluid 
at  fixed  locations,  hence  displacements  of  the  material  points  are  not  measured.  The  development  of  conservation  and  bal¬ 
ance  laws  follows  based  on  velocities  at  each  fixed  location  that  corresponds  to  different  material  points  during  the  evolution. 
Thus,  for  fluids  in  the  current  thermodynamic  framework,  displacements  are  not  available  and  also  cannot  be  obtained  using 
velocities  at  fixed  locations  as  these  are  velocities  of  different  material  points  during  the  evolution.  Thus,  we  realize  that 
mathematical  description  for  fluids  are  not  Eulerian  as  for  a  true  Eulerian  description,  its  counter  part,  Lagrangian  descrip¬ 
tion,  exists.  Mathematical  description  for  fluids  over  a  fixed  grid  suggests  that  this  grid  should  not  be  moved,  otherwise  the 
validity  of  the  associated  mathematical  descriptions  may  be  in  question.  In  summary,  the  mathematical  description  for  solids 
and  fluids  are  two  entirely  different  mathematical  models  with  nothing  in  common.  When  the  mathematical  models  for  fluids 
and  solids  are  derived  using  same  dependent  variables,  same  physics  and  the  same  description,  their  interaction  is  transpar¬ 
ent  as  it  is  intrinsic  in  the  mathematical  description.  In  the  present  work  we  show  that  in  the  case  of  hypo-elastic  solids  and 
fluids  (like  polymers),  the  mathematical  models  are  based  on  same  dependent  variables  and  hence  exactly  same  basis  for 
their  derivations,  hence  permit  interaction  and  computations  using  discretizations  for  both  solid  and  fluid  with  transparent 
interaction  at  the  common  boundary.  It  is  shown  that  presently  used  ALE  methodologies  for  FSI  have  no  continuum  mechan¬ 
ics  basis  and  hence  produce  results  in  the  numerical  simulations  that  are  not  solutions  of  the  associated  mathematical  models. 

(III)  Mathematical  models  and  their  numerical  solutions  for  solid-liquid  and  liquid-solid  phase  transition:  In  the 

third  area  of  research  we  consider  development  of  mathematical  models  in  Lagrangian  and  Eulerian  description  and  their 
numerical  simulation  for  solid-liquid  and  liquid-solid  phase  transition  processes.  The  mathematical  models  are  derived  by 
assuming  a  smooth  interface  or  transition  region  between  the  solid  and  liquid  phases  in  which  the  specific  heat,  density,  ther¬ 
mal  conductivity,  and  latent  heat  of  fusion  are  continuous  and  differentiable  functions  of  temperature.  In  the  derivations  of 
the  mathematical  models  we  assume  the  matter  to  be  homogeneous,  isotropic,  and  incompressible  in  all  phases.  The  change 
in  volume  due  to  change  in  density  during  phase  transition  is  neglected  in  all  mathematical  models  considered.  This  research 
describes  various  approaches  of  deriving  mathematical  models  that  incorporate  phase  transition  physics  in  various  ways, 
hence  results  in  different  mathematical  models.  In  the  present  work  we  only  consider  the  following  two  types  of  mathemati¬ 
cal  models:  ( i )  We  assume  the  velocity  field  to  be  zero  i.e.  no  flow  assumption,  and  free  boundaries  i.e.  zero  stress  field  in  all 
phases.  Under  these  assumptions  the  mathematical  models  reduce  to  first  law  of  thermodynamics  i.e.  the  energy  equation, 
a  nonlinear  diffusion  equation  in  temperature  if  we  assume  Fourier  heat  conduction  law  relating  temperature  gradient  to  the 
heat  vector.  These  mathematical  models  are  invariant  of  the  type  of  description  i.e.  Lagrangian  or  Eulerian  due  to  absence 
of  velocities  and  stress  field.  ( ii )  The  second  class  of  mathematical  models  are  derived  with  the  assumption  that  stress  field 
and  velocity  field  are  nonzero  in  the  fluid  region  but  in  the  solid  region  stress  field  is  assumed  constant  and  the  velocity  field 
is  assumed  zero.  In  the  transition  region  the  stress  field  and  the  velocity  field  transition  in  a  continuous  and  differentiable 
manner  from  nonzero  at  the  liquid  state  to  constant  and  zero  in  the  solid  state  based  on  temperature  in  the  transition  zone. 
Both  of  these  models  are  consistent  with  the  principles  of  continuum  mechanics,  hence  provide  correct  interaction  between 
the  regions  and  are  shown  to  work  well  in  the  numerical  simulations  of  phase  transition  applications  with  flow.  Details  of 
other  mathematical  models,  problems  associated  with  them,  and  their  limitations  are  also  discussed.  Numerical  solutions 
of  phase  transition  model  problems  in  R 1  and  R2  are  presented  using  these  two  types  of  mathematical  models.  Numerical 
solutions  are  obtained  using  h.  p,  k  space-time  finite  element  processes  based  on  residual  functional  for  an  increment  of  time 
with  time  marching  in  which  variationally  consistent  space-time  integral  forms  ensure  unconditionally  stable  computations 
during  the  entire  evolution. 
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(IV)  A  mixture  theory  for  v  component  incompressible  fluids:  The  fourth  area  of  research  consists  of  development  of 
mixture  theory  for  v  constituent  incompressible  fluids.  Development  of  mathematical  models  based  on  conservation  laws 
for  a  saturated  mixture  of  v  homogeneous,  isotropic,  and  incompressible  constituents  for  isothermal  flows.  The  constituents 
and  the  mixture  are  assumed  to  be  Newtonian  or  generalized  Newtonian  fluids.  Power  law  and  Carreau-Yasuda  models  are 
considered  for  generalized  Newtonian  shear  thinning  fluids.  The  mathematical  model  is  derived  for  a  v  constituent  mixture 
with  volume  fractions  <j>a  using  principles  of  continuum  mechanics:  conservation  of  mass,  balance  of  momenta,  first  and  sec¬ 
ond  laws  of  thermodynamics,  and  principles  of  mixture  theory  yielding  continuity  equations,  momentum  equations,  energy 
equation,  and  constitutive  theories  for  mechanical  pressures  and  deviatoric  Cauchy  stress  tensors  in  terms  of  the  dependent 
variables  related  to  the  constituents.  It  is  shown  that  for  Newtonian  fluids  with  constant  transport  properties,  the  mathemat¬ 
ical  models  for  constituents  are  decoupled.  In  this  case  one  could  use  individual  constituent  models  to  obtain  constituent 
deformation  fields,  and  then  use  mixture  theory  to  obtain  the  deformation  field  for  the  mixture.  In  the  case  of  generalized 
Newtonian  fluids,  the  dependence  of  viscosities  on  deformation  field  does  not  permit  decoupling.  Numerical  studies  are  also 
presented  to  demonstrate  this  aspect.  Using  fully  developed  flow  of  Newtonian  and  generalized  Newtonian  fluids  between 
parallel  plates  as  a  model  problem,  it  is  shown  that  partial  pressures  pa  of  the  constituents  must  be  expressed  in  terms  of  the 
mixture  pressure  p.  In  this  work  we  propose  pa  =  (f>ap  and  Pa  =  P  which  implies  <j)a  =  1  which  obviously  holds. 
This  rule  for  partial  pressure  is  shown  to  be  valid  for  a  mixture  of  Newtonian  and  generalized  Newtonian  constituents  yield¬ 
ing  Newtonian  and  generalized  Newtonian  mixture.  Modifications  of  the  currently  used  constitutive  theories  for  deviatoric 
Cauchy  stress  tensor  are  proposed.  These  modifications  are  demonstrated  to  be  essential  in  order  for  the  mixture  theory  for  v 
constituents  to  yield  a  valid  mathematical  model  when  the  constituents  are  the  same.  Dimensionless  form  of  the  mathemat¬ 
ical  models  are  derived  and  used  to  present  numerical  studies  for  boundary  value  problems  using  finite  element  processes 
based  on  a  residual  functional  i.e.  least  squares  finite  element  processes  in  which  local  approximations  are  considered  in 
Hk,p  (O')  scalar  product  spaces.  Fully  developed  flow  between  parallel  plates  and  1:2  asymmetric  backward  facing  step  are 
used  as  model  problems  for  a  mixture  of  two  constituents. 

(V)  ID  normal  shocks  (Riemann  shock  tube):  numerical  simulations  and  comparisons  with  experiments:  We  consider 
numerical  simulation  of  the  evolution  of  one-dimensional  normal  shocks,  their  propagation,  reflection,  and  interaction  in 
air  using  a  single  diaphragm  Riemann  shock  tube  and  validate  them  using  experimental  results.  Mathematical  model  is 
derived  for  one -dimensional  compressible  flow  of  viscous  and  conducting  medium.  Dimensionless  form  of  the  mathematical 
model  is  used  to  construct  space-time  finite  element  processes  based  on  minimization  of  the  space-time  residual  functional. 
The  space-time  local  approximation  functions  for  space-time  p- version  hierarchical  finite  elements  are  considered  in  higher 
order  Hk'p{il%t)  spaces  that  permit  desired  order  of  global  differentiability  of  local  approximations  in  space  and  time.  The 
resulting  algebraic  systems  from  this  approach  yield  unconditionally  positive-definite  coefficient  matrices,  hence  ensure 
unique  numerical  solution.  The  evolution  is  computed  for  a  space-time  strip  corresponding  to  a  time  increment  At  and  then 
time  march  to  obtain  the  evolution  up  to  any  desired  value  of  time.  Numerical  studies  are  designed  using  recently  invented 
hand-driven  shock  tube  (Reddy  tube)  parameters,  high/low  side  densities  and  pressure  values,  high  and  low  pressure  side 
shock  tube  lengths,  so  that  numerically  computed  results  can  be  compared  with  actual  experimental  measurements. 

Motivation 

In  obtaining  accurate  numerical  solutions  of  boundary  value  problems  (BVPs)  and  initial  value  problems  (IVPs)  describing 
the  stationary  and  time  dependent  physical  processes,  there  are  two  significant  aspects:  (i)  Derivations  of  mathematical  mod¬ 
els  that  incorporate  the  desired  physics  and  ensure  thermodynamic  equilibrium  during  the  entire  evolution  (IVPs)  or  their 
stationary  states  (BVPs)  (ii)  accurate  numerical  solutions  of  the  BVPs  and  IVPs  resulting  from  the  mathematical  models 
regardless  of  their  complexity  with  built-in  intrinsic  measures  of  error  in  the  computed  evolution  without  the  knowledge 
of  the  theoretical  solutions  and  inherent  mechanism(s)  of  adaptivity  for  reducing  the  error  in  the  computed  solution  to  the 
desired  level. 

Recent  and  ongoing  developments  in  computational  mathematics  (Surana  et  al.  [1-7])  have  lead  to  the  new  generation  of 
finite  element  processes  for  BVPs  and  IVPs  that  are  highly  meritorious  and  can  provide  numerical  solutions  that  are  as 
good  as  their  theoretical  solutions.  The  h,p,  k  finite  element  processes  based  on  variationally  consistent  (VC)  integral  forms 
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resulting  from  these  recent  developments  indeed  have  all  desired  features.  Variationally  consistent  integral  forms  ensure 
unconditionally  stable  computational  processes  regardless  of  the  choice  of  h,p  and  k  and  the  nature  of  the  differential  op¬ 
erator,  thus  avoiding  the  use  of  stabilizing  methods  such  as  SUPG,  SUPG/DC,  SUPG/DC/LS  [8, 9]  used  currently  that  lack 
mathematical  basis  in  almost  all  aspects.  The  h,p,k  framework  permits  variable  element  size  (h),  choice  of  the  degrees 
( p )  of  local  approximation  in  spatial  directions  as  well  as  time,  and  higher  order  global  differentiability  in  space  and  time 
due  to  k,  the  order  of  the  approximation  space.  With  the  advent  of  k  (or  /.--version  of  the  finite  element  method),  it  is  now 
possible  to  incorporate  desired  physics  in  the  computational  processes.  The  use  of  k  allows  the  integrals  in  the  finite  element 
processes  to  be  in  the  Riemann  sense,  permitting  precise  computations  of  the  integrated  sums  of  squares  of  the  residuals  as  a 
quantitative  measure  of  error  which  also  provides  basis  for  adaptive  refinements.  In  summary,  the  h,p,  k  framework  with  VC 
integral  forms  developed  by  Surana  et  al.  [10-12]  and  being  further  developed  during  the  current  grant  ensures  numerical 
solutions  (upon  convergence)  that  are  as  good  as  the  theoretical  solution  in  almost  all  aspects  is  the  basis  for  all  numerical 
computations  in  the  research  being  performed  under  the  current  grant. 

When  the  numerical  solutions  for  a  mathematical  model  (BVP  or  IVP)  are  computed  using  h,p ,  k  framework  with  VC  inte¬ 
gral  forms  and  when  there  is  a  lack  of  agreement  between  the  computed  solutions  and  the  experimental  or  observed  behavior, 
this  disagreement  cannot  be  attributed  to  the  h,p,  k  finite  element  computational  process.  In  such  situations,  if  the  experi¬ 
mental  or  observed  behavior  is  the  right  behavior,  then  the  lack  of  agreement  between  the  numerically  computed  solution 
and  experimental  or  observed  behavior  is  undoubtedly  due  to  lack  of  desired  physics  in  the  mathematical  model  used  in  the 
computational  process. 

The  mathematical  models  for  homogeneous  isotropic,  compressible  and  incompressible  solid  media  experiencing  finite  de¬ 
formation  can  be  derived  using  conservation  and  balance  laws  in  Lagrangian  description,  preferred  for  solid  matter  as  it 
provides  ability  to  monitor  material  particle  displacements.  Conservation  of  mass,  balance  of  momenta  and  first  law  of  ther¬ 
modynamics  are  independent  of  the  constitution  of  the  matter  and  hence  hold  for  all  deforming  matter  regardless  of  whether 
it  is  solid,  liquid  or  gas.  In  the  conservation  laws,  we  assume  existence  of  stress  field  and  heat  vector  without  regard  to  how 
these  are  arrived  at.  Determination  of  the  dependence  of  the  stress  tensor  and  heat  vector  on  the  kinematic  of  deforming 
matter  is  referred  to  as  constitutive  theory.  For  the  deforming  matter  to  be  in  thermodynamic  equilibrium,  in  addition  to 
these  three  conservation  laws,  the  second  law  of  thermodynamics  must  also  be  satisfied  during  evolution  of  the  deforming 
matter.  Thus,  if  the  constitutive  theories  are  derived  using  the  second  law  of  thermodynamics  (entropy  inequality),  then  we 
are  assured  that  the  resulting  mathematical  model  will  undoubtedly  satisfy  thermodynamic  equilibrium  during  the  evolution 
of  deforming  matter.  Conservation  of  mass,  balance  of  momenta  and  first  law  of  thermodynamics  or  balance  of  energy  are 
well  established  and  hold  regardless  of  the  constitution  of  the  matter.  Thus,  if  the  mathematical  models  of  the  deforming 
matter  used  in  obtaining  numerical  solutions  using  h,p,  k  framework  with  VC  integral  forms  are  unable  to  yield  numerical 
solutions  that  are  in  agreement  with  observed  behavior,  then  undoubtedly  the  problem  in  the  mathematical  models  must  arise 
due  to  the  use  of  less  than  adequate  constitutive  theories.  Unless  the  derivations  of  the  constitutive  theories  based  on  entropy 
inequality  and  the  assumptions  employed  in  their  derivations  are  clearly  understood,  the  adequacy  of  the  mathematical  mod¬ 
els  for  the  desired  physics  cannot  be  ensured.  The  currently  used  constitutive  theories  in  some  cases  have  rigorous  derivations 
based  on  entropy  inequality  but  in  most  cases  are  simple  ad  hoc  extensions  of  simple  one  dimensional  phenomenological 
models.  Such  theories  lack  thermodynamic  foundation  and  could  be  in  violation  of  the  axioms  of  constitutive  theory  in 
continuum  mechanics.  Thus,  the  motivation  for  addressing  constitutive  theories  for  solid  matter  is  to  ensure  that  the  result¬ 
ing  mathematical  model  will  yield  thermodynamic  equilibrium  in  the  deforming  matter  during  evolutions  and  will  permit 
desired  and  varied  physics  associated  with  finite  deformation  of  complex  materials.  Such  mathematical  models,  when  used 
in  conjunction  with  h,p,  k  framework  with  VC  integral  forms,  have  extremely  high  likelihood  of  simulating  the  observed 
behaviors  during  the  evolution  of  deforming  matter. 

In  the  following  we  consider  each  of  the  five  areas  of  research  and  present:  scientific  approach,  research  details,  findings, 
merits,  summary,  concluding  remarks,  significance  and  impact  of  the  research. 
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I  Ordered  rate  constitutive  theories  for  solid  matter  using  second  law  of  thermody¬ 
namics  in  Helmholtz  free  energy  <£>  and  Gibbs  potential  VI; 

In  order  to  ensure  thermodynamic  equilibrium  in  the  deforming  matter,  the  constitutive  theories  for  stress  tensor  and  heat 
vector  (for  simple  matter)  must  satisfy  conservation  and  balance  laws.  Conservation  of  mass,  balance  of  momenta  and  first  law  of 
thermodynamics  simply  use  the  stress  tensor  and  heat  vector  but  have  no  mechanism  for  deriving  constitutive  theories  for  these. 
Hence,  we  must  some  how  employ  the  second  law  of  thermodynamics  (entropy  inequality)  in  the  derivation  of  the  constitutive 
theories  or  ensure  that  the  conditions  resulting  from  the  entropy  inequality  are  satisfied  by  the  constitutive  theories  we  choose. 
When  constitutive  theories  are  derived  using  entropy  inequality,  then  it  is  obviously  satisfied,  hence  thermodynamic  equilibrium 
is  ensured  during  deformation.  If  other  measures  are  employed  to  derive  the  constitutive  theories,  then  we  must  ensure  that 
these  constitutive  theories  do  not  violate  the  restrictions  imposed  by  the  entropy  inequality.  In  cases  where  the  entropy  inequality 
neither  has  any  mechanism  for  deriving  constitutive  theories  nor  places  any  restrictions,  the  choice  of  constitutive  theories  can  be 
independent  of  conservation  and  balance  laws.  This  is  indeed  the  case  for  thermoelastic  solids. 

The  entropy  inequality  can  be  expressed  either  in  terms  of  Helmholtz  free  energy  density  $  or  Gibbs  potential  T.  The  two 
forms  of  entropy  inequality  are  exactly  equivalent  but  the  resulting  constitutive  theories  from  these  two  forms  may  not  always  be 
equivalent.  In  the  research  conducted  here,  we  consider  derivations  of  the  ordered  rate  constitutive  theories  using  both  forms  of  the 
entropy  inequality  and  establish  when  there  is  equivalence  between  the  resulting  constitutive  theories.  Regardless  of  whether  we 
consider  entropy  inequality  in  terms  of  $  or  T,  the  basic  principles  and  the  axioms  of  continuum  mechanics  in  the  derivations  of 
constitutive  theories  remain  almost  the  same  for  the  three  types  of  solids  considered  in  the  present  work.  We  describe  these  in  the 
following. 

Let  cr  and  e  represent  conjugate  stress  and  strain  (measure  of  finite  strain  i.e.  Green’s  strain)  tensors  in  Lagrangian  description 
and  i],  6 ,  g  and  q  be  specific  entropy,  temperature  (absolute),  temperature  gradient  and  heat  vector. 

Entropy  inequality  in  Helmholtz  free  energy  $ 

(1)  Using  entropy  inequality  in  Lagrangian  description  expressed  in  terms  of  <1>  and  other  three  conservation  laws,  T,  //,  cr  and 
q  are  established  as  dependent  variables  in  the  constitutive  theories. 

(2)  The  argument  tensors  of  these  dependent  variables  are  established  based  on  the  desired  physics  i.e.  thermoelastic  solids, 
thermoviscoelastic  solids  without  memory  and  thermoviscoelastic  solids  with  memory. 

(3)  Using  the  argument  tensors  in  (2)  for  <1>  we  obtain  material  derivative  of  <1>  i.e.  ^  or  <I>  which  is  in  Lagrangian 
description  and  substitute  this  in  the  entropy  inequality.  From  the  resulting  form  of  the  entropy  inequality:  (i)  //  is  eliminated 
as  a  dependent  variable  (ii)  reduced  argument  tensors  of  $  are  established.  Thus,  now  «1>,  cr  and  q  remain  as  dependent 
variables  in  the  constitutive  theories  with  their  argument  tensors  defined. 

(4)  At  this  stage,  if  the  conditions  resulting  from  the  entropy  inequality  permit,  the  constitutive  theory  for  tr  is  derived  directly 
using  these.  This  is  indeed  the  case  for  thermoelastic  solids.  The  result  is  a  rate  constitutive  theory  of  order  zero  for  tr  . 

(5)  If  the  conditions  resulting  from  the  entropy  inequality  do  not  permit  derivation  of  the  constitutive  theories  for  tr  ,  then  tr  is 
decomposed  into  equilibrium  stress  ecr  and  deviatoric  stress  ,/tr  i.e.  the  total  stress  is  cr  =  ecr  +  ,/tr.  The  conditions  resulting 
from  the  entropy  inequality  permit  derivation  of  the  constitutive  theory  for  ,  a  as  thermodynamic  pressure  p  =  p(p,  6)1  for 
compressible  case  and  mechanical  pressure  p  =  p(6)I  (after  inserting  incompressibility  constraint  in  the  entropy  inequality) 
for  incompressible  case.  Additionally,  another  inequality  due  to  the  decomposition  of  cr  requires  the  work  expanded  due 
to  t  to  be  positive,  but  the  entropy  inequality  provides  no  mechanism  for  deriving  constitutive  theories  for  ,/o\  In  the 
present  work,  we  use  the  theory  of  generators  and  invariants  [13-30]  to  derive  constitutive  theories  for  ^cr,  keeping  in  mind 
that  the  entropy  inequality  requires  work  expanded  due  to  ^tr  to  be  positive  for  thermodynamic  equilibrium  to  hold.  In  this 
approach,  we  determine  the  combined  generators  of  the  argument  tensors  of  ,/<r.  These  form  a  basis  or  integrity,  hence  ,/tr  can 
be  expressed  as  a  linear  combination  of  the  combined  generators.  The  coefficients  in  the  linear  combination  are  functions 
of  the  combined  invariants  of  the  argument  tensors  of  f/cr  and  others.  For  thermoviscoelastic  solids  without  memory  and 
thermoviscoelastic  solids  with  memory,  we  use  this  approach  to  derive  ordered  rate  constitutive  theories  for  dcr. 


REPORT  DOCUMENTATION  PAGE  (SF  298) 
(Continuation  Sheet) 


(6)  The  rate  constitutive  theories  for  q  are  derived  to  be  consistent  with  the  rate  constitutive  theories  for  tr  in  the  sense  of 
argument  tensors  and  use  of  integrity.  The  rate  constitutive  theories  for  q  derived  using  the  theory  of  generators  and  invariants 
are  much  more  comprehensive.  These  demonstrate  influence  of  various  kinematic  measures  of  deformation  on  the  heat 
vector.  Using  the  rate  constitutive  theories  for  q  based  on  integrity,  many  simplified  forms  are  possible  with  appropriate 
assumptions  based  on  the  desired  physics.  The  simplest  possible  case  results  in  Fourier  heat  conduction  law  which  also  can 
be  derived  directly  using  the  inequality  resulting  from  the  entropy  inequality  with  the  assumption  that  q  is  proportional  to 
the  temperature  gradient  g. 

(7)  It  is  shown  that  all  constitutive  theories  for  the  three  types  of  solids  considered  here  are  indeed  ordered  rate  constitutive 
theories  for  <x  (or  ,/<r)  and  q. 

Entropy  inequality  in  Gibbs  potential  *3/ 

(1)  Using  entropy  inequality  in  Lagrangian  description  expressed  in  terms  of  T  and  the  other  three  conservation  laws,  'P,  77,  e 
and  q  are  established  as  dependent  variables  in  the  constitutive  theories. 

(2)  The  argument  tensors  of  these  dependent  variables  are  established  based  on  the  desired  physics  i.e.  thermoelastic  solids, 
thermoviscoelastic  solids  without  memory  and  thermoviscoelastic  solids  with  memory. 

(3)  Using  the  argument  tensors  in  (2)  for  T  we  obtain  material  derivative  of  'T  i.e.  or  T  which  is  in  Lagrangian 
description  and  substitute  this  in  the  entropy  inequality.  From  the  resulting  form  of  the  entropy  inequality:  (i)  77  is  eliminated 
as  a  dependent  variable  (ii)  reduced  argument  tensors  of  'P  are  established.  Thus,  now  'P,  e  and  q  remain  as  dependent 
variables  in  the  constitutive  theories  with  their  argument  tensors  defined. 

(4)  At  this  stage,  if  the  conditions  resulting  from  the  entropy  inequality  permit,  the  constitutive  theory  for  e  is  derived  directly 
using  these.  This  is  indeed  the  case  for  thermoelastic  solids.  The  result  is  a  rate  constitutive  theory  of  order  zero  for  e. 

(5)  If  the  conditions  resulting  from  the  entropy  inequality  do  not  permit  derivation  of  the  constitutive  theories  for  e,  then  a  is 
decomposed  into  equilibrium  stress  e<r  and  deviatoric  stress  ,/<r  i.e.  the  total  stress  is  <r  f  (T  +  ,/tr.  The  entropy  inequality 
in  'P  has  no  mechanism  for  the  constitutive  theories  for  e<r,  but  e<x  describes  fixed  physics,  hence  the  constitutive  theories 
for  e<r  derived  using  entropy  inequality  in  <P  remain  valid  here  as  well  i.e.  thermodynamic  pressure  p  =  p(p.  0)1  for 
compressible  case  and  mechanical  pressure  p  =  p(8)I  for  incompressible  case.  In  this  case  also  (as  in  the  case  of  <I>),  the 
inequality  from  entropy  inequality  requires  work  expanded  to  be  positive,  but  the  entropy  inequality  provides  no  mechanism 
for  deriving  constitutive  theories  for  e.  Due  to  the  decomposition  tr  =  ecr  +  ,/tr,  we  can  establish  that  'P  must  contain  ,/tr 
as  an  argument  tensor  instead  of  <7,  and  likewise,  due  to  the  axiom  of  equipresence,  f)(T  must  also  be  an  argument  tensor 
of  all  other  dependent  variables  instead  of  the  total  stress  tr  .  In  the  present  work,  we  use  the  theory  of  generators  and 
invariants  [13-30]  to  derive  constitutive  theories  for  e,  keeping  in  mind  that  the  entropy  inequality  requires  work  expanded 
due  to  the  total  stress  cr  to  be  positive  for  thermodynamic  equilibrium  to  hold.  In  this  approach,  we  determine  the  combined 
generators  of  the  argument  tensors  of  e.  These  form  a  basis  or  integrity,  hence  e  can  be  expressed  as  a  linear  combination  of 
the  combined  generators.  The  coefficients  in  the  linear  combination  are  functions  of  the  combined  invariants  of  the  argument 
tensors  of  e  and  others.  For  thermoviscoelastic  solids  without  memory  and  thermoviscoelastic  solids  with  memory,  we  use 
this  approach  to  derive  ordered  rate  constitutive  theories  for  e. 

(6)  The  rate  constitutive  theories  for  q  are  derived  to  be  consistent  with  the  rate  constitutive  theories  for  e  in  the  sense  of  argument 
tensors  and  use  of  integrity.  The  rate  constitutive  theories  for  q  derived  using  the  theory  of  generators  and  invariants  are  much 
more  comprehensive.  These  demonstrate  influence  of  various  kinematic  measures  of  deformation  on  the  heat  vector.  Using 
the  rate  constitutive  theories  for  q  based  on  integrity,  many  simplified  forms  are  possible  with  appropriate  assumptions  based 
on  the  desired  physics.  The  simplest  possible  case  results  in  Fourier  heat  conduction  law  which  also  can  be  derived  directly 
using  the  inequality  resulting  from  the  entropy  inequality  with  the  assumption  that  q  is  proportional  to  the  temperature 
gradient  g. 
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(7)  It  is  shown  that  all  constitutive  theories  for  the  three  types  of  solids  considered  here  are  indeed  ordered  rate  constitutive 
theories  for  e  and  q. 

Remarks 

The  material  coefficients  in  both  approaches  are  determined  by  considering  Taylor  series  expansions  of  the  coefficients  in  the 
linear  combinations  about  a  known  configuration.  This  allows  the  material  coefficients  to  be  functions  of  combined  invariants  and 
temperature  9  in  the  known  configuration,  thus  permitting  complex  material  behaviors  that  is  deformation  dependent  during  the 
evolution. 

1.1  Constitutive  theories  for  thermoelastic  solids 

In  thermoelastic  solids  both  compressible  and  incompressible,  the  mechanical  deformation  by  definition  is  reversible,  hence 
such  solids  do  not  have  any  mechanism  of  conversion  of  mechanical  energy  into  any  other  forms.  Thus,  for  such  solids,  the  rate  of 
mechanical  work  cannot  contribute  to  entropy  production,  hence  thermal  changes  in  the  matter  purely  due  to  mechanical  work  are 
not  possible  in  thermoelastic  solids.  The  consequence  of  this  is  that  the  rate  of  applied  mechanical  work  to  a  volume  of  matter  can 
only  cause  rate  of  change  of  kinetic  energy  and  rate  of  change  of  strain  energy  but  cannot  influence  internal  energy  as  this  would 
require  entropy  production  and  associated  thermal  changes  due  to  rate  of  mechanical  work  which  are  not  possible  for  thermoelastic 
solids.  Thus,  for  thermoelastic  solids,  rate  of  mechanical  work  equilibrates  with  the  rate  of  kinetic  energy  and  rate  of  strain  energy. 
In  this  section,  this  aspect  of  the  physics  is  utilized  to  (i)  derive  energy  equation  based  on  the  first  law  of  thermodynamics  (ii) 
derive  entropy  inequality  based  on  the  second  law  of  thermodynamics.  The  entropy  inequality  and  other  approaches  are  examined 
from  the  point  of  view  of  possibilities  for  establishing  dependent  variables  and  their  arguments  for  deriving  constitutive  theories 
for  such  solids  in  Lagrangian  description.  The  solid  matter  is  assumed  to  be  homogeneous,  isotropic,  compressible  as  well  as 
incompressible  but  the  deformation  and  the  strains  can  be  finite. 

Introduction 

In  the  derivations  of  the  energy  equation  and  entropy  inequality  using  first  and  second  laws  of  thermodynamics  for  solid  matter 
we  generally  do  not  make  a  distinction  between  the  matter  specific  limited  physics  that  may  warrant  a  different  approach  and  may 
also  result  in  different  final  mathematical  expressions.  If  we  consider  Lagrangian  description,  homogeneous  and  isotropic  solid 
matter  with  finite  deformation  and  strains,  then  general  derivations  of  energy  equation  and  entropy  inequality  are  assumed  to  hold 
regardless  of  other  matter  specific  physics,  i.e.  thermoelastic,  thermoviscoelastic  without  memory,  thermoviscoelastic  with  memory 
etc.  The  same  forms  of  energy  equation  and  entropy  inequality  is  assumed  to  hold  for  all  solid  matter.  Only  a  closer  examination  of 
the  derivation  can  reveal  if  this  is  indeed  always  the  case.  In  this  section,  we  consider  thermoelastic  solids.  The  matter  is  assumed  to 
be  homogeneous,  isotropic,  compressible  as  well  as  incompressible  but  can  experience  finite  deformation  and  strain.  By  definition, 
the  mechanical  deformation  in  thermoelastic  solids  is  reversible.  Hence  in  such  solids  there  is  no  mechanism  of  conversion  of 
mechanical  energy  into  any  other  form  as  the  mechanical  deformation  is  reversible.  Thus,  the  rate  of  mechanical  work  can  not 
contribute  to  entropy  production  and  hence  cannot  influence  the  thermal  field.  In  such  solids,  the  rate  of  mechanical  work  results 
in  motion  of  material  particles,  i.e.  rate  of  change  of  kinetic  energy  and  rate  of  change  of  strain  energy,  but  the  internal  energy 
remains  unaffected  by  the  rate  of  mechanical  work  since  it  does  not  contribute  to  entropy  production  and  hence  the  thermal  field 
also  remains  unaffected  by  the  rate  of  mechanical  work.  This  aspect  of  the  physics  is  instrumental  in  influencing  the  derivations  of 
the  energy  equation  and  the  entropy  inequality  as  shown  in  this  section.  Since  the  derivations  of  the  constitutive  theories  are  based 
on  entropy  inequality  (or  the  conditions  resulting  from  the  entropy  inequality),  these  are  also  likely  to  be  affected  as  explored. 


10 


REPORT  DOCUMENTATION  PAGE  (SF  298) 
(Continuation  Sheet) 


First  and  second  laws  of  thermodynamics 

For  thermoelastic  solids,  the  first  and  second  laws  of  thermodynamics  have  been  derived  in  reference  [31]  in  Lagrangian 
description  and  given  below. 


or 


or 


De 

p°m 

de 

P°dt 


Pn 


/  D<1> 

'J  V  Dt  '  ''  Dt)  '  6 
/<9$  80\  1 


0  V  dt 


+  V  q  =  0 

T  V  q  =  0 

D8\  1 

i  +  q  9  <  0 

Q  9  <  0 


dt. 


6 ' 


(1.1) 


(1.2) 


Remarks 

(1)  We  note  that  (1.1)  is  a  simple  linear  or  non-linear  heat  conduction  equation.  In  (1.1)  the  rate  of  mechanical  work  does  not 
contribute  to  the  energy  equation. 

(2)  The  derivation  of  the  energy  equation  for  solid  matter  in  published  works  contains  an  additional  term  [18, 19]  —  (tr^  :  £  [0i )  in 
(1.1)  resulting  due  to  rate  of  mechanical  work,  in  which  rr  °l  is  the  second  Piola-Kirchhoff  stress  tensor  ande’[0]  is  the  material 
derivative  of  the  Green’s  strain  tensor.  This  term  represents  dissipation,  i.e.  conversion  of  mechanical  energy  into  heat,  and 
hence  entropy  production  which  is  not  possible  for  thermoelastic  solids  and  hence  is  absent  in  the  derivation  presented  here 
that  results  in  (1.1). 

(3)  Since  for  such  solids  there  is  no  entropy  production  due  to  rate  of  mechanical  work,  the  term  —  (rrM  :  e’[o])  reflecting  this 
physics  is  absent  in  the  entropy  inequality  derived  here.  In  published  works  [18,  19]  the  entropy  inequality  contains  the 
expression  —  (o^  :  e’[Qj)  as  additional  term  on  the  left  side  of  (1.2)  for  solid  matter. 

(4)  For  thermoelastic  solids,  the  rate  of  mechanical  work  resulting  in  motions  of  material  points,  stress  and  strain  makes  no 
contribution  to  the  energy  equation  (1.1)  and  entropy  inequality  (1.2).  This  is  obvious  due  to  the  absence  of  velocities, 
stresses  and  strains  in  (1.1)  and  (1.2).  Thus,  as  it  appears  the  thermodynamics  described  by  the  energy  equation  and  entropy 
inequality  is  completely  unaffected  by  the  strains  and  stresses  and  their  rates  created  in  the  deforming  matter  due  to  rate  of 
mechanical  work. 

Constitutive  theories  for  thermoelastic  solids  in  Lagrangian  description 

In  this  section  we  follow  the  standard  line  of  thinking  that  is  since  conservation  of  mass,  balance  of  momenta  and  the  energy 
equation  do  not  provide  any  mechanism  for  deriving  constitutive  theories,  the  entropy  inequality  must  be  explored  for  their  deriva¬ 
tions  to  ensure  thermodynamic  equilibrium  in  the  deforming  matter  during  evolution.  If  we  examine  the  equations  resulting  from 
the  conservation  and  balance  laws  (for  finite  deformation)  then  it  is  straight  forward  to  conclude  that  the  second  Piola-Kirchhoff 
stress  tensor  heat  vector  q,  Helmholtz  free  energy  density  $  and  specific  entropy  rj  as  possible  choice  of  dependent  variables 
in  describing  the  constitution  of  the  matter.  Based  on  entropy  inequality  we  can  easily  conclude  that  $  =  <f>(0),  r/  =  rfO)  and  we 
know  that  q  =  q{g,  6)  must  certainly  be  considered,  hence  at  the  onset  we  could  assume  that  T,  77  and  q  are  all  functions  of  g  and 
8.  The  stress  tensor  <rl°l  on  the  other  hand  must  certainly  be  a  function  of  deformation,  i.e.  say  Green’s  strain  tensor  £r0i  (with  <r  0 
and  £[q]  as  conjugate  pair  [31])  and  and  8  as  the  matter  is  thermoelastic.  Thermal  expansion  and  contraction,  and  the  strain  and 
stress  field  associated  with  these  is  accounted  for  by  temperature  8.  The  stress  and  strain  field  associated  with  the  mechanical  work 
is  independent  of  q ,  thus  at  this  stage,  it  appears  appropriate  to  have  £-0-  and  8  as  the  only  argument  tensors  of  o^.  As  mentioned 
before,  in  case  of  the  heat  vector  q ,  temperature  8  and  temperature  gradient  g  are  obvious  choices  as  argument  tensors  of  q.  In 
case  of  finite  deformation,  the  presence  of  strain  field  responsible  for  influencing  mean  free  path  can  certainly  influence  the  heat 
transfer,  thus  £[0],  g  and  8  as  argument  tensors  of  q  is  an  appropriate  choice  even  though  not  obvious  from  energy  equation  and 
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entropy  inequality  or  the  conditions  resulting  from  it.  In  case  of  <I>  and  //,  consideration  of  £[0]  as  argument  tensor  in  addition  to  g 
and  9  is  not  supported  by  entropy  inequality  as  deformation  measure,  i.e.  £[0],  is  totally  absent  in  the  entropy  inequality.  Thus,  at 
this  stage  we  conclude  the  following  for  the  argument  tensors  of  <!>,  //,  °"  and  q. 


Using  (1.3)  we  can  obtain 

Substituting  from  (1.4)  into  entropy  inequality  (1.2) 

Pn 
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For  (1.6)  to  hold  for  arbitrary  but  admissible  9  and  g  the  following  must  hold. 

94>  „  q  g 


Pn 


9$ 

\~89 


and  since  p  is  constant  and  9  >  0,  we  can  write 


9$ 

-89+r]  =  ° 

9,^o 

dg 

q  9  <  o 


(1.3) 


(1.4) 

(1.5) 

(1.6) 


(1.7) 

(1.8) 

(1.9) 

a.  io) 


Equation  (1.8)  implies  that  g  =  —8Q/89,  i.e.  if  $  is  known  as  a  function  of  9  then  g  is  deterministic,  thus  g  cannot  be  a 
dependent  variable  in  the  constitutive  theories.  Equation  (1.9)  implies  that  $  cannot  be  a  function  of  g.  We  note  that  the  conditions 
resulting  from  the  entropy  inequality  ((1.8)  -  (1. 10))  give  us  no  further  information  regarding  the  argument  tensors  of  cr^1  and  q 
as  used  in  (1.3)  except  the  fact  that  the  constitutive  theory  for  q  must  satisfy  (1. 10).  Thus,  finally  we  have  the  following  for  the 
constitutive  dependent  variables  and  their  argument  tensors  for  thermoelastic  solids. 


$  =  $(  9  ) 

<t[°]  =o-[°](  £[0]  ,  9  ) 

q  =  q{  £[o]  ,9,0) 


with  the  following  condition 


q  9  <  o 


(i- ii) 
(1.12) 

(1.13) 

(1.14) 


Remarks 

(1)  We  note  that  entropy  inequality  provides  no  conditions  or  mechanism  for  deriving  constitutive  theories  for  the  stress  tensor 
<rl°l.  This  is  to  be  expected  as  entropy  inequality  is  completely  independent  of  rr[°l  and  strain  tensor  £r0i. 
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(2)  We  also  know  note  that  energy  equation  is  independent  of  <7  0  and  strain  tensor  £[0] . 

(3)  From  remarks  (1)  and  (2)  we  conclude  that  both  laws  of  thermodynamics  are  independent  of  the  mechanical  deformation, 
i.e.  <r[°l  and  ergi.  Thus  the  derivations  of  the  constitutive  theories  for  trl°l  do  not  have  any  thermodynamic  restrictions.  In 
other  words,  any  constitutive  theory  for  er^°  1  will  suffice  as  far  as  thermodynamic  equilibrium  of  the  deforming  solid  matter 
is  concerned. 

(4)  In  the  derivations  of  the  constitutive  theories  for  cr  [°1  presented  here,  we  consider  (1.12)  to  hold. 

(5)  In  deriving  the  constitutive  theories  for  q  we  also  consider  (1.13)  to  hold. 

(6)  Thus  the  constitutive  theories  for  thermoelastic  solids  reduce  to  determining  expressions  for: 

(i)  o-!0!  as  function  of  £r0i,  9  based  on  (1.12). 

(ii)  q  as  function  of  £r0i,  g.  9  based  on  (1.13)  keeping  in  mind  that  the  final  constitutive  theory  for  q  must  satisfy  condition 
(1.14)  resulting  from  the  entropy  inequality. 

1.1.1  Constitutive  theories  based  on  <r°'  =  cr^ie^yf))  using  theory  of  generators  and  invariants:  Lagrangian  description 

Based  on  the  material  presented  so  far,  it  is  clear  that  derivations  of  the  constitutive  theories  for  <r  °l  are  indeed  independent  of 
entropy  inequality  or  the  conditions  resulting  from  it.  In  the  derivation  of  constitutive  theories  that  follow,  we  consider  (1.12)  and  use 
the  theory  of  generators  and  invariants  [13-17,20-30,32]  but  other  possibilities  are  admissible  too  as  there  are  no  thermodynamic 
restrictions.  Let  aGl  ;  i  =  1,  2,  . . . ,  TV  be  combined  generators  of  the  arguments  £[0]  and  9  that  are  symmetric  tensors  of  rank  two, 
then  <r  °l,  a  symmetric  tensor  of  rank  two  can  be  expressed  by  a  linear  combination  of  I  and  nG'  \  i  -  1 , 2, ....  A.  Generators 
aGl  ;  i  =  1,  2, . . . ,  N  form  integrity,  i.e.  they  satisfy  the  complete  basis  principle. 

N 

+  E  auAaG1}  d-15) 

i= 1 

where 

X  =  X  (T  ;  j  =  0)  (1.16) 

in  which  i  =  0, 1, . . . ,  N  and  alf  ;  j  =  1,  2, . . . ,  M  are  the  combined  invariants  of  the  argument  tensors  £[0i  and  9.  The  constitutive 
theory  for  cT0!  is  in  the  current  configuration,  hence  X  ;  i  =  0, 1, . . . ,  N  are  also  functions  of  the  invariants  and  temperature  9  in 
the  current  configuration.  For  £[0]  and  9  as  argument  tensors  of  we  have 

re1]  =  [£[„)] ,  re2] 

and  the  invariants  are 

T1  =  tr([e[0]])  =  iE[0]  , 

T*  =  det([£[o]D  =  ®e[0] 

and  if  we  choose  the  invariants  from  the  characteristic  equation  o/£[0]  then 

<T/1  =  tr([q0]])  =  IS[0] 

aL2  =  |((tr([e[0]]))2  -  tr([e[0]]2))  =  IIe[0]  (1.19) 

CT/3  =  tr([£[0]]3)  =  IIIm  ;  M  =  3 

In  the  following  we  consider  the  invariants  from  the  characteristic  equation  of  £[0],  hence 

[o-[°l]  =  CTd0  [/]  +  C!ol1  [£[oj]  +  CTd2  [qo]]2  (1-20) 


=  M2  ;  N  =  2 


<7t2 


1  =  tr([e[0]]  )  =  ®e[0] 
;  M  =  3 


(1.17) 


(1.18) 
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in  which 


a 


=  a«,{Ie 


[0] 


IL 


[0] 


IIL 


[0] 


)  ;  *  =  0,1,2 


(1.21) 


We  note  that  <Tai  ;  i  =  0, 1,2  are  in  the  current  configuration  and  hence  unknown.  In  the  following  section  we  determine 
material  coefficients  in  the  constitutive  theory  for  cr^l .  The  material  coefficients  can  be  derived  using  standard  procedure  of  Taylor 
series  expansion  [31], 


1.1.2  Constitutive  theories  for  crM  in  terms  of  £  ()  based  on  strain  energy  density  function  n:  Lagrangian  description 
(a)  Approach  I:  considering  tt  =  n (I£[0] ,  IIS[0] ,  III£[0] ,  9)  and  using  [a^]T  =  [cr^]  =  po 

In  this  derivation  we  consider  n  as  a  function  of  £[0]  and  9  and  then  use  [cr  [°]  ] 7  =  [a™]  =  yO  gp—jj-  The  principle  of  frame 
invariance  requires  that  instead  of  £[0]  and  9,  tt  must  be  a  function  of  the  invariants  of  £j0]  and  9.  If  we  choose  invariants  from  the 
characteristic  equation  ofe^\,  then  we  have 

7r  =  tt(I£[0]  ,  H£[0] ,  IHe[0\  ,  9)  (1.22) 

Using  [cr[°l]T  =  =  po  we  can  derive  constitutive  theories  for  the  stress  tensor  [31]. 


(b)  Approach  II:  expanding  n  =  7r(£[0],  9)  in  Taylor  series  about  a  known  configuration  and  using  [(j[°l]T  =  [crM]  =  pQ 

We  consider  tt  =  7r  (£[0] ,  9)  and  based  on  the  principle  or  axiom  of  smooth  neighborhood  we  expand  tt  in  £r0i  using  Taylor 
series  about  a  known  configuration  Q  and  then  use  [crt0l]T  =  [o  I°1  ]  =  pQ  d§~f]  t0  derive  constitutive  theory  for  [crl0!].  See  [31]  for 
details.  The  final  form  (using  symmetry  of  the  material  coefficients)  is  given  by 

°\nn  =(°rrm)tZ  "T  Qmnij{^[0])ij  ^ 

+  Cmnijkl(£[o])ij{£[o])kl  +  '  '  ' 


1.1.3  Constitutive  theories  for  cr[°l  in  terms  of  C[0]  based  on  tt:  Lagrangian  description 
(a)  Approach  I:  considering  tt  =  tt{IC[0]  ,  HC[0] ,  HIC[0] ,  0)  and  using  =  [crM]  =  2 po 

Following  derivations  similar  to  section  1.1.2  we  can  derive  the  following 

k101]  =  ?*0  [I]  +  K  [C[0]]  +  [C'fo]]”1  (1-24) 

and  using  Hamilton-Cayley  theorem 

[tr[°]]  =  ao[i]  +  a1[q0]]  +  sa[q0]]2  (1.25) 

Material  coefficients  in  these  constitutive  theories  are  determined  using  same  procedure  as  in  section  1.1.2,  i.e.  Taylor  series 
expansion  of  the  coefficients  in  (1.24)  or  (1.25)  in  the  invariants  of  the  Cauchy  strain  tensor  C  [0]  and  temperature  9  about  a  known 
configuration  if  and  their  substitution  in  (1.24)  or  (1.25).  Details  are  straight  forward  and  not  repeated. 


(b)  Approach  II:  expanding  tt  =  7 r(C[O],0)  in  Taylor  series  about  a  known  configuration  and  using  [<j[°]]T  =  [aM]  = 

2P0dWm\ 

Similar  to  section  1. 1 .2  we  can  expand  tt  in  Taylor  series  in  the  components  of  the  Cauchy  strain  tensor  C [0i  about  a  known 
configuration  Q  and  then  substitute  the  resulting  expression  to  obtain  the  appropriate  constitutive  theory  for  cr°l.  The  resulting 
constitutive  theory  is  similar  to  (1.23). 
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1.1.4  Constitutive  theory  for  £[0]  in  terms  of  using  theory  of  generators  and  invariants 

In  this  case  we  can  derive 

[£[o]]  =  ea°[I]  +  £aV°]]  +  eaV°l]2  (1.26) 

in  which 

E&*  =  ea\Ia[ o] ,  ,  Mal o] ,  9)  ;  i  =  0, 1, 2  (1.27) 

We  note  that  £d'  ;  i  0.  1,2  are  in  the  current  configuration  and  hence  unknown.  In  the  following  section  we  determine  material 
coefficients  in  the  constitutive  theory  for  £[0].  Material  coefficients  from  these  can  be  derived  using  the  standard  procedure. 

1.1.5  Constitutive  theories  for  er0]  in  terms  of  rr  0  based  on  complementary  strain  energy  density  function  7rc 

Similar  to  the  material  in  previous  sections  we  begin  with 

1  rtT^ 

7 rcO[01)  =  ~  (£[o])ij  dafj  (1.28) 

P0  Jo 

in  which  7 rc  is  the  complementary  strain  energy  density  function.  From  (1.28)  we  can  obtain  (fundamental  theorem  of  calculus) 

=  (1-29) 

The  complementary  strain  energy  density  function  nc  and  the  strain  energy  density  function  tt  are  obviously  related. 


(a)  Approach  I:  considering  ttc  =  ttG/^o]  ,  II am ,  IIIa [oj ,  9)  and  using  (1.29) 

In  this  approach  we  consider  7rc  to  be  a  function  of  the  invariants  Iaio],  Ha[o],  Ma [o]  (based  on  characteristic  equation  for  o-!0!) 
of  cr[°l  and  temperature  9  in  the  current  configuration  and  then  use  (1.29)  to  determine  the  constitutive  theory  for  strain  tensor  £[0]. 

7T  =  ir(Ia[0] ,  Ia[o] .  Ea[0] ,  9)  (1.30) 

We  can  derive 

[e[0]]  =  ea°il}  +  ^oe1  [cr[0]]  +  eaV°l]2  (1.31) 

in  which 

£ai  =  Eai(po,JCT[o],J(T[o],#(7[o],0)  ;  i  =  0,1,2  (1.32) 

and  then  establish  material  coefficients  using  sa'  and  their  Taylor  series  expansion. 


(b)  Approach  II:  expanding  7 rc  =  7r c(a^-°\9)  in  Taylor  series  about  a  known  configuration  and  using  (1.29) 
We  consider  7r  =  7r(cr[0l,  0)  anc|  expand  7r  in  cr  >}  using  Taylor  series  about  a  known  configuration  L>. 

(£[0])  ran  =(£  ran  )n  +  ( Q. 


(c  u 

y^mmj  ki 


(1.33) 


15 


REPORT  DOCUMENTATION  PAGE  (SF  298) 
(Continuation  Sheet) 


1.1.6  Constitutive  theories  for  the  heat  vector  q:  Lagrangian  description 

The  conditions  resulting  from  the  entropy  inequality  require  that 


q  g<  o  (1.34) 

be  satisfied  by  the  constitutive  theories  for  q  regardless  of  how  they  are  derived.  We  can  take  two  approaches  to  derive  constitutive 
theory  for  q.  In  the  first  approach  [18, 19],  we  strictly  use  (1.34)  to  derive  the  constitutive  theory  for  q.  Such  constitutive  theory 
for  q  will  naturally  satisfy  the  entropy  inequality  as  it  is  derived  using  the  conditions  resulting  from  it.  In  the  second  approach 
we  use  the  argument  tensors  of  q  and  then  use  theory  of  generators  and  invariants  [13-17,20-30,32],  The  constitutive  theories 
derived  using  this  approach  must  ensure  that  the  constitutive  theories  for  q  satisfy  (1.34)  so  that  the  deforming  matter  will  be  in 
thermodynamic  equilibrium  during  evolution.  We  present  the  derivation  of  the  constitutive  theories  for  q  using  both  approaches 
and  present  comparisons  of  the  resulting  constitutive  theories,  discuss  assumptions,  and  make  some  remarks  regarding  their  merits 
and  shortcomings. 


1.1.7  Constitutive  theory  for  q  using  entropy  inequality 


This  derivation  based  on  (1.34)  is  fundamental  and  can  be  found  in  any  textbook  on  continuum  mechanics  [18, 19].  We  present 
details  in  the  following  to  point  out  the  assumptions  used  in  the  derivation  as  they  play  a  significant  role  when  comparing  this 
constitutive  theory  with  the  theories  resulting  from  the  theory  of  generators  and  invariants.  Following  references  [18, 19],  we  begin 
with  (1.34).  Equation  (1.34)  implies  that 

q  ■  g  =  P  <  o  (1.35) 

Using  equality,  we  obtain 


P  has  a  maximum  value  at  g  =  0  [18, 19],  hence 


dp 

dg 


(1.36) 


dp 

dg 


s=o 


=  0 


(1.37) 


That  is,  heat  flux  vanishes  in  the  absence  of  temperature  gradient.  Thus,  the  constitutive  theory  for  q  must  be  a  function  of  g. 
At  this  stage,  many  possibilities  exist;  the  simplest  of  course  is  assuming  that  q  is  proportional  to  g.  i.e.  q  is  a  linear  function  of 


-g 

from  which  we  define 


Also,  from  (1.36) 


q  =  —k(9)  ■  g  or  g,  - 


dq  uta\  d ®  i  ta\ 

—  =  -k(9)  or  —  =  -kij(9) 

dg  dgj 


d2p  dq 


=  —k(6)  <  0 


d2g  dg 

=  =  -M»>  <  o 

dgj  d Qi  dgj 


(1.38) 

(1.39) 


(1.40) 


From  (1.40),  we  conclude  that  the  matrix  [k]  is  positive-semidefinite  and  all  its  eigenvalues  are  non-negative.  Equation  (1.38)  is 
the  Fourier  heat  conduction  law  in  Lagrangian  description.  Thermal  conductivity  matrix  [k]  does  not  have  to  be  symmetric  but  is 
often  assumed  to  be.  In  general,  in  this  constitutive  theory  for  q ,  the  coefficients  of  [k]  can  be  functions  of  temperature  0.  This 
constitutive  theory  is  based  on  the  assumption  that  q  is  a  linear  function  of  g. 
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1.1.8  Constitutive  theories  for  q  using  theory  of  generators  and  invariants 

In  this  approach,  the  heat  vector  q,  a  tensor  of  rank  one,  is  expressed  as  a  linear  combination  of  the  combined  generators  (only 
tensors  of  rank  one)  of  its  argument  tensors.  The  material  coefficients  in  the  linear  combination  are  assumed  to  be  functions  of  the 
combined  invariants  of  the  argument  tensors  and  temperature  9.  The  material  coefficients  are  derived  by  expanding  each  coefficient 
in  the  linear  combination  in  Taylor  series  about  a  known  configuration.  In  this  approach  it  is  obvious  that  the  explicit  form  of 
the  constitutive  theory  for  q  depends  on  the  argument  tensors  of  q  and  the  terms  retained  in  the  Taylor  series  expansion  of  the 
coefficients  in  the  linear  combination.  We  present  derivations  of  two  constitutive  theories  for  q  using  this  approach. 

(a)  Approach  I 

In  this  derivation,  we  assume  that 

q  =  q{g,9)  (1.41) 

q  and  g  are  tensors  of  rank  one  and  9  is  a  tensor  of  rank  zero.  The  only  combined  generator  of  rank  one  of  the  argument  tensors  g 
and  9  is  g ,  hence  based  on  the  theory  of  generators  and  invariants,  we  can  write 

q  =  -r‘ag  (1.42) 

The  coefficient  qa  is  a  function  of  the  combined  invariants  of  g,  9,  i.e.  { g }  T{  g }  and  temperature  9.  Then 

q  =  -kg  -  ki{g}T{g}g  -  k2{9  -  9n)g  (1-43) 

This  is  the  simplest  possible  constitutive  theory  based  on  theory  of  generators  and  invariants  using  (1.41).  The  only  assumption 
in  this  theory  beyond  (1.41)  is  the  truncation  of  the  Taylor  series  beyond  linear  terms  in  qI  and  9. 

(b)  Approach  II 

In  this  case,  we  consider 

g  =  <?0[0  ],g,0)  (i-44) 

This  is  a  more  general  case  due  to  dependence  of  q  on  g,  9,  as  well  as  e  ()| .  The  heat  vector  q  is  a  tensor  of  rank  one,  whereas 
£[o],  g,  and  9  are  symmetric  tensor  of  rank  two,  tensor  of  rank  one,  and  tensor  of  rank  zero  respectively.  Justification  for  retaining 
£[0]  as  an  argument  tensor  of  q  (over  and  beyond  the  principle  of  equipresence)  will  be  discussed  after  we  present  the  details  of  the 
constitutive  theory  for  q  based  on  (1.44)  by  using  the  theory  of  generators  and  invariants.  The  combined  generators  of  rank  one  of 
the  argument  tensors  £r0i,  g ,  and  9  are 

qQ  =g  ;  qQ2=e[oyg  ;  qG3  =  (£[0]  •  £[0])  ■  g  (1.45) 

The  combined  invariants  of  £[0i,  g,  and  9  are 

ql}  =  tr([e[0]])  ;  «/2  =  tr([e[0]]2) 

=  tr([£[0]]3)  ;  qlJ  =  {g}T{g}  (1.46) 

qi5  =  {g}T[e[0]]{g}  ;  T  =  {g}T[e[0]]2{g} 

We  note  that  for  qP  ;  j  =  1,  2, 3,  we  could  have  also  used  /£[0] ,  //£[0] ,  and  HI£[0] .  As  the  two  sets  of  invariants  are  related,  the 
resulting  constitutive  theory  remains  unaffected.  Using  the  generators  in  (1.45),  we  can  write 

q  =  -j:qaiqGl  (1.47) 

i—1 
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The  coefficients  qd‘  in  the  linear  combination  are  functions  of  the  invariants  qP  ;  j  =  1,  2, . . . ,  6  and  9  in  the  current  configura¬ 
tion.  To  determine  the  material  coefficients  from  qal  ;  i  =  1,  2,  3  in  (1.47),  we  consider  Taylor  series  expansion  of  qdl  ;  i  =  1,2,3 
in  qP  \  j  1,  2, ....  6  and  9  about  a  known  configuration  Q  and  retain  only  up  to  linear  terms  in  the  invariants  and  9.  This  gives 

q  =  —qaig  -  qa2e[0]  •  9  ~  %M[£[o]})9 

-  ^14 {g}T{g}g  -  ^{g}T[e[0]]{g}9  ^ 

~  ^>2i{g}T{g}  ®[o]  -g-qc  i(0  -  9R)g 
-qc2(6-0n)e[ o]  g 

This  constitutive  theory  requires  eight  material  coefficients.  If  we  remove  the  dependence  of  q  on  £[0]  in  (1.48),  then 

q  =  -qai9  -  {{g}T{g})g  -  % ( 9  -  9^)g  (1.49) 

This  constitutive  theory  for  q  is  the  same  as  derived  earlier  (equation  (1.43)).  The  coefficients  in  (1.49)  are  functions  of  9n  and 

({g}T{g}  )n. 


(c)  Approach  III 

In  this  case,  we  consider 

q  =  q(tr[0],9,g)  (1.50) 

This  is  a  more  general  case  due  to  dependence  of  q  on  g,  9  as  well  as  cr  't}  .  q  is  a  tensor  of  rank  one,  whereas  g  and  9 
are  symmetric  tensor  of  rank  two,  tensor  of  rank  one,  and  tensor  of  rank  zero,  respectively.  Justification  for  retaining  (t'[0  1  as  an 
argument  tensor  of  q  will  be  discussed  after  we  present  details  of  the  constitutive  theory  for  q  based  on  (1.50)  by  using  the  theory 
of  generators  and  invariants.  The  combined  generators  of  rank  one  of  the  argument  tensors  «r[°l,  g  and  9  are 

qG1=g  ;  qG2=a[0]-g 

qG3  =  (<t[0]  V0!)  g 

The  combined  invariants  of  the  argument  tensors  cr  "°1 ,  g  and  9  are 

4/1  =  tr([a[01])  ;  qI 2  =  tr([a[o1]2) 
qI3  =  tr([a[°]]3)  ;  qI4  =  {g}T{g} 

ql5  =  MV0]M  ;  ql6  =  {g}TWi0]}2{g} 

We  note  that  for  qP  ;  j  =  1, 2, 3  we  could  have  also  used  Ia[ o] ,  Ia[o\  and  Ma [oj .  As  the  two  sets  of  invariants  are  related,  the 
resulting  constitutive  theory  remains  unaffected.  Using  (1.51),  we  can  write 

q  =  -j2qaiqG‘  (1.53) 

i=l 

The  coefficients  qal  ;  i  =  1,2, 3  are  functions  of  invariants  qP  ;  j  =  1,  2, . . . ,  6  and  temperature  9  in  the  current  configuration. 
To  determine  the  material  coefficients  from  qal  ;  *  =  1,  2,  3  in  (1.53),  we  consider  Taylor  series  expansion  of  %**;*  =  1, 2, 3  in  qP 
;  j  =  1,  2, . . . ,  6  and  9  about  a  known  configuration  U  and  retain  only  up  to  linear  terms  in  9  and  the  invariants.  The  final  form  is 
given  below. 

q  =  -j:qai  qGl  -EE  qbijq P  qG‘ 

^  i=li=1  (1.54) 

-  iqCi(9  -9a)  qG‘ 


(1.51) 


(1.52) 
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Remarks 

(1)  With  some  assumptions  the  constitutive  theory  (1.54)  for  q  can  be  simplified  to  yield  an  approximate  constitutive  theory  in 
which  the  material  coefficients  may  not  be  as  many  as  in  (1.54).  This  will  undoubtedly  limit  the  physics.  If  we  limit  the 
constitutive  theory  to  be  linear  in  <xl°l,  that  is,  we  neglect  generator  qG3  =  (er11!  •  o-  °1 )  •  g  and  invariants  9/2,  qI3  and  qI6, 
the  constitutive  theory  (1.54)  for  q  reduces  to 

q  =  -  qa\g  -  qa2(T[l)]  g  qb11ti([aw])g 

-  ^14 {g}T{g}g  -  ^{g}1  [v[0]}{g}9 

-  qb2itr([a[0]})a[0]  ■  g  -  qb2i{g}T{g}<T[0]  ■  9  (1-55) 

-  qb25{g}rW[a]}{g}(r[0]  9 

-%(()- 9^9 -OcziO-en)*^  g 

This  constitutive  theory  still  requires  ten  material  coefficients.  If  we  further  assume  that  the  constitutive  theory  for  q  is  linear 
in  the  components  of  then  terms  containing  material  coefficients  qb2\  and  qb2-,  can  be  removed  from  (1.55). 

q  =  -  qaig  -  qa2tr[0]  ■  g  -  ‘%ntr([cr[°I])fli 

-  qb\i{g}T{g}g  -  %5 {g}T[°m}{g}9 

-%2  A{g}T{9}<T[0]g-qcAO-On)g 

-  qc2{9  -  dn)(T[0]  g 

This  constitutive  theory  requires  eight  material  coefficients. 

(2)  If  we  remove  dependence  of  q  on  erf0'  in  (1.56),  then 

q  =  -qaiq  -  qbu{g}T ■  {g}q  -  qa(6  -  On)q 
This  constitutive  theory  for  q  is  the  same  as  derived  earlier.  The  coefficients  in  (1.57)  are 

1.1.9  Summary  and  conclusions 

In  this  section,  constitutive  theories  for  thermoelastic  solids  are  presented  in  Lagrangian  description.  For  such  solid  matter, 
the  external  work  applied  to  a  volume  of  matter  does  not  contribute  to  entropy  production  and  hence  the  thermal  field  and  internal 
energy  are  not  affected  by  the  external  work.  It  is  shown  that  for  such  matter,  the  entropy  inequality  has  no  mechanism  for  deriving 
constitutive  theories  for  <rf°l  or  £[0i  as  the  first  and  the  second  law  of  thermodynamics  are  independent  of  the  rate  of  mechanical 
work.  Constitutive  theories  for  rr°J]  or  £-0-  are  presented  using  the  theory  of  generators  and  invariants.  First,  general  derivations 
(such  as  those  based  on  integrity)  are  presented  which  are  subsequently  simplified  to  obtain  simpler  constitutive  theories  for  finite 
as  well  as  infinitesimal  deformation.  It  is  also  shown  that  for  such  matter,  strain  energy  density  function  or  its  complement  can 
be  used  to  derive  constitutive  theories  for  <tI°1  or  £-(,  in  addition  to  constitutive  theories  for  er0'1  in  terms  of  Cq o]  in  Lagrangian 
description.  Since  there  are  no  thermodynamic  restrictions  on  the  constitutive  theories  for  the  stress  tensor  or  strain  tensor  for 
the  solids  considered  here,  all  of  the  theories  presented  here  are  valid.  The  constitutive  theories  for  the  heat  vector  in  Lagrangian 
description  are  derived  using  the  conditions  resulting  from  the  entropy  inequality  as  well  as  using  the  theory  of  generators  and 
invariants  with  various  choices  of  argument  tensors.  Simplifications  of  these  theories  are  also  presented. 

1.2  Ordered  rate  constitutive  theories  for  thermoviscoelastic  solids  without  memory 

In  this  section,  we  consider  ordered  rate  constitutive  theories  for  isotropic,  homogeneous,  compressible  and  incompressible 
thermoviscoelastic  solids  in  Lagrangian  description  with  finite  deformation  but  without  memory.  The  rate  constitutive  theories 
are  derived  using  the  entropy  inequality  expressed  in  terms  of  Helmholtz  free  energy  density  <1>  as  well  as  Gibbs  potential  T. 


(1.56) 


(1.57) 

functions  of  9n  and  ({<?}T{<?})i}. 
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Thermoviscoelastic  solids  are  naturally  elastic  (linear  or  nonlinear)  but  also  contain  thermal  effects.  In  addition,  such  solids  also 
contain  a  mechanism  of  dissipation  of  mechanical  energy,  i.e.  some  part  of  the  mechanical  energy  applied  to  the  matter  is  converted 
into  entropy,  which  results  in  heat,  hence  affects  internal  energy.  Derivations  of  the  constitutive  theories  for  such  solid  matter  are 
considered. 

1.2.1  Ordered  rate  constitutive  theories  for  thermo  viscoelastic  solids  without  memory  using  $ 

We  consider  basic  form  [18,19,31]  of  the  entropy  inequality  (Clausius-Duhem  inequality)  expressed  in  terms  of  <I>  and  conjugate 
pairo-M  ande^ 

po$  +  r]e+^-a*kijik<0  (1.58) 

in  which  po  is  density  in  the  reference  configuration  and  |  J|  is  determinate  of  the  Jacobian  of  deformation.  This  allows  us  (in  con¬ 
junction  with  other  conservation  laws)  to  conclude  that  at  the  onset  <!>,  p  and  q  must  be  dependent  variables  in  the  constitutive 
theory.  Following  the  material  presented  in  the  previous  section,  it  is  straightforward  to  conclude  the  following  argument  tensors 
of  the  dependent  variables 

V  =  rj(e^°\g,  9 
<r[°]  =  ff[°]  (e[°l 

9  =  q(e[o],g,0) 

In  thermoviscoelastic  solids  without  memory,  the  mechanism  of  dissipation  must  be  incorporated  in  the  constitutive  theories. 
This  requires  that  at  least  eW,  the  material  derivative  of  order  one  must  be  an  argument  tensor  of  rrM  and  hence  of  all  other 
dependent  variables  due  to  the  principle  of  equipresence.  Since  eM  ;  i  =  1, 2, . . . ,  n,  the  material  derivatives  of  upto  orders  n  of  £, 
are  fundamental  kinematic  tensors,  we  can  generalize  the  choice  of  fiW  as  argument  tensor  by  replacing  it  with  eM  ;  i  =  1,2, ...  ,n. 
Thus  (1.59)  now  becomes 

$  =  $(  eW( Xi,t)  ;  i  =  0, 1, . . .  ,n  ,  9{xi,t)  ) 

<r[0]  =  cr[0]  (  ew  (xi,  t)  ;  *  =  0, 1, . . . ,  n  ,  9(xt,  t)  )  (1.60) 

q  =  q{  e[l\x.i,t)  ;  i  =  0, 1,. . .  ,n  ,  g(xi,t )  ,  9(xi,t.)  ) 

The  conditions  resulting  from  the  entropy  inequality  in  this  case  do  not  permit  derivation  of  constitutive  theories  for  itM.  We 
perform  decomposition  of  <rl°l  into  equilibrium  stress  ,.rrn'  and  deviatoric  stress  ,icr'>}  and  substitute  it  in  the  entropy  inequality. 
The  resulting  conditions  permit  derivation  of  ..O"'0'  in  terms  of  thermodynamic  pressure  p(p,9)I  for  compressible  case  and  in 
terms  of  mechanical  pressure  p(9)I  for  incompressible  case  (derived  by  incorporating  incompressibility  condition  in  the  entropy 
inequality).  Additionally,  the  entropy  inequality  requires  the  work  expanded  due  to  to  be  positive  if  we  assume 

—  <0  or  qlgl  <  0 

but  provides  no  mechanism  to  derive  constitutive  theories  for  At  this  stage  we  have 

<rm  =  eff101  +  dO-[°!  (  e[0]  ,  eW  {xi,  t) ;  i  =  1, 2, . . . ,  n  ,  9{xi,  t)  ) 
q  =  q(  e[o1  ,  £W(xj,f) ;  i  =  1,2, . . .  ,n  ,  g(xi,t ) ,  9(xi,t)  ) 

in  which 

eO^0-*  =  p(p,  9)1  ;  compressible  case 

err(0^  =  p(9)I  ;  incompressible  case 

We  transfer  vcr{"'!  to  obtain  ,cr^'  for  both  compressible  and  incompressible  case. 


(1.61) 


(1.62) 


(1.63) 


•9,9) 


(1.59) 
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(a)  Rate  constitutive  theories  for  ,icr'>}  of  order  n:  We  derive  constitutive  theories  for  ,/<r'n"  using  the  theory  of  generators 
and  invariants.  If  [aG1}  ;  i  =  1,2, ...  ,N  are  the  combined  generators  of  the  argument  tensors  of  ,icr^  in  (1.62)  that  are  symmetric 
tensors  of  rank  two  and  if  qaP  \  j  1.2,...,  A/  are  the  combined  invariants  of  the  same  argument  tensors,  then 

d(rm  =  o-~o  +  £  °al  [aGl]  (1.64) 

i=  1 

"a*  =  ;  j  =  1,2,. ..,M  ,  0)  ;  i  =  1,2,..., iV  (1.65) 

The  material  coefficients  are  derived  by  expanding  aat  ;  i  =  0,  1 .....  A  in  qcrP  ;  j  =  1,2, ...  ,M  and  9  about  a  known 
configuration  J?  and  retaining  only  upto  linear  terms  in  qaP  ;  1,  2 ,...  ,M  and  9.  This  gives  us 

M  N  N  M  N 

ff[0]  =  g°\  [i\  +  EVT'M  +  E % \aQl]  +  E  E  %jqT FG1]  +  E %(o  -  W&]  -  i*tmW  -  W\  a. 66) 

j  =  1  i— 1  *=lj=l  *= 1 

a°\n  is  the  initial  stress  in  the  configuration  P.  This  constitutive  theory  for  requires  (M  +  N  +  MN  +  N  +  1)  material 
coefficients.  The  material  coefficients  defined  in  (1.66)  are  functions  of  (),,  and  (' qaP)n  \j  =  1, 2, . . . ,  M  in  the  known  configuration 
17.  This  constitutive  theory  is  based  on  integrity  and  hence  is  complete.  See  reference  [33]  for  definitions  of  material  coefficients. 

(b)  Rate  constitutive  theories  for  q  of  order  n:  In  this  derivation  we  consider  the  argument  tensors  of  q  in  (1.62).  We  express 
q  as  a  linear  combination  of  the  combined  generators  of  the  argument  tensors  of  q.  As  in  the  case  of  ,icr  '>} ,  here  also  the  coefficients 
in  the  linear  combination  are  functions  of  the  combined  invariants  of  the  argument  tensors  of  q.  The  material  coefficients  in  this 
case  are  also  derived  using  a  Taylor  series  expansion  of  each  coefficient  in  the  linear  combination  about  a  known  configuration,  q 
is  a  tensor  of  rank  one,  but  £  °1,  £lml  ;  m  =  1,2, ...  ,n  are  symmetric  tensors  of  rank  two  and  g,  9  are  tensors  of  rank  one  and 
zero.  Let  {qG1}  '.  i  1, 2, ....  A  be  the  combined  generators  of  the  argument  tensors  of  q  that  are  tensors  of  rank  one  and  let  qaP 
;  j  =  1,2, ...  ,M  be  the  combined  invariants  of  the  same  argument  tensors  of  q,  which  are  the  same  as  those  for  ,/cr^^ .  Then,  we 
can  express  q  in  the  current  configuration  as  a  linear  combination  of  {qG1}  :  i  -  1,2. ....  N: 

q  =  ^J2qal{qG1}  (1.67) 

i- 1 

W  W  (qaP  ;  j  =  1, 2, . . . ,  M,  9)  (1.68) 

To  determine  the  material  coefficients  from  qal  ;  i  =  1.2,....  A',  we  consider  a  Taylor  series  expansion  of  each  qa‘  ;  i  = 
1,2, ...  ,N  about  a  known  configuration  Q  in  invariants  qaP  ;  j  =  1,2, ...  ,M  and  temperature  9  and  retain  only  up  to  linear 
terms  in  the  invariants  and  the  temperature  9.  By  substituting  these  in  (1.67)  we  obtain 

N  N  M  N 

q  =  - E %{V1}  -EE  qciJqaP{V1}  -  E qdl{0  -  e^iV1}  am 

i— 1  *=lj=l  i= 1 

This  constitutive  theory  for  q  requires  ( N  +  NM  +  N )  material  coefficients  (see  reference  [33]  for  their  definition).  These 
material  coefficients  defined  are  functions  of  invariants  (qap ;  j  =  1,2, ...  ,M  and  temperature  0,,  in  the  known  configuration 
Q_.  This  constitutive  theory  is  also  based  on  integrity,  hence  is  complete. 

Remarks: 

(1)  Using  the  general  derivations  presented  for  rate  theories  of  order  n  for  and  q,  constitutive  theories  of  any  desired  order 
can  be  obtained. 

(2)  Constitutive  theory  for  q  is  consistent  with  the  constitutive  theory  for  dtr^  as  it  uses  the  same  argument  tensors  as  in  the 
case  of  d<r[°l .  At  this  stage,  there  is  no  rational  to  alter  the  argument  tensors  of  q.  The  constitutive  theory  for  q  demonstrates 
the  influence  of  £  and  £  ml  ;  m  =  1, 2, . . . ,  n  as  well  as  their  interaction  with  g  on  heat  conduction. 
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(3)  Simplified  rate  theories  can  be  derived  using  the  rate  theories  of  order  n  derived  here  for  and  q.  These  are  presented  in 
reference  [33]  along  with  comparisons  with  current  theories. 

(4)  Comparisons  of  constitutive  theories  for  ,icr'>}  with  Kelvin- Voigt  model  are  given  in  reference  [33]  to  demonstrate  that 
Kelvin- Voigt  model  does  not  have  thermodynamic  basis  and  cannot  be  extended  to  2-d  or  3-d.  The  theories  derived  here  use 
d(T [°1  and  e®  ;  i  =  1, 2, . . . ,  n  that  are  measures  of  finite  deformation,  whereas  Kelvin- Voigt  model  uses  er,  total  stress  for 
infinitesimal  deformation.  Many  other  differences  are  also  illustrated  in  reference  [33]. 

(5)  For  elastic  materials,  the  strain  rate  in  one  direction  must  be  accompanied  by  the  strain  rate  in  the  two  mutually  orthogonal 
directions  as  well,  due  to  Poisson’s  effect.  This  is  evident  in  the  composition  of  the  coefficient  matrix  in  which  the  (3  x  3) 
portion  of  the  coefficient  matrix  associated  with  normal  strain  rates  is  fully  populated,  (i.e.  not  diagonal). 

(6)  Thus,  we  see  that  the  mathematical  model  associated  with  strain  rate  dependent  dissipation  requires  two  material  coefficients 
(just  like  strain  dependent  elasticity). 

(7)  When  we  consider  the  1-d  case  for  incompressible  viscoelastic  solid  matter  and  compare  with  the  Kelvin- Voigt  model,  we 
shall  observe  that  dissipation  is  due  to  strain  rate  of  order  one. 

(8)  We  note  that  if  we  ignore  the  elastic  part,  then  this  theory  is  a  counterpart  to  Newton’s  law  of  viscosity,  but  in  Lagrangian 
description,  which  confirms  that  the  mechanism  of  dissipation  in  the  theories  presented  here  is  the  same  as  in  viscous  fluids. 

(9)  The  simple  first  order  rate  theory  when  simplified  and  applied  to  1-d  incompressible  viscoelastic  solid  yields  a  constitutive 
theory  for  deviatoric  axial  stress  that  is  similar  in  appearance  to  the  Kelvin- Voigt  model  but  is  quite  different  due  to  the  fact 
that  in  the  Kelvin- Voigt  model,  the  constitutive  theory  is  for  total  axial  stress. 

(10)  The  derivation  of  the  nth  order  rate  theory  shows  that  when  strain  and  strain  rate  tensors  are  arguments  of  the  stress  ten¬ 
sor,  decomposition  of  the  stress  tensor  into  equilibrium  and  deviatoric  tensors  is  essential.  The  constitutive  theories  for 
equilibrium  stress  tensor  for  compressible  as  well  as  incompressible  cases  are  derived  using  the  conditions  resulting  from 
the  entropy  inequality,  while  the  constitutive  theory  for  deviatoric  stress  tensor  is  derived  using  theory  of  generators  and 
invariants.  These  derivations  are  consistent  with  the  axioms  and  principles  of  continuum  mechanics. 

(11)  Based  on  (10)  and  the  derivation  presented  for  the  simplified  1-d  case,  it  is  straightforward  to  conclude  that  the  1-d  Kelvin- 
Voigt  model  for  viscoelastic  solids  is  not  supported  by  the  rate  theories  presented  in  this  work  and  the  thermodynamic 
principles. 

(12)  For  the  1-d  linear  elastic  incompressible  case  with  infinitesimal  deformation,  the  momentum  equation  or  equilibrium  equation 
resulting  from  the  presented  theory  and  the  Kelvin- Voigt  model  are  the  same,  provided  the  material  coefficients  are  assumed 
to  be  identical,  which  is  not  the  case. 

(13)  In  the  1-d  Kelvin- Voigt  model,  a  single  material  coefficient  describes  the  mechanism  of  dissipation  (damping  coefficient 
for  the  dash-pot).  From  the  derivation  presented  here  and  the  physics,  it  is  quite  clear  that  the  mechanism  of  dissipation  in 
viscoelastic  solids  requires  two  material  coefficients. 

(14)  The  1-d  spring  and  dash-pot  in  parallel  has  no  mechanism  for  its  extension:  (i)  to  2-d  or  3-d  or  continuous  media  in  general, 
(ii)  for  compressible  matter,  (iii)  for  finite  deformation  and  finite  strain,  whereas  the  derivations  presented  in  this  work  are 
for  finite  deformation  and  are  consistent  with  the  axioms  of  constitutive  theory  in  continuum  mechanics. 

(15)  Simplified  constitutive  theories  for  q  can  be  easily  derived  using  (1.69)  with  the  appropriate  assumption  and  by  following  the 
details  in  previous  section  and  reference  [33, 34].  The  details  are  omitted  for  the  sake  of  brevity. 
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1.2.2  Ordered  rate  constitutive  theories  for  thermoviscoelastic  solids  without  memory  [35]  using  T 

The  rate  constitutive  theories  presented  in  the  following  section  are  derived  using  entropy  inequality  expressed  in  terms  of  Gibbs 
potential  T  and  the  conditions  resulting  from  it  in  conjunction  with  the  theory  of  generators  and  invariants.  In  this  approach  e 
and  q  always  emerge  as  dependent  variables  for  the  type  of  solids  considered  in  this  work.  Thus  the  objective  of  the  constitutive 
theories  is  to  establish  dependence  of  e  and  q  on  the  kinematics  of  the  deforming  solid  during  evolution.  The  argument  tensors  of 
$,  e  and  q  depend  upon  the  physics  under  consideration  i.e.  the  type  of  solid  matter.  As  in  case  of  Helmholtz  free  energy  density 
$,  here  also,  we  choose  <x-n"  and  e  as  conjugate  pair  in  the  derivations  of  the  rate  constitutive  theories.  For  some  types  of  solids 
such  as  thermoviscoelastic,  the  conditions  resulting  from  the  entropy  inequality  are  sufficient  to  derive  the  constitutive  theories 
for  e  and  q.  However,  it  is  shown  that  the  theory  of  generators  and  invariants  in  some  cases  provides  much  more  comprehensive 
theories.  This  approach  also  becomes  necessary  in  many  instances  when  the  entropy  inequality  fails  to  provide  mechanism  of 
deriving  constitutive  theories.  In  the  work  performed  during  this  period  of  the  grant,  various  approaches  are  explored  and  the 
resulting  constitutive  theories  are  compared  for  their  merits  and  shortcomings.  These  theories  are  also  compared  with  those  used 
currently  to  demonstrate  the  differences  and  limitations  of  the  current  theories  that  in  many  cases  are  significant  and  are  of  major 
concern. 

The  derivations  of  these  rate  theories  follow  details  similar  to  those  already  presented  in  earlier  sections  once  the  dependent 
variables  and  their  argument  tensors  are  established,  hence,  in  the  following,  we  only  presents  basic  steps  and  outline  of  the 
derivations. 

We  consider  the  derivations  of  the  constitutive  theories  in  Lagrangian  description  for  homogeneous,  isotropic,  compressible 
and  incompressible  thermoviscoelastic  solids  without  memory  undergoing  finite  deformation  based  on  the  second  law  of  thermo¬ 
dynamics  expressed  in  terms  of  Gibbs  potential  T  and  conjugate  stress  and  strain  measures:  rr'{)\  e.  The  entropy  inequality  is 
derived  in  Lagrangian  description  using  Gibbs  potential  T  and  conjugate  pair  o-^,  £  and  the  possible  choice  of  dependent  vari¬ 
ables:  T,  e,  r)  (entropy  inequality)  and  q  is  established.  In  the  rate  theories  considered  here,  the  constitutive  theories  for  £  is  derived 
by  considering  as  a  dependent  variable  in  the  constitutive  theory.  At  the  onset,  fiW  ;  i  =  0, 1 . . . ,  n  —  1,  <r[°l,  g  and  9  are 
considered  as  argument  tensors  of  T,  fiM,  rj  and  q.  With  this  choice  of  argument  tensors  for  T,  when  T  (obtained  using  chain 
rule  of  differentiation)  is  substituted  in  the  entropy  inequality,  the  resulting  conditions  show  that  T  cannot  be  a  function  of  eM  ; 
*  =  0, 1 . . . ,  n  —  1  and  g.  Additionally  T  cannot  be  a  function  of  crM.  This  requires  decomposition  of  o-!0!  into  ,.crn"  ,  equilibrium 
stress,  and  deviatoric  stress.  This  permits  T  to  he  a  function  of  ,/<r  0 .  The  conditions  resulting  from  the  entropy  also  show 

that  //  cannot  be  a  dependent  variable  in  the  rate  constitutive  theories.  Thus,  finally  we  have  T,  e  n  and  q  as  dependent  variables 
in  the  rate  constitutive  theory.  The  argument  tensors  of  T  are  ,i&>}  and  9  whereas  as  the  argument  tensors  of  £  and  q  are  £*1 
;  *  =  0, 1 . . . ,  n  —  1,  ,/<r  n' ,  g  and  9.  The  constitutive  theory  for  e<r[°l  is  well  established  [18, 19, 31]  in  terms  of  thermodynamic 
pressure  for  compressible  case  and  mechanical  pressure  when  the  matter  is  incompressible.  The  remaining  last  inequality  resulting 
from  the  entropy  inequality  places  some  restrictions  on  the  constitutive  theories  for  crM,  £  and  q  but  provides  no  mechanism  to 
derive  constitutive  theories  for  £  and  q.  In  the  present  work,  we  use  the  theory  of  generators  and  invariants  to  derive  the  constitutive 
theories  for  £  and  q  using  £  nl  and  q  as  dependent  variables  in  the  constitutive  theories.  These  rate  theories  are  of  order  n  due  to 
the  fact  they  utilize  material  derivatives  upto  order  n  of  £.  The  constitutive  theories  presented  here  for  £  and  q  are  consistent  as 
they  use  the  same  argument  tensors  and  are  complete  as  they  are  based  on  integrity. 

Many  simplified  forms  of  these  rate  theories  of  order  n  are  also  considered.  The  most  obvious  is  the  constitutive  theory  of 
order  one.  It  is  shown  that  even  this  theory  contain  too  many  material  coefficients  to  be  of  use  in  practical  applications.  Further 
simplifications  of  these  theories  are  also  considered  and  compared  with  those  that  are  currently  used.  The  constitutive  theories  for 
heat  vector  include  influence  of  strain,  strain  rate  and  stress  field  in  addition  to  temperature  gradient  as  well  as  their  interactions. 
Many  simplified  forms  of  the  nth  ordered  theory  are  presented.  The  most  simplified  form  of  the  first  order  rate  theory  for  the  heat 
vector  is  shown  to  result  in  Fourier  heat  conduction  law. 

1.2.3  Numerical  studies 

In  this  section,  we  present  some  numerical  studies  using  the  constitutive  theory  presented  here  and  comparisons  with  the 
currently  and  commonly  used  model  for  dissipation  in  solids  in  which  dissipation  is  proportional  to  velocity.  We  consider  the 
ID  case  with  infinitesimal  strain  tensor.  As  shown  earlier  for  this  particular  ID  case,  the  momentum  equation  resulting  from  the 
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constitutive  theory  presented  here  and  using  the  Kelvin-Voigt  ID  model  is  the  same. 

d2ux , 


d2uXl 
P°  dt2 


Cl 


dx2 


d  /  d2uXl 
dt  V  dx2 


=  0 


V(xi,  t)  £  LlXld 


(1.70) 


in  which  UXl  t  =  f2Xl  x  Dt  =  f2Xl  x  [0,  r].  If  we  assume  dissipation  is  proportional  to  velocity  (a  commonly  used  mechanism  for 
structural  damping  in  solids  [40]),  then  the  momentum  equation  becomes 


d2i 


dt2 


-  Cl 


d2i 


dx2 


+  C2- 


dux 


dt 


=  0 


V(xi,f)  £  LlXld 


(1.71) 


We  remark  that  in  the  derivation  of  (1.71)  we  only  have  the  constitutive  theory  for  elastic  behavior;  the  damping  or  dissipation 
is  directly  through  the  momentum  equation  (rate  of  change  of  momentum  must  be  equal  to  the  sum  of  the  forces  acting  on  the 
volume  of  matter)  in  terms  of  a  dissipative  force  (the  third  term  in  (1.71)). 

Using  (1.70)  and  (1.71)  as  mathematical  models  we  present  some  numerical  studies  for  ID  wave  propagation  using  space-time 
least  squares  finite  element  processes  based  on  a  space-time  strip  f lXl  x  At  for  an  increment  with  time  marching.  The  local 
approximations  for  a  space-time  element  are  considered  in  higher  order  space-time  scalar  product  spaces  that  permit  higher-order 
global  differentiability  approximations  in  space  and  time. 

First,  derive  the  dimensional  form  of  the  PDEs  (1.70)  and  (1.71).  Consider  PDE  (1.70).  We  rewrite  (1.70)  by  introducing  a  hat 
(~)  on  all  quantities  signifying  that  all  quantities  have  their  usual  dimensions. 


~  d2uXl  ^  d2uXl 
PQ  d t2  Cl  dx 2 


~  9  I 
~C2dt{ 


d2uXl  \ 
dx2  ) 


o  \/{xi,t)  e  f2ji  ? 


(1.72) 


in  which  f x  flp 
variables  using  these.  Let 


(0,  L)  x  (0,  r).  We  choose  reference  quantities  with  subscript  o  or  ref  and  define  dimensionless 


uXl 

u0 


vxi  x!  ,  t 

-  ,  Xi  =  —  ,  t=  — 

vq  Lo  to 


(1.73) 


Lo  is  a  reference  length,  hence  uq  =  Lo,  and  if  we  choose  Vq  as  a  reference  velocity  (generally  the  speed  of  sound  using 
reference  quantities),  then  to  =  uq/vq  =  Lq/vq-  Hence 


d2ux i  _  /  ci  \  d2uXl  _  /  c2  \d/d2uXl\  _ 

P°  dt2  \(po)refV q)  dx\  \Lo(po)refV0)  dt\  dx\  ) 


(1.74) 


V(xi ,t)  £  f tXl  t.  The  term  (po)refvo  has  dimensions  of  stress;  we  generally  define  r0  =  {pa)refV o  as  ^e  reference  stress  based 
on  characteristic  kinetic  energy.  Likewise,  Lo(po)refVo  has  units  of  viscosity  and  is  essentially  the  Reynolds  number  with  a  unit 
reference  viscosity.  We  define  cf  =  (p  )' sv-  anc*  c2  =  L0{p°)  fv0  •  Then  the  dimensionless  form  of  (1.70)  using  (1.74)  becomes 


d2uXl  dd2uXl  dd  (d2uXl\ 
P°  dt 2  Cl  dxj  °2  dt  V  dx2  ) 


0  V(xi ,f)eSlJlit  :  Model  A 


(1.75) 


Following  the  same  procedure,  we  can  also  derive  the  following  dimensionless  form  of  (1.71): 

^  dd  uXl  ddux 


P°  dt2 


—  c 


1  dx2 


+  Cn 


dt 


=  0  V(#i  :  Model  B 


(1.76) 


7  C^J-jQ  ,  , 

in  which  cQ  =  — — .  In  the  numerical  studies,  we  consider  an  axial  rod  of  dimensionless  length  one  unit  and  choose  (pg  )ref  = 

po  so  that  p  in  (1.75)  and  (1.76)  becomes  unity.  The  spatial  domain  [0, 1]  for  an  increment  of  time  At  =  0.1,  i.e.  the  space-time  strip 
M  x  [0,  At],  is  discretized  using  a  uniform  mesh  of  eight  nine -node,  p- version,  higher  order  global  differentiability,  space-time 
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finite  elements  [41-45],  Figure  1  shows  details  of  the  space-time  domain  for  a  time  increment  At  =  fn+1  —  tn  and  boundary 
conditions  as  well  as  the  initial  conditions. 

The  left  end  of  the  rod  is  clamped  (impermeable  boundary)  and  the  right  end  is  subjected  to  a  compressive  piecewise-quintic 
strain  distribution,  such  that  the  strain  is  twice  continuously  differentiable  with  respect  to  time,  over  a  time  period  of  2A t.  For 
t  >  2  At,  the  applied  strain  at  the  right  end  of  the  rod  is  zero.  We  choose  a  p-level  of  9  in  space  and  time  and  a  local  approximation 
of  class  C11(Ct%i  t),  i.e.  of  class  C1  in  space  and  time.  The  finite  element  formulations  used  for  computing  numerical  solutions  for 
both  models  (models  A  and  B)  use  the  space-time  least  squares  process  constructed  using  residual  functionals  [41 — 45]. 

The  resulting  computational  process  is  unconditionally  stable.  Evolutions  are  computed  using  a  space-time  strip  with  time 
marching  [41-45].  For  the  choice  of  local  approximation  (C'11(fi®  t  )),  the  integrals  in  the  finite  element  processes  are  Lebesgue, 
but  due  to  the  smoothness  of  the  evolution  for  the  8-element  discretization  with  a  p-level  of  9,  the  residual  functionals  are  on  the 
order  of  (){ 10“  R)  or  lower  for  all  space-time  strips  for  both  model  problems,  confirming  good  accuracy  of  evolution.  For  both 
model  problems,  the  evolutions  are  completed  for  0  <  t  <  2.0.  In  both  model  problems,  we  choose  cf  =  1.0.  Since  C2,  c'2  in 
model  problems  A  and  B  do  not  have  the  same  meaning  (i.e.  physics),  a  direct  comparison  of  the  evolutions  for  the  same  values  of 
Cj  and  £2  is  not  meaningful.  For  this  reason,  we  choose  a  range  of  values  for  and  £2  to  show  behaviors  of  dissipation  in  models 
A  and  B.  Figures  2  and  3  show  plots  of  strain  sXlXl  versus  X\  for  different  values  of  time  for  clj  =  0,  0.1,  and  0.5  for  model  A. 
From  Figures  2  and  3  for  model  A,  we  note  that  when  C2  =  0,  we  have  pure  elastic  strain  wave  propagation.  Reflections  of  the 
strain  wave  at  the  fixed  and  free  boundaries  are  simulated  perfectly.  Since  in  this  case  there  is  no  dissipation,  the  wave  shape  is 
preserved  during  propagation,  i.e.  no  amplitude  decay  or  base  elongation  is  observed. 


'  fn+l 

trt 


Figure  1 :  Schematic  diagram  for  the  studied  problem 


At  the  fixed  boundary,  the  amplitude  of  the  strain  wave  doubles  as  expected,  and  the  reflected  wave  at  the  free  boundary 
returns  as  a  tensile  wave.  When  cfj  is  nonzero,  we  observe  amplitude  decay  and  base  elongation  of  the  strain  wave  during  the 
evolution.  Progressively  increasing  values  of  cSf  result  in  large  amplitude  decay  and  base  elongation,  due  to  increased  dissipation. 
This  mechanism  of  dissipation  is  exactly  the  same  as  viscous  dissipation  in  fluids  (as  discussed  earlier). 

Figures  4  and  5  show  plots  of  strain  £XlXl  versus  x.\  for  model  B  for  different  values  of  time  using  £2  =  0,  1.0,  and  2.0.  From 
Figures  4  and  5,  for  model  B,  we  note  that  for  £2  =  0,  we  have  exactly  the  same  behavior  as  in  Figures  2  and  3  as  in  this  case,  the 
two  models  are  identical.  For  nonzero  values  of  £2,  the  evolutions  in  figures  4  and  5  show  amplitude  decay  of  the  strain  wave,  but 
the  base  of  the  wave  is  preserved  during  the  evolution,  regardless  of  the  values  of  £3. 
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Thus,  this  mechanism  of  dissipation  is  quite  different  in  model  B  from  the  case  of  model  A.  As  expected,  progressively  increas¬ 
ing  values  of  c $  result  in  progressively  decaying  amplitudes  of  the  strain  wave,  indicating  progressively  increased  dissipation,  but 
the  base  of  the  strain  wave  remains  unaltered  during  the  entire  evolution. 


1.3  Ordered  rate  constitutive  theories  for  thermoviscoelastic  solids  with  memory 

1.3.1  Ordered  rate  constitutive  theories  for  thermo  viscoelastic  solids  with  memory  using  $ 


We  consider  basic  form  [18,19,31]  of  the  entropy  inequality  (Clausius-Duhem  inequality)  expressed  in  terms  of  <1>  and  conjugate 
pairo-!0!  andg!0! 


po  +  77  9  +  ^  <T*kijik  <  0 


(1.77) 


in  which  pQ  is  density  in  the  reference  configuration  and  |  J\  is  determinate  of  the  Jacobian  of  deformation.  This  allows  us  (in  con¬ 
junction  with  other  conservation  laws)  to  conclude  that  at  the  onset  <!>,  //  a"  and  q  must  be  dependent  variables  in  the  constitutive 
theory.  Following  the  material  presented  in  previous  sections,  it  is  straightforward  to  conclude  the  following  argument  tensors  of 
the  dependent  variables 

<l>  =  ^(e^,g,9) 

v  =  v(el°\g,o) 

«r[°]=<T[o  l(e[o])fft0)  ^  ; 

Q  =  q(elO],g,0) 


In  thermoviscoelastic  solids  without  memory,  the  mechanism  of  dissipation  must  be  incorporated  in  the  constitutive  theories. 
This  requires  that  at  least  eW,  the  material  derivative  of  order  one  must  be  an  argument  tensor  of  o-!0!  and  hence  of  all  other 
dependent  variables  due  to  the  principle  of  equipresence.  Since  eW  ;i  =  1,2,  ...,n,  the  material  derivatives  of  upto  orders  n  of  e, 
are  fundamental  kinematic  tensors,  we  can  generalize  the  choice  of  el1!  as  argument  tensor  by  replacing  it  with  e'l  ;  i  =  1,2, ...  ,n. 


From  the  development  of  the  constitutive  theories  in  Eulerian  description  for  thermoviscoelastic  fluids  [36]  and  their  simplifi¬ 
cations  resulting  in  Maxwell  model,  Oldroyd-B  model,  and  Giesekus  model  [37],  we  know  that  for  such  fluids  to  have  memory,  at 
the  very  least,  the  constitutive  theory  must  consider  the  first  convected  time  derivative  of  the  stress  tensor  as  a  dependent  variable 

with  stress  and  strain  rate  as  its  arguments  (in  addition  to  others).  The  generalization  of  this  concept  leads  to  the  (to,  n)  ordered 

rate  theories  for  thermoviscoelastic  fluids  [36, 37]  in  Eulerian  description.  In  the  case  of  solids,  we  utilize  a  similar  concept  but  in 
Lagrangian  description.  This  leads  to  the  material  derivatives  upto  orders  to  of  the  conjugate  stress  tensor  as  a  dependent  variable 
in  the  constitutive  theory  as  opposed  to  the  stress  tensor,  and  in  addition  to  £l  ;  i  =  0, 1, . . . ,  n  as  arguments  of  all  dependent 
variables,  we  now  also  consider  stress  tensor  and  its  material  derivatives  up  to  order  m—  1  as  arguments  of  the  dependent  variables 
in  the  constitutive  theories.  Additionally,  we  also  consider  9  and  g  as  arguments  of  all  dependent  variables  in  the  constitutive 
theories.  Thus,  in  the  rate  constitutive  theories  considered  here,  the  possible  dependent  variables  at  this  stage  are  o-!"1!,  q.  <t>,  and 
p,  and  their  argument  tensors  are  e1'!  ;  *  =  0,1,...,  n,  tr^  ;  j  =  0, 1, . . . ,  to  —  1,  g  and  9. 

$  =  <f>(<rM  ;  j  =  0, 1,. . .  ,to  -  1  ,  e[il  ;  i  =  0, 1, . . . ,  n  ,  g  ,  9 ) 
q  =  q{tr[j]  ;  j  =  0, 1, . . . ,  m  -  1  ,  ew  ;  i  =  0, 1, . . . ,  n  ,  g  ,  9) 

v  =  r)(aW  |.  j  =  0, 1, . . . ,  to  -  1  ,  ew  ;  i  =  0, 1,,  ..,n,  g  ,  9) 

cr[ra]  =  <r[m] (<r[i]  ;  j  =  0, 1, . . . , to  -  1  ,  e[i]  ;  i  =  0,1, . . .  ,n  ,  g  ,  9) 


Using  $  in  (1.79)  with  its  argument  tensors  defined,  we  obtain  $  using  chain  rule  of  differentiation  and  substitute  it  in  entropy 
inequality  (1.77).  From  this  form  of  entropy  inequality  we  can  conclude  that: 

(1)  ri  =  —  hence  77  is  deterministic  from  $,  therefore  77  is  not  a  dependent  variable  in  the  constitutive  theories 
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(2)  $  is  not  a  function  of  ;  i  =  0, 1, . . . ,  n 

(3)  $  is  not  a  function  of  <yb']  ;  j  =  0, 1, . . . ,  to  —  1  either 


(4)  $  is  not  a  function  of  g  also 

(5)  and  a  remaining  inequality  (see  reference  [38])  that  must  be  satisfied 
Thus,  now  we  have 

$  =  4>(|j| ,  e ) 

a[m]  =  a{m\  ^[J]  .  j  =  0, 1, . . . ,  TO  -  1  ,  ew  ;  i  =  0, 1, . . . ,  n  ,  g  ,  9)  (1.80) 

q  =  q(trb]  ;  j  =  0, 1, . . .  ,m-  1  ,  ew  ;  i  =  0, 1, . . . , n  ,  g  ,  9) 

Thus  the  constitutive  theories  for  these  solids  reduce  to  determination  of  a ITO1  and  q.  The  conditions  resulting  from  the  entropy 
inequality  in  this  case  do  not  permit  derivation  of  constitutive  theories  for  er^ .  We  perform  decomposition  of  crM  into  equilibrium 
stress  eo I°1  and  deviatoric  stress  and  substitute  it  in  the  entropy  inequality.  The  resulting  conditions  permit  derivation  of 
e<r[°l  in  thermodynamic  pressure  pip,  9)1  for  compressible  case  and  mechanical  pressure  p{9)I  for  incompressible  case  (derived 
by  incorporating  incompressibility  condition  in  the  entropy  inequality).  Additionally,  the  entropy  inequality  requires  the  work 
expanded  due  to  ,/<r  0  to  be  positive  if  we  assume 


\J\Qi9i 


<  0  or  qiQi  <  0 


(1.81) 


but  provides  no  mechanism  to  derive  constitutive  theories  for  At  this  stage  we  have 

<r[°l  =  e<T[°]  +  d<Tl°] 

d<T[m]  =  d(T[m]  (<Tb]  ;  j  =  0, 1, . . . ,  TO  -  1  ,  eH  ;  i  =  0, 1, . . . ,  n  ,  g  ,  6) 
q  =  q(o-[ri  ;  j  =  0, 1, . . . ,  m  -  1  ,  ew  ;  i  =  0, 1, . . . ,  n  ,  g  ,  9) 

in  which 

err[°l  =  p(p,  0)1  ;  compressible  case 

err[°]  =  p(6)I  ;  incompressible  case 


(1.82) 


(1.83) 


(a)  Rate  constitutive  theories  for  of  orders  (to,  n):  We  derive  constitutive  theories  for  ,p<l  using  the  theory  of  gen¬ 

erators  and  invariants.  If  [aQl]  ;  i  =  1,  2, . . . ,  N  are  the  combined  generators  of  the  argument  tensors  of  ,P  "l  in  (1.82)  that  are 
symmetric  tensors  of  rank  two  and  if  qcTP  ;  j  =  1,2....,  M  are  the  combined  invariants  of  the  same  argument  tensors,  then 


=  aa° 


N 


(«T  ;  j  =  1, 2, . . . ,  M  ,  e) 


i  =  1,2,...,  IV 


(1.84) 

(1.85) 


The  material  coefficients  are  derived  by  expanding  aal  ;  i  =  0,  1 ,  N  in  qcTP  ;  j  =  1.  2, ....  A/  and  6  about  a  known 
configuration  Q_  and  retaining  only  upto  linear  terms  in  qcTP  ;  1.2, ....  M  and  9.  This  gives  us 


M  N  N  M  N 

o-H  =  a\[i]  +  E %qT[i\  +  E %[aQi]  +E  E %jqalW\  +  E%(0  -  W&]  -  («*m)„(6> -  %)[/]  (i.86) 

3  =  1  >— 1  i=lj=l  i— 1 

g°\n  is  the  initial  stress  in  the  configuration  G.  This  constitutive  theory  for  requires  (M  +  N  +  MN  +  N  +  1)  material 
coefficients.  The  material  coefficients  defined  in  (1.86)  are  functions  of  (),,  and  (qaP)n  ;  j  =  1.2,...,  M  in  the  known  configuration 
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12.  This  constitutive  theory  is  based  on  integrity  and  hence  is  complete.  See  reference  [38]  for  definitions  of  material  coefficients. 

(b)  Rate  constitutive  theories  for  q  of  orders  (m,  n):  In  this  derivation  we  consider  the  argument  tensors  of  q  in  (1.82).  These 
are  in  agreement  with  those  for  hence  this  constitutive  theory  is  consistent  with  the  rate  constitutive  theory  for  deviatoric 

second  Piola-Kirchhoff  stress  tensor  in  section  (a).  We  express  q  as  a  linear  combination  of  the  combined  generators  of  the 
argument  tensors  of  q.  As  in  the  case  of  here  also  the  coefficients  in  the  linear  combination  are  functions  of  the  combined 

invariants  of  the  argument  tensors  of  q.  The  material  coefficients  in  this  case  are  also  derived  using  a  Taylor  series  expansion  of 
each  coefficient  in  the  linear  combination  about  a  known  configuration  O.  Since  q  is  a  tensor  of  rank  one,  the  combined  generators 
of  the  argument  tensors  of  q  must  also  be  tensors  of  rank  one.  We  keep  in  mind  that  e  ,::l  ;  k  =  0, 1, . . . ,  n  and  d<r[Vi  ;  l  =  0, 1,. . .  ,m 
are  symmetric  tensors  of  rank  two,  while  g,  8  are  tensors  of  rank  one  and  zero  respectively.  Let  {qG1}  ;  i  =  1,  2, . . . ,  N  be  the 
combined  generators  of  the  argument  tensors  of  q  that  are  tensors  of  rank  one  and  let  qaP  ;  j  =  1,2....,  M  he  the  combined 
invariants  of  the  same  argument  tensors  of  q.  which  are  the  same  as  those  for  ,i(T^”'d  Then,  we  can  express  q  in  the  current 
configuration  as  a  linear  combination  of  {qG1}  ;  *  =  1,2, ...  ,N: 

q  =  -jtqai'{qGt}  (1.87) 

i- 1 

qal  =  qa*  (qaP  ;  j  =  1, 2, . . . ,  M,  8)  (1.88) 

To  determine  the  material  coefficients  from  qal  ;  i  =  1 . 2, ....  A',  we  consider  a  Taylor  series  expansion  of  each  qal  ;  i  = 
1.2, ....  N  about  a  known  configuration  12  in  invariants  qaP  ;  j  =  1,2 , ,M  and  temperature  8  and  retain  only  up  to  linear 
terms  in  the  invariants  and  the  temperature  8.  By  substituting  these  in  (1.87)  we  obtain 

N  N  M  N 

q  =  - E qh{V1}  -EE  %jqT {Vj}  -  E q<h{8  -  e^iV1}  d-89) 

i= 1  i=lj==l  i  =  l 

This  constitutive  theory  for  q  requires  (N  +  NM  +  N )  material  coefficients  (see  reference  [38]  for  their  definition).  These 
defined  material  coefficients  are  functions  of  invariants  'IIT[i  ;  j  =  1,2 , ,M  and  temperature  6n  in  the  known  configuration  12. 
This  constitutive  theory  is  also  based  on  integrity,  hence  is  complete. 

Remarks: 

(1)  Using  the  general  derivations  presented  for  rate  theories  of  orders  (to,  n)  for  and  q,  constitutive  theories  of  any  desired 
order  can  be  obtained. 

(2)  Constitutive  theory  for  q  is  consistent  with  the  constitutive  theory  for  as  it  uses  the  same  argument  tensors  as  in  the 
case  of  .  At  this  stage,  there  is  no  rational  to  alter  the  argument  tensors  of  q.  The  constitutive  theory  for  q  demonstrates 
the  influence  of  and  el1™!  \m  =  1,  2, . . . ,  n  as  well  as  their  interaction  with  g  on  heat  conduction. 

(3)  Using  the  general  derivations  presented  for  rate  theories  of  orders  (to,  n)  for  the  deviatoric  second  Piola-Kirchhoff  stress 
tensor  and  the  heat  vector,  the  constitutive  theories  of  any  desired  order  can  be  obtained. 

(4)  The  rate  constitutive  theories  for  deviatoric  second  Piola-Kirchhoff  stress  tensor  and  heat  vector  are  consistent  with  each  other 
as  they  use  the  same  argument  tensors.  The  constitutive  theory  for  q  demonstrates  the  influence  of  e!fcl  ;  k  =  0, 1, . . . ,  u  and 
,/«rT  ;  /  =  0.1,...,  m  -  1  on  q  as  well  as  their  interaction  with  temperature  gradient  g.  In  a  later  section  we  consider  much 
simplified  constitutive  theory  for  q  to  demonstrate  this  point  more  clearly. 

For  the  rate  constitutive  theories  of  orders  (to  =  1,  n),  we  have 

dO-!1!  =  do-!1!  (d<r!°!,e!*l  ;  i  =  0, 1, . . . , n  ,  g  ,  8 ) 

Consider  simplified  constitutive  theories  based  on  the  following  assumptions: 
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(i)  The  constitutive  theories  are  linear  in  the  components  of  the  argument  tensors. 

(ii)  We  neglect  all  product  terms  (in  the  current  configuration)  related  to  the  argument  tensors. 

Based  on  these  assumptions,  we  only  have  £ M  ;  i  =  0, 1, ...  ,  n  as  generators,  and  the  only  invariants  to  be  considered 

are  tr^erM)  and  tr(eW)  ;  i  =  0, 1, . . . ,  n.  The  resulting  simplified  rate  theories  of  order  (1,  n)  are  given  by 

n  n 

da[1]  =  -  cld<r[0]  -  c2  tr(d<r[0])  [/]  +  £ajew  +  tr(e[l])  [I]  -  atrn(9  -  %)[/]  (1.90) 

2—0  2  =  0 

The  material  coefficients  ci,  C2,  a],  af ,  and  atrn  are  functions  of  the  invariants  and  temperature  8  in  the  known  configuration 
12.  We  can  write  (1.90)  in  matrix  and  vector  form  using  Voigt’s  notation  (in  the  absence  of  the  first  and  last  terms  in  (1.90)  without 
loss  of  generality) 

n 

{^[11l  +  [sK^}  =  feo]{e[o]}  +  E  fe]{S}  (1.91) 

?:=i 

Remarks: 

1.  The  coefficients  of  the  matrix  [go]  are  completely  defined  using  material  coefficients  «,]  and  Oq.  For  linear  elastic  solids, 
(go)ij  of  [go]  are  functions  of  the  modulus  of  elasticity  and  Poisson’s  ratio,  or  Lame’s  constants. 

2.  The  dissipation  mechanism  is  due  to  [gi]{e^|  ;  i  =  1,  2, . . .  ,  n  terms  in  (1.91).  Each  {e^}  ;  i  =  1,  2, . . .  ,  n  requires  two 
material  constants. 

3.  Using  (1.91),  various  order  rate  theories  can  be  obtained  by  choosing  appropriate  values  of  n.  For  all  these  theories,  m 
remains  one. 

4.  Derivation  of  memory  modulus  for  finite  deformation  can  be  found  in  reference  [38], 

5.  Equation  (1.91)  is  a  first-order  partial  differential  equation  in  d^°K  hence  it  can  be  integrated  in  time  to  obtain  an  integral 

expression  for  The  integrand  in  this  expression  is  an  exponentially  decaying  function  and  is  called  the  memory 

modulus.  Such  materials,  upon  cessation  of  a  disturbance,  require  a  finite  amount  of  time  to  achieve  a  relaxed  or  stress-free 
state  (stress  relaxation).  Such  materials  are  referred  to  as  materials  with  memory. 

6.  It  is  important  to  reiterate  that  (1.91)  holds  for  finite  deformation  as  the  conjugate  stress  and  strain  measures  are  for  finite 
deformation. 

7.  When  the  linear  1-d  constitutive  theory  is  reduced  to  incompressible  small  deformation  case,  the  constitutive  model  for 
resembles  Zener  model  but  differs  due  to  the  fact  that  the  model  derived  here  uses  dt tXiXi,  whereas  the  Zener  model  uses 
dcr XlXl .  Based  on  the  derivations  presented  here,  the  Zener  model  does  not  have  a  continuum  mechanics  and  thermodynamic 
basis. 

8.  Simplified  constitutive  theories  for  q  can  be  easily  derived  using  (1.89)  with  appropriate  assumptions  and  by  following  the 
details  in  previous  section  and  reference  [38].  The  details  are  omitted  for  the  sake  of  brevity. 

1.3.2  Ordered  rate  constitutive  theories  for  thermoviscoelastic  solids  with  memory  [39]  using  T 

The  derivations  of  these  rate  theories  follow  similar  details  as  presented  in  earlier  sections  once  the  dependent  variables  and 
their  argument  tensors  are  established,  hence  in  in  the  following,  we  only  present  basic  steps  and  the  outline  of  the  derivations. 

We  consider  the  derivations  of  the  constitutive  theories  in  Lagrangian  description  for  homogeneous,  isotropic,  compressible  and 
incompressible  thermoviscoelastic  solids  with  memory  undergoing  finite  deformation  based  on  the  second  law  of  thermodynamics 
expressed  in  terms  of  Gibbs  potential  T  and  conjugate  stress  and  strain  measures:  o-!0!,  e.  The  entropy  inequality  is  derived  in 
Lagrangian  description  using  Gibbs  potential  T  and  conjugate  pair  rr°l,  e  and  the  possible  choice  of  dependent  variables:  T, 
e,  r]  (entropy  inequality)  and  q  is  established.  In  the  rate  theories  considered  here,  the  constitutive  theories  for  e  is  derived  by 
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considering  el"!  as  a  dependent  variable  in  the  constitutive  theory.  At  the  onset,  ;  i  =  0, 1, 2, . . . ,  n  —  1,  ;  j  =  0, 1, . . . ,  m, 

g  and  9  are  considered  as  argument  tensors  of  T,  e^,  77  and  q.  With  this  choice  of  argument  tensors  for  T,  when  T  (obtained 
using  chain  rule  of  differentiation)  is  substituted  in  the  entropy  inequality,  the  resulting  conditions  show  that  T  cannot  be  a  function 
of  o-[Jl  ;  j  =  0,1,...,  to,  ;  *  =  0, 1, . . . ,  n  —  1  and  g.  Additionally  T  cannot  be  a  function  of  tr ^ .  This  requires  decomposition 
of  <t1°1  into  e<r[°]  ,  equilibrium  stress,  and  ^rrl0!,  deviatoric  stress.  With  the  stress  decomposition,  it  is  established  that  T  can  be  a 
function  of  ,/<tT  .  The  conditions  resulting  from  the  entropy  also  show  that  //  cannot  be  a  dependent  variable  in  the  rate  constitutive 
theories.  Thus,  finally  we  have  T,  £"':  and  q  as  dependent  variables  in  the  rate  constitutive  theory.  The  argument  tensors  of  T  are 
;  j  =  0, 1, . . . ,  m  and  9  whereas  as  the  argument  tensors  of  e ^  and  q  are  eW  ;  i  =  0, 1, . . . ,  n  —  1,  dtr^l  ;  j  =  0, 1, . . .  ,m,  g 
and  9.  The  constitutive  theory  for  eff^  is  well  established  [18, 19,31]  in  terms  of  thermodynamic  pressure  for  compressible  case 
and  mechanical  pressure  when  the  matter  is  incompressible.  The  remaining  last  inequality  resulting  from  the  entropy  inequality 
places  some  restrictions  on  the  constitutive  theories  for  e  and  q  but  provide  no  mechanism  to  derive  constitutive  theories 

for  e  and  q.  In  the  present  work,  we  use  the  theory  of  generators  and  invariants  to  derive  the  constitutive  theories  for  e  and  q 
using  £ Inl  and  q  as  dependent  variables  in  the  constitutive  theories.  These  rate  theories  are  of  orders  (to,  n)  due  to  the  fact  they 
utilize  material  derivatives  upto  order  to  of  the  second  Piola-Kirchhoff  stress  tensor,  and  material  derivatives  upto  order  n  of  e. 
The  constitutive  theories  presented  here  for  e  and  q  are  consistent  as  they  use  the  same  argument  tensors  and  are  complete  as  they 
are  based  on  integrity. 

Many  simplified  forms  of  these  rate  theories  of  orders  (to  ,  «)  are  also  considered.  The  most  obvious  is  the  constitutive  theory 
of  orders  one  (1, 1).  It  is  shown  that  even  this  theory  contain  too  many  material  coefficients  to  be  of  use  in  practical  applications. 
Further  simplifications  of  these  theories  are  also  considered  and  compared  with  those  that  are  currently  used.  The  constitutive 
theories  for  heat  vector  include  influence  of  strain,  strain  rate  and  stress  field  in  addition  to  temperature  gradient  as  well  as  their 
interactions.  Many  simplified  forms  of  the  (m,  n)  ordered  theories  are  presented.  The  most  simplified  form  of  the  first  order  rate 
theory  for  the  heat  vector  is  shown  to  result  in  Fourier  heat  conduction  law.  The  rate  constitutive  theories  derived  here  are  compared 
for  equivalence  with  those  resulting  from  Helmholtz  free  energy  density.  Derivation  of  memory  modulus  is  presented  to  show  that 
the  materials  characterized  by  these  theories  have  fading  memory. 


1.3.3  Numerical  studies 


In  this  section,  we  present  some  numerical  studies  using  the  constitutive  theory  for  stress  tensor  presented  in  this  work.  We 
consider  the  ID  case  with  infinitesimal  deformation  and  strain.  We  assume  the  material  to  be  incompressible.  For  this  case,  the 
momentum  and  constitutive  equations  (in  the  absence  of  body  forces)  in  the  X\  -coordinate  direction  are 


d2uXl  dp_  _  d(d<Jx  lXl)  _  Q 
P°  dt2  +  dx!  dxt 


(1.92) 


d&xixi 


+  A 


<9(  d&x  1X1 ) 

dt 


dllr 


ei 


dx  i 


n  1 


dt 


duXl\ 
dx  1  J 


For  the  incompressible  case 


Hence,  (1.92)  in  this  case  can  be  written  as 


1 

P  2  d&x \X\ 


(1.93) 


d2uXl  _  3  d(  dOx  l^l)  _  Q 
P°  dt2  2  dx  1 


(1.94) 


Equations  (1.93)  and  (1.94)  constitute  the  mathematical  model  for  the  ID  case  used  in  the  numerical  studies  presented  in  this 
section.  In  this  mathematical  model,  d&x1x1  must  be  maintained  as  a  dependent  variable  as  the  substitution  of  ,/a7:i from  (1.93) 
into  (1.94)  is  not  possible.  The  mathematical  model  for  incompressible  thermoviscoelastic  solids  without  memory  for  the  ID  case 
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consists  of 


d  ux i  3  <9(  d&xixi )  q 

P°  dt 2  2  dxx 

(1.95) 

„  dux,  ~  d  ( dux,  \ 

daXlXl-andxi  +b^dt{dxi) 

(1.96) 

First  we  derive  dimensionless  forms  of  (1.93),  (1.94),  (1.95)  and  (1.96).  We  rewrite  these  by  introducing  (hat)  on  all  quantities 
signifying  that  all  quantities  have  their  usual  dimensions  or  units. 


dPx  i  a 


-  d2uXl 

3  <9(  dPx \x\  ) 

m  Si* 

2  dxi 

xi)  dux i 

i  A' 

dt 

6l  dx\ 

=  0 


ni 


d_  /  duXl 
dt  V  dxx 


Po 


d  UXl  3  d(  dVx-LXx) 


dP  2 

^  s  du: 

dPx  ixi  =  &11 


dx  i 


=  0 


x,  -  d  ( dux, 

1  +  6n  —  '  1 


dxi  '  ““  dt  \  dx i 

We  choose  reference  quantities  with  subscript  zero  or  ref  and  define  dimensionless  variables  using  these 


=  P  o 

P°  {ft)  ref 


U0 


^Xi  *^1  T 

^0  Lq 


t  = 


t 

to 


d&xixi 


d&xia 

TO 


(1.97) 

(1.98) 

(1.99) 

(1. 100) 

(1. 101) 


Lq  is  a  reference  length,  hence  u o  =  To  and  if  we  choose  vq  as  a  reference  velocity  (generally  the  speed  of  sound  using 
reference  quantities,  i.e.  the  reference  speed  of  sound),  then  to  =  ^  To  is  a  reference  stress.  We  choose  To  =  (pQ  )refUo,  the 

characteristic  kinetic  energy  (which  has  the  same  dimension  as  stress).  The  dimensionless  forms  of  (1.97)  to  (1. 100)  become 

d2u 


p°~dix~ 


3  d(  d<Jx  l^l) 


dx\ 


=  0 


d&xixi  H-  De 


d(  dPx ixi ) 


d2uXl 
P°  dt 2 


_ _  dduXl 

dt  1  dx  i 

3  d(  dax 

l^l) 

2 


dd_  (  duXl 
1  dt  I  dxi 


d&x  -\_x\  —  ^11 


d  dux  i 


dx  i 


dxi 

blldt 


=  o 

duT 


dx  i 


(1.102) 

(1.103) 

(1.104) 

(1.105) 


where 


De  = 


X’Vn 


ed  —  — 
ei  — 

to 


nf  = 


n  i 


( Pn  )reffoTo 


ad  -  — 
“11 

d  , 


bd  — 
°11  — 


(p„  )refVoL0 


(1.106) 


Clearly  ej  =  a'h  and  nf  =  b(rl ,  hence  a'h  and  bxl  in  (1.105)  can  be  replaced  by  ej  and  nf.  De  is  called  the  Deborah  number. 


By  substituting  (1.105)  into  (1.104),  we  can  obtain  a  single  PDE  in  uXl 


d2i 


dt 2 


jid2uXl 
"1  dx\ 


d  (d2 


■dt 


dx2 


=  0 


in  which 


Ci  =  -e. 


Co  =  —n  i 


or 


Ul  =  ~Cn 


(1.107) 


(1.108) 


2  2  3 

In  the  numerical  studies  presented  here,  we  consider  the  mathematical  model  given  by  (1.102)  and  (1.103),  in  which  we  choose 
e'(  and  nf  using  (1.108)  with  the  equivalent  values  of  cr(  and  cf  as  used  in  reference  [33]  so  that  these  studies  can  be  compared  with 
those  in  reference  [33]  to  illustrate  the  influence  of  rheology. 
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In  the  numerical  studies  we  consider  an  axial  rod  of  dimensionless  length  one  unit  and  choose  (p  )ref  =  po  so  that  p  =\.  The 
spatial  domain  [0, 1]  for  an  increment  of  time  At  =  tn+ \  —  tn,  i.e.  the  11th  space-time  strip  [0, 1]  x  [tn,  tn+ 1],  is  discretized  using 
a  uniform  mesh  of  eight  space-time  p- version  finite  elements  with  higher  order  global  differentiability. 

Figure  1  shows  details  of  the  space-time  domain  for  an  increment  of  time  At  =  tn+ 1  —  tn,  boundary  conditions,  as  well  as 
initial  conditions.  The  left  end  of  the  rod  is  clamped  (impermeable  boundary)  and  the  right  end  is  subjected  to  a  continuous  and 
differentiable  compressive  piecewise-cubic  strain  distribution  over  a  time  period  of  2At.  For  t  >  2A t,  the  applied  strain  at  the 
right  end  of  the  rod  is  zero.  We  choose  p-level  of  9  in  space  and  time,  and  the  local  approximation  is  of  class  C1 1  (flrit),  i.e.  C1  in 
space  and  time.  The  finite  element  formulation  used  for  computing  numerical  solutions  is  based  on  space-time  least  squares  process 
constructed  using  residual  functionals.  The  resulting  computational  processes  are  unconditionally  stable.  Evolutions  are  computed 
using  a  space-time  strip  with  time  marching  [41-45],  For  the  choice  of  local  approximation  67 1 1  (ilXlt),  the  integrals  in  the  finite 
element  processes  are  Lebesgue,  but  due  to  the  smoothness  of  the  evolution,  for  the  eight-element  discretization  with  p-level  of  9, 
the  residual  functionals  are  on  the  order  of  O(10-8)  for  all  space-time  strips,  confirming  good  accuracy  of  the  evolution. 

Figures  6-9  show  evolution  of  stress  and  strain  for  De  =  0.0,  0.03  and  0.04  for  0  <  t  <  2.0.  When  De  =  0.0,  we  use  mathe¬ 
matical  model  (1.107)  for  computations  as  for  this  case,  (1.93)  loses  its  time  term  and  hence  is  not  a  valid  differential  constitutive 
model.  Figure  6  shows  the  evolution  of  stress  and  strain  for  0  <  t  <  0.3.  The  evolutions  of  stress  and  strain  for  0.3  <t<  1.0, 
1.2  <t<  1.7  and  1.8  <  t  <  2.0  are  shown  in  Figures  7,  8  and  9.  Numerical  values  of  the  material  coefficients  are  also  shown 
in  the  captions  of  the  figures.  When  De  =  0.0,  the  behavior  is  thermoviscoelastic  but  without  memory.  As  time  elapses,  the  stress 
and  strain  waves  experience  base  elongation  and  amplitude  decay  due  to  dissipation  as  shown  in  the  figures.  At  time  t  =  2.0, 
waves  show  almost  complete  amplitude  decay.  For  nonzero  Deborah  number,  the  stress  and  strain  amplitude  are  higher  than  for 
De  =  0.0  throughout  the  evolution,  due  to  rheology.  Increasing  Deborah  numbers  produce  increasing  values  of  stress  and  strain 
during  evolution.  Peak  stress  and  strain  values  for  De  =  0.04  are  higher  than  those  for  De  =  0.03  throughout  the  evolution. 


1.4  Summary,  concluding  remarks,  significance  and  impact  of  this  research 


In  this  section  we  present  a  brief  summary  of  the  research  work  presented  here  and  provide  some  concluding  remarks: 

(1)  The  ordered  rate  theories  presented  here  in  Fagrangian  description  for  thermoelastic  solids,  thermoviscoelastic  solids  without 
memory  and  thermoviscoelastic  solids  with  memory  are  derived  using  second  law  of  thermodynamics  (entropy  inequality) 
expressed  in  terms  of  Helmholtz  free  energy  density  4>  as  well  as  Gibbs  potential  T.  The  solid  matter  is  assumed  to  be 
homogeneous,  isotropic  but  can  have  finite  deformation. 

(2)  Even  though  the  two  forms  of  entropy  inequality  resulting  from  the  Helmholtz  free  energy  density  $  and  Gibbs  potential  T 
are  equivalent,  the  equivalence  between  the  constitutive  theories  derived  using  these  two  forms  of  the  entropy  inequality  may 
or  may  not  exist. 

(3)  Using  Helmholtz  free  energy  density  4>,  the  dependent  variables  in  the  constitutive  theories  are  stress  tensor  O’M  and  heat 
vector  q  (o’M,  the  second  Piola-Kirchhoff  stress  tensor  and  e.  Green’s  strain  tensor,  measure  of  finite  strain)  whereas  when 
using  Gibbs  potential,  £  and  q  are  dependent  variables  in  the  constitutive  theories. 


(4)  We  use  notation  G  and  H  for  Gibbs  potential  and  Helmholtz  free  energy  density  to  list  dependent  variables  and  their  argument 
tensors  in  the  two  approaches: 

(I)  Thermoelastic  solids 


<r[0]  =o’[oi(e,0)  =  <r[o](e[o])0) 
q=q(e,g,9) 


e  =  e(o-Mi0)  ) 

G 

q=q(crW.g,d)  ) 


(1.109) 
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The  derivation  of  the  constitutive  theories  in  both  cases  can  be  done  using  (i)  condition  resulting  from  entropy  inequality, 
(ii)  using  the  theory  of  generators  and  invariants  (iii)  Taylor  series  expansion.  We  have  shown  that  (i)  and  (ii)  result 
in  identical  theories  for  H  as  well  as  G  which  are  meritorious  over  the  theories  resulting  from  (iii).  The  equivalence 
between  the  theories  due  to  H  and  G  only  exist  if  the  theories  are  linear. 

(II)  Thermoviscoelastic  solids  without  memory 


ffM  =  e<r[°l  + 

do-[o1  =  d<T[°]  (  eW  ;  *  =  0, 1, . . . ,  n  ,  g  ,  9) 
q  =  q(e[l]  ■  i  =  0, 1, .. .  ,n  ,  g  ,  9) 


H 


ff[0]  =  e<7[0]  +  dtT[0] 

e[n\  _  e[n](  d<7[0]  t  £[i]  .  j  =  0, 1, . . . ,  n  -  1  ,  g  .  9) 
q  =  q{  d<r[0]  ,  e[?1  ;  i  =  0, 1, . . . ,  m  -  l#{g  ,  9) 


>  G 


(1.1 10) 


where  e<r!0l  =  p(p,  9)1  and  eflr!° 1  =  p(9)I  for  compressible  and  incompressible  cases  for  both  H  and  G.  In  this  case, 
the  use  the  theory  of  generators  and  invariants  to  derive  the  rate  constitutive  theories.  These  are  rate  theories  of  order 
n.  Dissipation  mechanism  is  due  to  e M  {  —  0, 1, . . . ,  n.  The  resulting  theories  of  order  n  from  G  and  H  have  no 
equivalence.  Simplified  linear  rate  theories  of  order  one  ( n  =  1)  show  equivalence  between  H  and  G.  This  mechanism 
of  dissipation  in  these  rate  theories  is  not  the  same  as  velocity  dependent  damping  commonly  used  for  solids  which  has 
continuum  mechanics  basis.  The  linear  rate  theories  using  H  and  G  both  show  that  inclusion  of  each  strain  rate  e^;  ; 
i  =  0, 1, . . . ,  to  —  1  requires  two  material  coefficients.  This  is  consistent  with  the  purely  elastic  behavior.  Simplified 
form  of  linear  first  order  rate  theory  in  R1  for  incompressible  solid  with  infinitesimal  deformation  can  be  compared 
with  Kelvin- Voigt  model.  The  two  theories  look  alike  but  the  significant  difference  is  that  the  theory  derived  here  uses 
d<r whereas  Kelvin- Voigt  model  uses  total  stress  er.  From  the  work  presented  here,  it  is  straight  forward  to  conclude 
that  (i)  Kelvin- Voigt  does  not  have  continuum  mechanics  basis  (ii)  its  extension  to  M2  and  R3  (only  for  infinitesimal 
deformation)  is  ad-hoc  as  it  would  still  contain  one  material  coefficient  for  dissipation  mechanism  which  is  non-physical 
based  on  this  work  (iii)  use  of  Kelvin- Voigt  model  in  the  mathematical  models  of  deforming  thermoviscoelastic  solids 
is  not  ensured  to  yield  thermodynamic  equilibrium  during  evolution.  It  is  shown  that  the  rate  theories  derived  here  have 
no  mechanism  of  fading  memory.  This  is  consistent  with  the  assumed  physics.  Rate  theories  of  upto  orders  n  for  q 
using  H  and  G  are  presented.  These  are  consistent  with  those  for  crl0!  and  el0!  in  the  sense  of  argument  tensors. 

(Ill)  Thermoviscoelastic  solids  with  memory 


O’!0!  = 


d<T[m]  =  d<T[m\  d<T[j]  ;  j  =  o,  1, . . .  ,m  -  1  ,  e[il  ;  *  =  0, 1, . . . ,  n  ,  g  ,  9)  > 
q=q{  d<rW  ■  j  =  0, 1, . . . ,  m  -  1  ,  ew  ;  *  =  0, 1, . . . ,  n  ,  g  ,  9  ) 


H 


o-[°l  =  e<r!°]  +  d<r[°] 


eM  =  eM(  dtrb\  ;  j  =  o,  1, . . .  ,m  ,  eM  ;  i  =  0, 1, . . .  ,n  -  1  ,  g  ,  9  )  > 
q  =  q(  d(Tl:l]  ;  j  =  0, 1,  •  •  • ,  m  ,  eW  ;  i  =  0, 1, . . . ,  n  -  1  ,  g  ,  9  ) 


G 


(I.11D 
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where  ea^°  1  =  p(p,  9)1  and  etT ^  =  p(9)I  for  compressible  and  incompressible  cases  for  both  H  and  G.  In  this 
case,  the  use  the  theory  of  generators  and  invariants  to  derive  the  rate  constitutive  theories  of  orders  (to,  n).  Existence 
of  memory  modulus  requires  to  >  1.  The  resulting  constitutive  theories  of  orders  (to,  n)  from  H  and  G  have  no 
equivalence.  Simplified  linear  rate  theories  or  orders  (1,1)  show  equivalence  between  H  and  G.  The  mechanism  of 
dissipation  in  these  materials  is  also  due  to  strain  rates  e"  ;  i  =  0, 1, . . . ,  n.  Inclusion  of  each  eW  requires  two  material 
coefficients,  as  described  in  (II). 

Simplified  linear  rate  theory  of  orders  (1, 1)  in  M1  for  incompressible  solid  with  infinitesimal  deformation  can  be 
compared  with  Fourier  model.  The  theories  look  alike  but  the  most  significant  difference  is  that  the  theories  derived 
here  use  ,/<r  0  where  as  the  Fourier  model  uses  total  stress  cr.  From  the  work  presented  here  we  conclude  that  (i)  Fourier 
model  used  currently  for  thermoviscoelastic  solids  with  memory  has  no  continuum  mechanics  basis  (ii)  its  extensions 
to  R2  and  R3  (only  for  infinitesimal  deformation)  is  ad-hoc  for  reasons  similar  to  those  in  (II)  for  Kelvin- Voigt  model 
(iii)  use  of  Fourier  model  may  violate  thermodynamic  equilibrium  during  evolution.  It  is  shown  that  rate  theories 
derived  here  have  mechanism  of  fading  memory.  Rate  theories  of  orders  upto  (to,  n)  are  also  presented  for  q.  These 
are  consistent  with  the  corresponding  rate  theories  for  cr^  and  £  using  H  and  G. 

(5)  All  rate  theories  presented  here  for  <r,  q  or  e,  q  are  consistent  in  the  choice  of  argument  tensors,  they  are  valid  for  finite 
strains  and  are  in  strict  adherence  with  the  principles  and  axioms  of  continuum  mechanics. 

(6)  The  two  approaches  of  deriving  rate  theories  using  Helmholtz  free  energy  density  $  and  Gibbs  potential  T  are  two  viable 
but  alternate  approaches  that  may  have  merits  in  specific  applications  for  advanced  newer  materials. 

(7)  Rate  theories  for  thermoelastic  solids  using  Helmholtz  free  energy  density  is  meritorious  in  the  sense  that  these  theories  yield 
explicit  expressions  for  er'°l  in  terms  of  gradients  of  displacements,  hence  permit  elimination  of  tr^l  as  dependent  variables 
from  the  mathematical  models  resulting  from  the  conservation  laws.  Such  mathematical  models  with  reduced  number  of 
dependent  variables  are  computationally  more  efficient. 

(8)  The  rate  theories  presented  in  this  work  provide  rigorous,  consistent  and  versatile  framework  for  complex  material  behaviors 
in  applications  where  finite  strains  are  important  to  consider  in  the  development  of  the  complete  mathematical  models  based 
on  conservation  laws. 

(9)  When  the  mathematical  models  derived  using  the  rate  theories  presented  here  have  desired  physics,  their  numerical  solutions 
using  h,p,  k  finite  element  processes  with  variationally  consistent  integral  forms  are  ensured  to  yield  numerical  solutions 
(upon  convergence)  that  are  as  good  as  theoretical  solutions  in  all  aspects. 

(10)  In  high  temperature  applications,  melting  and  subsequent  solidification  may  occur  in  solids.  In  such  cases,  mathematical 
models  for  the  transition  zone,  a  mixture  of  solid  and  liquid,  is  critical.  Use  of  mixture  theory  based  on  continuum  mechanics 
principles  and  thermodynamics  is  being  investigated.  Preliminary  work  for  mixture  theory  for  Newtonian  and  generalized 
Newtonian  fluids  is  quite  promising  and  is  being  extended  for  solid-liquid  mixtures. 

This  work  presents  the  most  complete  constitutive  theories  for  thermoelastic  solids  and  thermoviscoelastic  solids  with  and 
without  memory  using  strain  energy  density  function  and  complementary  strain  energy  density  function  and  with  entropy  inequality 
in  Helmholtz  free  energy  density  and  Gibbs  potential.  In  all  derivations,  finite  deformation  and  finite  strains  are  considered. 
This  work  provides  the  most  comprehensive  constitutive  theory  framework  to  accommodate  complex  solid  material  behaviors  in 
which  currently  used  constitutive  theories  for  solids  (if  based  on  continuum  mechanics  axioms  and  principles)  are  a  subset.  The 
significance  and  importance  of  this  work  is  that  all  constitutive  theories  presented  here  are  based  on  integrity,  hence  complete  and 
thus  shows  influence  of  various  argument  tensors  on  the  constitutive  behaviors.  Choices  of  the  various  terms  in  the  constitutive 
theories  can  be  made  based  on  desired  physics. 

II  Mathematical  Models  for  Fluid-Solid  Interaction  and  their  Numerical  Solutions 

This  work  considers  various  approaches  used  currently  for  the  fluid-solid  interaction  problem  and  associated  computational 
methodologies.  The  validity  of  the  mathematical  models  for  fluid-solid  interaction  is  established  based  on  the  consistency  in  the 
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use  of  continuum  mechanics  principles  and  whether  the  interaction  between  the  solid  and  the  fluid  is  inherent  in  the  mathematical 
model  or  is  established  external  to  the  mathematical  model  through  interface  constraint  equations.  Computational  methodologies 
are  considered  from  the  point  of  view  of  unconditional  stability,  accuracy,  and  adaptivity  of  the  numerical  schemes  employed.  In 
particular,  the  work  establishes  that  fluid-solid  interaction  physics  must  be  intrinsic  in  the  mathematical  model(s),  the  mathemat¬ 
ical  models  for  fluid  and  solid  must  have  the  same  description,  either  Eulerian  with  transport,  Lagrangian,  or  Eulerian  without 
transport.  Since  fluids  require  the  Eulerian  description  with  transport,  a  similar  description  for  solid  matter  (hypo-elastic  solid) 
indeed  provides  a  mathematical  model  for  fluid-solid  interaction  in  which  the  fluid-solid  interaction  is  intrinsic  in  the  mathematical 
model.  The  mathematical  models  for  solid  matter  in  the  Lagrangian  description  or  in  the  Eulerian  description  without  transport 
and  for  fluids  in  the  Eulerian  description  with  transport  can  never  interact  due  to  fundamental  differences  in  their  derivations  and 
the  basic  assumptions  employed.  For  example,  the  Eulerian  description  with  transport  for  fluids  precludes  material  point  dis¬ 
placements,  which  are  intrinsically  present  in  the  Lagrangian  description  and  the  Eulerian  description  without  transport,  and  they 
are  needed  for  interaction  of  the  fluid  with  the  solid.  The  mathematical  models  for  solid  matter  in  the  Lagrangian  description, 
the  Eulerian  description  without  transport,  and  for  fluids  in  the  Eulerian  description  with  transport  are  presented  to  illustrate  why 
fluid-solid  interaction  is  not  possible  with  these  mathematical  models.  The  ALE  methodologies  using  the  mathematical  models  in 
Lagrangian  and  Eulerian  descriptions  have  been  carefully  evaluated  and  are  demonstrated  to  be  invalid  for  a  consistent  formulation 
of  a  fluid-solid  interaction  problem.  Some  numerical  studies  for  simple  model  problems  are  presented  to  demonstrate  various  issues 
discussed  here.  The  present  study  establishes  the  possible  mathematical  models  and  their  limitations  within  the  current  knowledge 
of  continuum  mechanics  that  provide  correct  model  for  fluid-solid  interaction. 

II.l  Introduction 

Mathematical  modeling  and  numerical  simulations  of  fluid-solid  interaction  have  long  been  subject  of  interest.  The  most  chal¬ 
lenging  and  interesting  class  of  applications  are  those  in  which  the  fluid-solid  interface  experiences  finite  motion  and/or  deforma¬ 
tion.  If  one  uses  a  mathematical  modeling  approach  based  strictly  on  the  principles  of  continuum  mechanics,  then  the  derivation(s) 
of  the  mathematical  model(s)  for  solid  matter  using  Lagrangian  description  with  appropriate  measures  of  finite  strain  and  stress 
are  most  natural  and  useful.  In  this  description  the  locations  x  or  x  are  indeed  locations  of  the  material  point  in  the  reference  and 
current  configurations  and  x  =  x  +  ulx.  t)  holds.  The  displacements  of  material  point  u(x.  t)  are  monitored  during  the  entire 
evolution.  The  physics  of  deformation  for  solid  matter  necessitates  this,  so  that  kinematic  relations  and  the  associated  constitutive 
theories  can  be  derived.  Thus,  for  solid  matter  we  follow  each  material  point  during  evolution  through  its  displacement.  In  the  case 
of  fluids,  the  physics  of  motion  and  deformation  is  quite  different  than  in  solid  matter. 

Consider  a  simple  but  common  occurrence  of  flow  past  an  impermeable  boundary.  Fluid  particles  attached  to  the  impermeable 
boundary  are  immobile,  where  as  the  location  next  to  them  in  the  fluid  domain  are  occupied  by  different  fluid  particles  during  the 
evolution.  That  is,  as  the  evolution  proceeds,  different  fluid  particles  rub  against  these  stationary  fluid  particles  attached  to  the 
impermeable  boundary  and  move  on.  In  the  flow  domain  away  from  the  impermeable  boundaries  similar  phenomenon  exists  but 
the  particles  rubbing  against  each  other  may  also  be  experiencing  rigid  body  motion,  that  is,  they  may  have  their  own  velocities.  As 
well  known,  this  phenomenon  of  fluid  particles  rubbing  against  each  other  collectively  leads  to  conversion  of  mechanical  energy 
into  entropy  production,  which  is  the  basis  of  Newton’s  law  of  viscosity.  Thus  in  fluids:  (a)  motion  of  the  material  points  may 
be  so  complex  that  a  Lagrangian  description  may  not  be  possible  to  describe  it  and  (b)  the  strains  are  relatively  small  and  do  not 
play  a  significant  role  in  the  constitutive  theory,  instead  velocity  gradients  are  largely  responsible  for  the  stress  field.  We  note  that 
complex  motion  of  fluid  particles  is  difficult  to  monitor,  but  fortunately  it  is  not  required  in  the  mathematical  description  of  fluids 
as  the  strains  are  negligible. 

This  short  description  of  the  physics  of  the  fluid  motion  suggests  that  we  can  entertain  an  alternate  approach  for  deriving  the 
mathematical  model  for  fluid  motion  in  which  we  consider  fixed  location  in  the  flow  domain  and  monitor  the  state  of  the  fluid  at 
these  locations  during  evolution.  In  this  approach,  the  fixed  spatial  locations  are  occupied  by  different  fluid  particles  during  the 
evolution.  Thus,  these  fixed  locations  are  indeed  current  positions  of  some  fluid  particles.  Hence  it  is  appropriate  to  designate 
them  by  x.  At  a  fixed  location  we  can  monitor  velocities,  temperature,  stresses,  etc.  but  not  the  displacements  (and  they  are  not 
needed  in  the  kinematic  description  of  fluid  motion).  At  a  fixed  location  x  we  do  not  know  which  fluid  particle  it  is  at  time  t, 
nor  do  we  know  where  it  is  going  or  came  from.  This,  of  course,  is  all  due  to  the  fact  that  we  gave  up  monitoring  displacements 
of  the  material  points.  In  deriving  the  details  of  the  mathematical  model  for  such  physics  we  must  consider  S,  locations  and 
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material  particle  transport  as  the  particles  arriving  at  the  location  x  are  due  to  the  transport.  We  refer  to  such  description  as  an 
the  Eulerian  description  (due  to  x)  with  transport.  We  remark  that  this  is  quite  different  than  the  Eulerian  description  of  solids  in 
which  x  =  x  +  u  holds  and  thus  the  mathematical  models  can  either  be  derived  using  (xt),  the  Lagrangian  description  or  (xt),  the 
Eulerian  description.  The  two  descriptions  are  equivalent  due  to  uniqueness  of  displacements  u.  In  fluids  we  are  obviously  stuck 
with  fixed  location  x ,  the  current  position  of  some  material  particle  and  material  transport  but  without  knowledge  of  displacements 
u.  There  is  no  alternative  to  this  description  based  on  the  currently  used  principles  and  concepts  of  continuum  mechanics  for 
deriving  mathematical  model  of  fluid  motion. 

From  the  point  of  view  of  this  work,  an  important  question  is:  do  these  two  approaches  of  deriving  the  mathematical  model  for 
fluid  and  solid  provide  the  ability  of  interaction  between  them?  We  provide  an  answer  to  this  question  in  this  section. 

A  large  majority  of  the  recently  published  literature  and  on  going  research  work  in  the  area  of  fluid-solid  interaction  uses  the 
Arbitrary  Lagrangian  Eulerian  (ALE)  approach  for  mathematical  models  as  a  starting  point  for  designing  various  computational 
strategies  for  numerical  calculations  of  the  fluid-solid  interaction  evolution.  The  ALE  concept  was  first  published  by  Hirt  et. 
al  [46]  based  on  the  work  of  Noh  [47]  and  subsequently  by  Donea  et  al.  [48]  and  W.  K.  Liu  [49,50].  In  this  approach  the  fluid 
and  solid  descriptions  are  Lagrangian  and  Eulerian.  Based  on  [48],  “ALE  has  no  basic  dependence  on  particles  and  treats  the 
computational  mesh  as  a  reference  frame  which  may  be  moving  with  arbitrary  velocity  v.”  It  is  claimed  that,  based  on  the  choice 
of  v,  Lagrangian  and  Eulerian  descriptions  are  recoverable  from  a  single  mathematical  model,  which  is  subsequently  utilized  for 
numerical  computations.  Hughes  et  al.  [51]  used  ALE  approach  for  modeling  fluid  sub-domains  of  many  fluid-solid  interaction  and 
free  surface  problems.  Tezduyar  et  al.  [52, 53]  presented  DSD/SST  (deforming-spatial-domain/stabilized  space-time)  procedure 
developed  in  reference  [53]  for  finite  element  computations  involving  moving  boundaries  and  interfaces.  Mesh  moving  techniques 
in  fluid-solid  interactions  using  DSD/SST  are  presented  by  Stein  et  al.  [54],  In  chapter  14  of  The  Encyclopedia  of  Computational 
Mechanics,  Donea  et  al.  [55]  presents  details  of  ALE  published  in  their  previous  papers  including  numerical  studies.  In  reference 
[56],  Tezduyar  et  al.  considered  fluid-solid  interaction  using  a  solid-extension  mesh  moving  technique  (SEMMT). 

In  reference  [57]  Liu  et  al.  presented  ALE  Petrov-Galerkin  finite  element  formulation  for  nonlinear  continua  and  presented 
numerical  examples.  In  a  subsequent  paper,  Liu  et  al.  [58]  presented  adaptive  ALE  finite  elements  with  particular  reference  to 
external  work  rate  on  a  frictional  interface.  Design  and  evaluation  of  staggered  partitioned  procedures  for  fluid-structure  interaction 
simulations  are  presented  by  Piperno  et  al.  [59].  ALE  formulation  for  large  deformation  are  considered  in  reference  [60]  by  Souli 
et  al.  A  dual-primal  finite  element  tearing  and  interconnecting  (FETI)  method  for  solving  a  class  of  fluid-solid  interaction  problems 
in  the  frequency  domain  are  considered  by  Li  et  al.  [61],  A  level  set  approach  to  Eulerian-Lagrangian  coupling  in  fluid-solid 
interaction  is  presented  by  Arienti  et  al.  [62],  Development  of  what  are  claimed  as  coupled  and  unified  solution  method  for  fluid- 
structure  interactions  are  considered  by  Sankaran  et  al.  [63].  Various  time  integration  schemes  for  fluid-solid  interaction  problems 
are  investigated  by  Farhat  et  al.  [64].  Algorithms  for  interface  treatment  and  load  computation  in  embedded  boundary  methods 
for  fluid  and  fluid-structure  interaction  problems  are  presented  by  Wang  et  al.  [65].  Numerically  stable  fluid-structure  interactions 
between  compressible  flow  and  solid  structures  are  considered  by  Gretarsson  et  al.  [66],  Stability  of  linearized  reduced-order 
models  with  application  to  fluid-structure  interaction  are  presented  by  Amsallem  et  al.  [67].  Computational  algorithms  for  tracking 
dynamic  fluid-structure  interfaces  in  embedded  boundary  methods  are  considered  by  Wang  et  al.  [68]. 

The  present  study  evaluates  mathematical  models  for  solids  in  the  Lagrangian  description  or  in  the  Eulerian  description  without 
transport  and  for  fluids  in  the  Eulerian  description  with  transport  to  determine  whether  the  interaction  between  the  solid  and  the 
fluid  is  intrinsic  in  these  mathematical  models.  If  the  interaction  is  intrinsic  in  these  mathematical  models,  then  the  computation  of 
evolution  of  their  interaction  can  proceed  without  any  further  regard  or  consideration  of  the  interface  between  the  fluid  and  the  solid. 
On  the  other  hand,  if  we  establish  that  the  physics  of  the  fluid-solid  interaction  is  not  intrinsic  or  inherent  in  these  mathematical 
models,  then  regardless  of  the  type  of  constraint  equations  describing  interface  behavior  or  any  other  means  employed  at  the 
interface,  the  correct  physics  of  interaction  can  not  be  resolved  through  any  justifiable  computational  means.  The  results  presented 
demonstrates  the  following  aspects:  (i)  when  the  mathematical  models  for  solid  are  in  the  Lagrangian  description  or  in  the  Eulerian 
description  without  transport  and  for  the  fluid  in  the  Eulerian  description  with  transport,  the  fluid-solid  interaction  is  not  intrinsic 
in  these  mathematical  models  regardless  of  the  magnitude  of  deformation  or  motion.  The  correct  interaction  physics  cannot  be 
defined  using  these  models  through  any  mathematically  justifiable  means  (ii)  ALE  approaches  for  fluid-solid  interaction  result  in 
failure  even  in  the  case  of  infinitesimal  deformation  and  are  not  justifiable  based  on  continuum  mechanics  (iii)  when  the  fluid-solid 
interaction  is  inherent  in  the  mathematical  model,  computation  of  evolution  for  the  fluid-solid  interaction  problems  is  a  straight 
forward  matter  using  space-time  coupled  or  space-time  decoupled  approaches.  In  all  cases,  numerical  studies  are  also  presented  to 
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demonstrate  failure  or  success  of  the  methodology  under  consideration. 

11.2  Mathematical  models  for  fluid-solid  interaction:  introduction 

Here  we  consider  mathematical  models  for  solid  matter  in  the  Lagrangian  description  and  in  the  Eulerian  description  without 
transport,  and  for  fluids  in  the  Eulerian  description  with  transport.  From  the  point  of  view  of  the  investigation  of  the  interaction 
physics  between  a  solid  and  fluid,  the  specific  type  of  physics  we  choose  for  each  is  not  important.  Therefore,  we  choose  the 
simplest  possible  solid  and  fluid  behaviors.  In  particular,  we  consider  both  solid  and  fluid  to  be  isotropic,  homogeneous,  and 
incompressible,  and  the  processes  to  be  isothermal.  Addition  of  energy  equation  and  considerations  of  temperature  changes  and 
fluxes  for  non-isothermal  cases  neither  brings  in  new  considerations  from  the  point  of  view  of  interaction  nor  poses  any  special 
problems.  For  the  fluid,  we  consider  polymeric  liquids  such  as  Maxwell  fluid,  Oldroyd-B  fluid,  and  Giesekus  fluid,  etc.  In  this 
work,  incompressible  Newtonian  fluids  are  avoided  as  the  speed  of  wave  propagation  in  such  fluids  is  infinity.  On  the  other  hand,  in 
polymeric  liquids  the  speed  of  wave  propagation  is  finite,  and  these  are  suited  for  wave  propagation  studies.  In  case  of  solid  matter, 
we  further  restrict  ourselves  to  thermoelastic  solids.  Initially  we  consider  the  mathematical  models  for  both  solid  and  polymers  for 
non-isothermal  case  but  in  numerical  studies  we  consider  isothermal  behavior  only. 

11.3  Mathematical  model  for  solid  matter 

II.3.1  Lagrangian  description:  finite  deformation 

For  solid  matter  we  consider  incompressible  thermoelastic  solids  with  finite  deformation  as  well  as  infinitesimal  deformation. 
If  we  choose  the  second  Piola-Kirchhoff  stress  tensor  cr>}  and  Green’s  strain  £[0]  as  a  conjugate  pair  [31],  then  we  can  obtain 
the  following  mathematical  model  in  the  Lagrangian  description  using  conservation  and  balance  laws  [31].  We  note  that  for 
incompressible  matter,  the  determinant  of  the  Jacobian  of  deformation  [J]  is  \  J\  =  1,  then  p  =  \J\po  =  po~  that  is,  the  continuity 
equation  is  identically  satisfied.  For  non-isothermal  behavior  we  need  continuity  equation,  momentum  equations,  energy  equation 
and  the  constitutive  equations  for  finite  deformation.  For  hyper-thermoelastic  solids  [31]  we  have  the  following  from  conservation 
and  balance  laws  in  the  Lagrangian  description: 


p  =  \  J\p0  =  po 


dvi  b  da*t 

po^~poFi 

&e 

^  +  V-?  =  0 


[cr[Ql]  =  (ct0)q[/]  +  Antr([q0]])[/]  +  2pn[£[0]]  -  (atm)n(0  -  9n)[I] 

M  =  ^;  M  =  {sl  =  {v}0;  [**]T  =  [J][<r1' T 


(Hi) 

(H.2) 

(H.3) 
(II -4) 
(II.5) 


where  u ,  v  are  displacements  and  velocities;  q  and  9  are  heat  flux  and  temperature;  a*  and  o^0!  are  the  first  Piola-Kirchhoff  stress 
tensor  and  second  Piola-Kirchhoff  stress  tensor  (contravariant);  £-,,-  is  Green’s  strain  tensor;  Fb  is  the  body  force  vector  (measured 
per  unit  mass)  in  the  a’ -frame;  a;  is  a  location  of  a  material  point  in  the  reference  configuration  (undeformed  configuration);  and 
u(x,  t),  vix,  f),  o4°l  (a;,  t),  q(x.  t),  9(x,  t),  £[0]  (x,  t)  are  all  related  to  a  material  point  located  at  x  in  the  reference  configuration. 
As  time  elapses,  these  quantities  naturally  change  as  they  are  function  of  time  but  x  remains  the  same  indicating  the  identity  of 
the  material  point  in  the  reference  configuration.  In  this  mathematical  model  displacements  u  of  a  material  point  located  at  x  at 
the  commencement  of  the  evolution  are  measured  (and  are  essential  in  the  mathematical  model)  during  the  evolution,  e  is  specific 
internal  energy,  q  is  heat  vector,  9  is  temperature  and  k  is  thermal  conductivity.  An,  Pn  and  (cttm)o  are  material  coefficients  [31] 
defined  in  a  known  configuration  O  and  are  functions  of  the  invariants  of  [e: r0] ]  and  9  in  Q  and  (ero)fi[I]  is  initial  stress  tensor  in  O. 
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II.3.2  Lagrangian  description:  infinitesimal  deformation 


For  this  case  x  ~  x  and  hence  Jacobian  of  deformation  [J]  =  [I],  \  J\  =  1  and  the  distinction  between  different  stress  measures 
disappear,  thus  we  can  use  <x,  Cauchy  stress  in  place  of  rrl0).  Further  more  the  Green’s  strain  measure  £r0i  for  this  case  simply 
reduces  to  the  symmetric  part  of  the  displacement  gradient  tensor  i.e. 


(£[0])ij 


1  /  duj  duj\ 

2  \dxj  dxi ) 


(H.6) 


For  this  case  the  momentum  and  energy  equations  and  the  constitutive  theory  for  the  stress  tensor  reduce  to  the  following: 


dv-, 


da 


Po-^-Po^  dx 


3* 


=  0 


de 


P  o 


dt 

'°1  =  (o"o)n[-f] 


V  9  =  0 

Aotr([£[0]])[/] 


2^0  [o]  ]  —  (atm)n{9  —  0n)[7] 


(H.7) 

(II.8) 

(H.9) 


W  =  ^;  {q}  =  -k{g}-,  {g}  =  {v}0 


(II.  10) 


If  we  choose  constant  material  coefficients  then.  An  and  //o  are  Lame’s  constants  that  can  be  defined  using  modulus  of  elasticity, 
E,  and  Poisson’s  ratio,  v. 


An 


pn 


vE 


(l  +  i/)(l-2  v) 
E 

2(1  +  id) 


(II.  11) 

(11.12) 


II.3.3  Eulerian  description  without  transport:  finite  deformation 

Here  we  consider  the  Eulerian  description  without  transport  to  present  mathematical  model  for  homogeneous,  isotropic  incom¬ 
pressible  thermo-elastic  solid  matter  using  the  contravariant  second  Piola-Kirchhoff  stress  tensor  in  the  Eulerian  description. 
Green’s  strain  tensor  £[0]  [31],  deformed  material  point  coordinate  x  =  x  +  u  and  time  t.  u  are  the  displacements  of  the  material 
point  at  x  in  the  reference  configuration.  We  use  over  bar  (“)  over  all  quantities  to  signify  the  Eulerian  description. 


Po  =  \[J]  1\p(*-t) 


-Dvi  b  da 

P  Dt  P  1  dxj 
D e  _  n 

pm+vq  =  0 


=  0 


[cr[0]]  =  (o-0)q[/]  +  Antr([q0]])[/]  +  2/un[e[0]]  -  {atm)n{0  - 

{q}  =  -HS}-,  {3}  =  {V}0;  [a*]T=[J]-1[a^]T-,  [J]  =  [7]_1 


(11.13) 

(H.14) 

(11.15) 

(11.16) 
(H.17) 


All  quantities  in  (II.  13)-(II.  17)  have  similar  meaning  as  in  (II.  1)-(II.5)  except  that  in  (II.  1 3)-(II.  1 7)  the  description  is  Eulerian. 
For  example,  numerical  values  of  er*  and  &  are  same  but  the  expressions  are  different  due  to  the  fact  that  cr*  is  a  Lagrangian 
description  whereas  a*  is  Eulerian  description. 

We  remark  that  constitutive  theory  for  &  >}  can  also  be  presented  using  strain  measures  Cqo]  or  IJ[o]  [31],  The  mathematical 
models  (II.  1)-(II.5)  and  (II.  13)-(II.  17)  are  precisely  equivalent  due  to  x  =  x  +  u.  Thus,  for  the  solid  matter  we  can  use  either  one 
of  these.  It  is  important  to  point  out  that  during  evolution  due  to  the  fact  that  x  =  x  +  u  and  the  displacements  ulx.  t)  of  material 
point  x  evolve  as  time  elapses.  We  also  note  that  in  this  mathematical  model  there  is  no  transport  which  is  same  as  in  case  of  the 
Lagrangian  description  in  section  II.3.1. 
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II.3.4  Eulerian  description  without  transport  infinitesimal  deformation 

In  this  case  x  ~  x,  [./]  =  [/],  |  J|  =  1  and  all  stress  measures  are  same,  hence  (II.  1 3)-(II.  1 7)  naturally  reduces  to  (II.6)-(II.  12). 
Thus  for  infinitesimal  deformation,  the  Lagrangian  and  Eulerian  descriptions  are  the  same,  as  expected. 


II.4  Mathematical  model  for  incompressible  fluids:  polymeric  liquids 

For  simplicity,  we  consider  homogeneous  isotropic  incompressible  polymeric  liquids  such  as  Maxwell  fluid,  Oldroyd-B  fluid, 
Giesekus  fluid,  etc.,  but  non-isothermal  case.  It  is  well  known  the  mathematical  models  for  fluids  must  be  derived  in  the  Eulerian 
description  with  transport.  This  is  necessitated  due  to  the  physics  of  fluid  flows.  In  this  approach  we  choose  fixed  locations  in  the 
spatial  domain  at  which  we  monitor  the  state  of  the  fluid  during  evolution.  These  locations  are  occupied  by  different  fluid  particles 
at  different  times.  When  a  fluid  particle  arrives  at  a  location  x  at  time  t,  we  monitor  its  state,  that  is,  velocities,  temperature,  and 
so  on.  In  this  process  we  do  not  know  which  particle  it  is  at  location  x  at  time  t  nor  do  we  know  where  it  came  from  or  where  it 
is  going.  This  is  a  direct  consequence  of  discarding  material  particle  displacements  at  the  onset  of  the  derivations  as  these  would 
be  too  complex  to  describe  using  x  and  t.  The  positions  x  in  this  approach  are  in  fact  current  positions  of  some  fluid  particle  at 
time  t.  Thus  instead  of  x  we  use  x  in  the  derivations  of  the  mathematical  models  to  emphasize  this  fact.  Following  [31]  we  only 
consider  contravariant  basis  and  hence  the  contravariant  Cauchy  stress  tensor  cr(l>l  in  the  description  of  the  mathematical  model  as 
covariant,  and  Jaumann  measures  become  non-physical  [31]  when  deformation  is  finite.  Details  of  continuity  equation,  momentum 
equations,  energy  equation  and  the  constitutive  equations  are  given  in  the  following  [31]  using  Einstein’s  notation: 


-dvi  _ 
Pdx% 


dvj  _  dvi 
dt  Vj  dxj 
de  _  -  _ 

^  m+v  ve 


qi  =  -kgi  ;  gi  =  9  d 


dp_  _  ddaf  -b 

h  dXi  dxj  P  i 

V  Q  -  d^Dij  =  0 


(11.18) 

(IU9) 

(11.20) 

(H.21) 


In  (11.19)  we  have  considered  decomposition  of  the  Cauchy  stress  tensor  with  equilibrium  and  deviatoric  stresses  and 

following  [31].  The  equilibrium  stress  f.rf !0'  for  incompressible  matter  results  in  mechanical  pressure  p.  In  (11.23)  compres¬ 
sive  pressure  is  considered  positive. 


<x(0)  =  eIT(0)  +  d<T(0)  (11.22) 

e*(V  =  -pI  (11.23) 


Constitutive  equations  for  the  stress  tensor  for  the  Maxwell,  Oldroyd-B,  and  Giesekus  fluid  with  constant  material  coef¬ 
ficients  are  given  by  [31,69]: 

Maxwell  Model 

[da(0)]+A![daW]  =  2t?[7(1)]  (11.24) 

Oldroyd-B  Model 

[do-(0)]  +  Ai  [dCT(1)]  =  2t7[7(1)]  +  g\2  [7(2)]  (11.25) 

Giesekus  Model 


[dcr{0)}P  +  Ai[dcr(1)]p  =  2??[7(1)]  +  ^-a[da(0)]2p 
[da(0)]  =  [da(°)]s  +  [d*M]p 


47 


REPORT  DOCUMENTATION  PAGE  (SF  298) 
(Continuation  Sheet) 


in  which  <r :  1  >  is  the  first  convected  time  derivative  of  the  contravariant  Cauchy  stress  tensor  a{[Y) .  7 , \  is  the  first  convected  time 
derivative  of  the  Green’s  strain  tensor,  same  as  symmetric  part  of  the  velocity  gradient  tensor.  7(2)  is  the  second  convected  time 
derivative  of  the  Green’s  strain  tensor,  p,  Ai,  77,  A2  and  a  are  density,  relaxation  time,  viscosity,  retardation  time  and  mobility 
factor.  and  [dcr^jp  refer  to  solvent  and  polymer  deviatoric  stresses.  Solvent  deviatoric  stress  is  based  on  Newton’s  law  of 

viscosity.  7(i),  and  7(2)  are  defined  as 


-  JL 

(7(1  ))ij  —  Dij  =  - 


dv'i  dvj  A 

dxj  dxi  J 


(7(2)  )ij 


D(<rW)ij 

Dt 

D(yl(l))ij 

Dt 


—  Lik(cr^)kj  —  (cr  ^)ikLjk  +  {v^)ij{L)kk 
+  ifei(7(l))fej  +  (7(1  ))ikLkj 


(11.27) 

(11.28) 
(11.29) 


We  note  that  x  in  this  mathematical  model  does  not  have  the  same  meaning  as  x  in  section  2.2.3.  Here  x  are  fixed  locations 
that  are  deformed  positions  of  the  material  points  during  evolution  as  the  material  points  occupy  these  due  to  transport.  Where  as 
x  in  section  2.2.3  are  true  deformed  positions  of  individual  material  points. 


II.5  Mathematical  models  in  ALE  description 

In  this  section  we  present  basic  equations  describing  the  mathematical  model  used  in  ALE  description.  Donea  et  al.  [55] 
presented  the  first  derivation  of  ALE  equations.  The  derivation  is  based  on  the  Lagrangian  description  for  solid  matter  and  the 
Eulerian  description  with  transport  for  fluid  matter  as  stated  in  [55].  In  our  view  the  derivation  has  many  issues  that  appear 
unresolved,  but  at  his  stage  we  do  not  take  issues  with  these  but  rather  present  the  final  form  of  the  equations  describing  the 
mathematical  model.  Based  on  Donea  et  al.  [48],  the  Eulerian  description  with  transport  in  section  2.3  is  converted  to  ALE  form  by 
replacing  velocity  v  (velocity  at  a  fixed  location  x)  in  the  convective  terms  with  convective  velocity  C .  The  resulting  mathematical 
model  is  given  by 


C  =  v  —  v 

-dvi 

fm=0 
P^+fC,  I? 


dt 


dp 

dXn  '  dXn 


de  =,  - 

gj+C-ve 


v  •  9  -  VjiDij  =  0 


(11.30) 

(11.31) 

(11.32) 

(11.33) 


In  (11.30),  v  is  referred  to  as  the  mesh  velocity  [48].  We  note  that  in  this  mathematical  model  (based  on  [48])  if  we  choose 
C  =  v  then  (11.30)  -  (11.33)  reduce  to  the  Eulerian  description  with  transport  as  in  section  2.3.  If  C  =  0  then:  (i)  this  mathematical 
model  does  not  reduce  to  (II. 1)  -  (II. 3),  the  mathematical  model  in  the  Lagrangian  description  for  solid  matter  that  accounts  for 
finite  deformation.  In  this  respect  we  note  three  important  points,  first  stress  measures  in  (11.30)  -  (11.33)  are  not  the  same  as  the 
stress  measure  in  (II. 1)  -  (II. 3).  Secondly,  the  velocity  v  is  the  material  point  velocity  which  is  the  same  as  the  velocities  of  the 
material  points  during  evolution  at  a  fixed  location  in  the  absence  of  transport.  Thirdly,  for  thermoelastic  solids  the  velocity  field  is 
not  divergence  free  i.e.  (11.31)  is  not  continuity  equation  for  thermoelastic  solids.  This  is  obvious  from  (II. 1).  (ii)  The  mathematical 
model  in  fact  reduces  to  (II. 7)  and  (II.  8),  the  mathematical  model  for  infinitesimal  deformation.  In  this  case  also,  the  continuity 
equation  (11.31)  is  not  admissible.  It  is  advocated  that  by  choosing  v  appropriately,  this  mathematical  model  permits  simulation 
of  finite  motion  of  the  fluid-solid  boundaries  in  spite  of  the  fact  that  for  C  =  0,  the  mathematical  model  (11.30)  -  (11.33)  does  not 
have  physics  of  finite  deformation.  We  also  remark  that  in  ALE  model  (11.30)  -  (11.33),  we  have  not  addressed  constitutive  theories 
which  vary  in  the  published  works. 


48 


REPORT  DOCUMENTATION  PAGE  (SF  298) 
(Continuation  Sheet) 


II.5.1  ALE  mathematical  model  for  special  case  of  infinitesimal  deformation  and  infinitesimal  motion  in  solid  medium 

For  this  case,  there  is  no  need  to  consider  a  moving  frame  or  moving  mesh  as  the  motion  or  deformation  of  the  interface  is 
infinitesimal.  Thus,  the  mathematical  model  (11.30)  -  (11.33)  reduces  to  the  following  for  solid  and  fluid  media. 

(a)  Solid  (thermoelastic  solid):  Lagrangian  description 

In  the  following  we  have  replaced  x  with  x  (however,  this  makes  no  difference  as  deformation  is  infinitesimal)  and  the  continuity 
equation  is  given  for  solid  matter  in  which  velocity  field  is  not  divergence  free. 


P  =  Po\J\  =  Po  as  \J\  =  1 
( 

Po- 

u 

dui 


dVi  n  Fb  d<J *  -  n 

^~PoFy  “ 


Vi  = 


dt 


Po 


de 

dt 


v  q  =  o 


(11.34) 

(11.35) 

(11.36) 

(11.37) 


In  (11.35)  <r  is  used  for  the  stress  tensor  as  for  infinitesimal  deformation  all  stress  measures  are  the  same.  The  definition  of  q 
remains  same  as  before. 


(b)FIuid  (polymer):  Eulerian  description  with  transport 


-dvi  n 
=  0 

OXi 

-dvi  __ 

dui 
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^  +  pyi 

dxj 
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(de 

+e 

Ve 

Uv 

=  o 


(11.38) 

(11.39) 

(11.40) 


The  constitutive  equations  (11.24)  -  (11.26)  remain  unaffected.  Definition  of  q  remains  same  as  before.  cr<(y>  is  the  contravariant 
Cauchy  stress  tensor  in  the  Eulerian  description.  Decomposition  of  (Tl<y>  into  the  equilibrium  Cauchy  stress  tensor  and  the 
deviatoric  Cauchy  stress  tensor  ,icr(<,)  gives 

<r(°)  =  e<x(0)  +  d<r(0)  (11.41) 

e*W  =  -p(x,t)I  (11.42) 

p(x,  t)  is  mechanical  pressure  for  incompressible  fluid,  p  is  dependent  on  0  only. 


Remarks: 

(1)  It  is  important  to  distinguish  in  these  mathematical  models  the  presence  or  absence  of  transport.  First,  we  note  that  the 
convective  term  Vj  J41  in  the  momentum  equation  does  not  represent  transport.  This  term  is  due  to  the  material  derivative 
in  the  Eulerian  description,  hence  it  obviously  appears  in  the  momentum  equation  whenever  the  description  is  Eulerian 
regardless  of  whether  there  is  transport  or  not.  The  presence  or  the  absence  of  transport  in  the  mathematical  model  is  in  the 
constitutive  theory. 

(a)  For  solid  matter,  the  dependence  of  the  stress  tensor  on  the  strain  tensor  only,  precludes  transport  as  the  material 
particles  must  remain  connected  to  their  neighbors.  Thus  thermoelastic  solids  can  not  have  transport. 
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(b)  In  the  case  of  thermo-viscoelastic  solids  with  or  without  memory  the  deviatoric  stress  tensor  depends  on  strain  tensor 
as  well  as  its  rates.  The  dependence  of  the  deviatoric  stress  tensor  on  strain  tensor  precludes  transport  even  though 
its  dependence  on  strain  rate  tensors  allows  transport.  Thus,  such  solids  can  not  have  transport  either  otherwise  the 
dependence  of  the  stress  tensor  on  the  strain  tensor  will  not  hold. 

(c)  In  the  case  of  fluids  the  deviatoric  stress  tensor  or  its  convected  time  derivatives  only  depend  upon  the  convected  time 
derivatives  of  conjugate  strain  tensor  but  not  on  strain  tensor  itself.  This  permits  the  fluids  to  have  transport. 

(d)  Based  on  (a)-(c)  it  is  clear  that  solids  do  not  have  transport  and  fluids  do.  The  presence  or  absence  of  transport  is  in  the 
constitutive  theory  for  the  stress  tensor. 

(e)  We  note  that  it  is  the  presence  of  transport  in  the  fluid  that  permits  arbitrarily  large  and  complex  motion  of  fluid  particles. 

(f)  Study  of  fluid  motion  on  a  fixed  grid  or  fixed  spatial  locations  is  meritorious  as  in  this  case  we  do  not  monitor  complex 
motion  of  fluid  particles  i.e.  their  displacements.  Lack  of  the  knowledge  of  fluid  particle  displacements  precludes 
measure  of  strain,  but  this  is  okay  as  the  strain  measures  are  not  needed  in  the  constitutive  theories  for  fluids. 

(2)  We  note  that  for  infinitesimal  deformation  and  motion  in  the  solid  matter,  the  deformation  and  motion  of  the  interface  is  also 
infinitesimal,  hence  for  this  case  there  is  no  need  for  moving  mesh  or  moving  frame. 

(3)  In  the  mathematical  model  for  solid  matter  ((II.  1)  -  (II. 3))  v(x,t)  are  velocities  of  the  material  point  located  at  x  in  the 
reference  frame.  For  this  case  these  are  time  derivatives  of  the  material  point  displacement  at  locations  x  in  the  reference 
configuration  i.e. 

„(*,()  (11.43) 

at 

(4)  In  the  mathematical  model  for  fluid  ((11.38)  -  (11.40))  x  is  a  fixed  location  and  velocities  v(x.  t)  are  the  velocities  of  some 
material  point  at  this  location  for  time  t  but  we  do  not  know  which  material  point  it  is.  In  this  description  (the  Eulerian 
description  with  transport)  material  points  are  not  identified  and  their  displacements  are  not  monitored.  This  is  by  choice  as 
explained  earlier.  Nonetheless  the  consequence  is  that  the  mathematical  description  for  fluid  is  drastically  different  than  that 
for  solid  matter  in  which  we  follow  material  points  and  hence  their  displacements  are  known. 

(5)  In  the  derivations  of  the  mathematical  models  for  solid  matter  and  fluid  we  only  consider  the  desired  physics  for  each  case 
without  any  consideration  regarding  the  ability  of  these  mathematical  models  to  permit  fluid-solid  interaction  in  a  combined 
problem. 

(6)  ALE  description  for  solid  and  fluid  are  no  different  than  the  standard  Lagrangian  and  Eulerian  descriptions  when  the  defor¬ 
mation  and  motion  of  the  solid  matter  is  infinitesimal  as  in  sections  2.4.1  (a)  and  (b). 

II.6  Fluid-solid  interaction  in  ALE  description 

In  order  to  demonstrate  the  fundamental  issues  in  ALE  descriptions  for  fluid-solid  interaction,  we  consider  finite  deformation 
and  motion  of  the  solid  medium.  Fig.  10(a)  shows  a  solid  medium  in  contact  with  a  fluid  medium  in  reference  configuration  at  the 
commencement  of  the  evolution  with  common  boundary  AB.  We  consider  the  Lagrangian  description  for  the  solid  medium  and  the 
Eulerian  description  with  transport  for  the  fluid  medium.  We  recall  that  in  the  Lagrangian  description  the  locations  (or  grid  points) 
identify  material  points,  thus  any  disturbance  applied  to  the  system  in  Fig.  10(a)  will  result  in  the  motion  of  the  solid  domain 
boundary  (material  points  on  the  boundary)  as  well  as  its  interior  material  points.  In  the  case  of  the  Eulerian  description  with 
transport  as  used  for  deriving  mathematical  models  for  fluids,  the  boundary  of  the  fluid  domain  and  its  interior  points  (grid  points 
and  not  the  material  points)  do  not  move.  Instead,  as  the  fluid  particles  pass  through  these  locations,  we  monitor  their  state.  Thus, 
based  on  these  mathematical  models,  the  common  boundary  AB  for  solid  experiences  deformation  and  motion  to  occupy  a  new 
location  As  —  Bs  in  the  current  configuration  at  time  t  as  shown  in  Fig.  10(b)  while  the  boundary  AB  for  the  fluid  remains  the  same 
as  it  is  in  the  reference  configuration  in  Fig.  10(a).  This  illustration  is  of  significance  in  understanding  that  the  interaction  between 
the  solid  and  the  fluid  is  not  intrinsic  in  the  mathematical  model  otherwise  the  solid  boundary  would  not  deform  independent  of  the 
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fluid  boundary.  This  is  not  surprising  as  the  derivations  of  the  mathematical  models  for  solid  and  fluid  are  based  on  specific  physics 
of  interest.  In  the  case  of  solid  matter,  motion  of  the  material  particles  is  intrinsically  important  in  the  kinematic  description  of  the 
deforming  matter  and  hence  the  Lagrangian  description  is  essential  where  as  in  case  of  the  fluids  the  displacements  of  the  material 
points  are  not  needed  in  the  kinematics  of  the  fluid  motion  and  hence  are  not  considered  in  the  derivation  of  the  mathematical  model 
for  the  fluid.  These  are  the  choices  made  for  the  solid  matter  and  for  the  fluid.  These  mathematical  models  for  solid  and  fluid,  when 
used  in  a  combined  problem,  will  result  in  the  interface  behaviors  shown  in  Fig.  10(b)  (as  an  illustration).  This  is  unavoidable  as 
long  as  we  use  the  Lagrangian  description  for  the  solid  and  the  Eulerian  descriptions  with  transport  for  fluids. 

In  published  works  on  ALE,  the  solid  and  fluid  domain  are  discretized  and  integral  forms  are  constructed  using  the  Lagrangian 
and  the  Eulerian  (with  transport)  descriptions  (presented  here)  for  the  respective  domains.  It  is  advocated  to  introduce  a  “moving 
mesh”  and  the  two  discretizations  are  mapped  on  to  the  moving  mesh  resulting  in  the  movement  of  the  mesh  in  the  fluid  domain 
such  that  the  separation  between  the  fluid  and  solid  domain  boundaries  as  shown  in  Fig.  10  (b)  does  not  occur.  There  are  of  course 
numerous  strategies  and  details  associated  with  how  this  is  accomplished.  These  are  not  important  from  the  point  of  view  of  the 
present  work.  It  is  sufficient  to  note  that  currently  used  mathematical  models  do  not  permit  interaction  between  solids  and  fluids. 
The  current  ALE  methodologies  are  based  on  this  basic  concept  of  moving  mesh,  details  of  how  this  is  accomplished  precisely 
differ  in  different  papers. 


(a)  Fluid-solid  interaction  through  boundary  AB,  reference  configuration 


(b)  Fluid-solid  interaction  with  boundary  AB  at  time  t,  current  configuration 
Figure  10:  Fluid-solid  interaction 


Remarks: 

(1)  First,  we  note  that  the  mathematical  models  used  in  ALE  for  solid  and  fluid  that  are  the  standard  Lagrangian  and  Eulerian 
with  transport  descriptions  produce  the  behavior  shown  in  Fig.  10(b)  (as  an  illustration)  at  the  solid-fluid  interface  during 
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evolution.  This  is  unavoidable  when  these  mathematical  descriptions  are  used.  Thus  with  these  mathematical  models  there 
is  no  interaction  between  solid  and  fluid. 

(2)  The  ALE  approach  does  nothing  to  the  mathematical  models  to  correct  this  situation. 

(3)  Forcing  the  interaction  between  solid  and  fluid  by:  (a)  using  discretized  forms  of  the  mathematical  models  (b)  mapping  the 
discretized  forms  on  to  a  moving  mesh  so  that  the  fluid  and  solid  interfaces  never  separate  even  though  mathematical  models 
allow  separation  between  the  two  media  lacks  rationale  and  justification. 

(4)  It  is  clear  that  at  a  fluid-solid  interface  the  mathematical  models  based  on  the  Lagrangian  and  Eulerian  descriptions  with 
transport  do  not  allow  communication  between  the  two  media  as  the  dependent  variables  in  the  two  mathematical  models  do 
not  have  the  same  physical  meaning.  For  example  velocities  in  the  Lagrangian  description  at  each  point  x  (the  grid  points 
and  material  points)  is  the  time  rate  of  change  of  displacement  of  the  material  point  located  at  position  x  in  the  reference 
configuration.  Where  the  velocity  v(x,t)  at  fixed  location  x  is  velocity  of  some  material  point  at  time  t.  The  location  x 
is  occupied  by  different  material  particles  for  different  values  of  time  during  the  evolution.  Clearly  velocities  v(x.  t)  and 
vlx.  t)  for  solid  and  fluid  are  physically  different  quantities.  At  a  common  grid  point  if  v  and  v  are  forced  to  be  equal  (for 
example  during  finite  element  computations)  then  erroneous  evolution  is  bound  to  occur.  Likewise  stress  measure  and 
<rl°l  or  ,/<r' ,|J  and  ,/cf |-(r)  have  drastically  different  meanings  as  well  when  the  solid  deformation  and  motion  is  finite. 

(5)  Based  on  the  remarks  and  discussion  presented  here,  we  conclude  that  fluid-solid  interaction  is  not  intrinsic  in  the  mathe¬ 
matical  model  for  solid  matter  using  the  Lagrangian  description  or  the  Eulerian  description  without  transport  and  the  math¬ 
ematical  model  for  fluid  matter  using  the  Eulerian  description  with  transport.  Forcing  the  meshes  in  the  discretized  model 
at  the  interface  to  stay  in  contact  using  moving  mesh  strategies  are  ad  hoc  and  have  no  basis  as  these  techniques  have  no 
correspondence  to  the  original  mathematical  models  or  their  modified  form  (if  such  forms  exist).  Thus,  in  our  view  ALE 
descriptions  and  computational  approaches  used  for  fluid-solid  interaction  have  no  justification  based  on  the  mathematical 
models  derived  from  continuum  mechanics  principles. 

II.7  When  do  the  mathematical  models  for  solid  and  fluid  contain  interaction  physics  between  solid 
and  fluid? 

From  the  discussion  presented  so  far  it  is  clear  that  the  main  source  of  problem  in  fluid-solid  interaction  is  that  the  mathematical 
models  for  solid  matter  do  not  have  transport  where  as  the  mathematical  models  for  fluid  have  transport.  Thus,  we  can  address  this 
problem  of  lack  of  interaction  in  the  mathematical  models  in  a  couple  of  alternative  approaches. 

(1)  Construct  mathematical  models  for  fluid  in  the  Eulerian  description  but  without  transport,  that  is  derive  constitutive  theory 
for  the  deviatoric  stress  tensor  in  terms  of  strain  tensor  and  its  convected  time  derivatives.  Thus,  now  we  have  both  solid  and 
fluid  mathematical  models  without  transport  and  if  we  carefully  choose  the  same  dependent  variables  in  the  two  mathematical 
models  then  these  mathematical  models  will  contain  fluid-solid  interaction  physics,  unfortunately,  the  constitutive  theories 
for  fluid  without  transport  are  nonphysical,  hence  this  option  must  be  ruled  out. 

(2)  Construct  mathematical  models  for  solid  matter  in  the  Eulerian  description  with  transport.  This  requires  that  in  the  constitu¬ 
tive  theory  for  the  solid  matter  we  express  the  stress  tensor  (or  the  deviatoric  stress  tensor)  or  its  convected  time  derivatives 
as  a  function  of  the  convected  time  derivatives  of  the  conjugate  strain  tensor  but  not  including  the  strain  tensor  itself.  Such 
solid  matter  is  called  hypo-elastic  solid,  obviously  due  to  lack  of  dependence  of  the  stress  tensor  or  the  deviatoric  stress 
tensor  on  the  strain  tensor,  such  constitutive  theories  are  not  able  to  describe  the  physics  of  commonly  encountered  solids 
such  as  metals  (hyper-elastic).  Nonetheless,  such  a  mathematical  model  for  solid  matter  will  provide  interaction  with  fluids 
intrinsically  through  the  mathematical  model  without  the  use  of  any  other  means.  We  use  such  mathematical  description  for 
solid  matter  (hypo-elastic  solid)  in  the  numerical  studies  to  demonstrate  its  effectiveness  in  fluid-solid  interaction.  We  can 
generalize  these  concepts  to  provide  some  clear  guidelines  that  can  be  used  to  determine  if  the  mathematical  models  for  fluid 
and  solid  adequately  contain  interaction  physics. 
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Based  on  the  material  presented  above,  it  is  straight  forward  to  see  that  for  the  fluid-solid  interaction  to  be  intrinsic  in  the 
mathematical  model(s)  there  are  two  basic  requirements:  (i)  the  mathematical  models  for  the  solid  and  the  fluid  must  be  derived 
using  the  same  description  (ii)  the  mathematical  models  must  employ  the  same  dependent  variables  that  have  the  same  physical 
meaning.  We  note  that  it  is  essential  to  use  the  Eulerian  description  with  transport  for  deriving  mathematical  models  for  fluids. 
We  have  seen  in  the  ALE  description  that  the  Lagrangian  description  or  the  Eulerian  description  without  transport  for  solid  fails  to 
provide  interaction  with  the  fluid.  The  mathematical  model  for  solid  based  on  the  Eulerian  description  with  transport  (hence  the 
same  description  as  used  for  fluids)  referred  to  as  hypo-elastic  solids  does  provide  desired  interaction  physics  with  fluids. 

II.8  Mathematical  models  for  one  dimensional  wave  propagation  in  solids  and  fluids 

To  illustrate  if  the  fluid-solid  interaction  physics  is  possible  using  the  Eulerian  description  with  transport  for  fluids  and  the 
Lagrangian  as  well  as  the  Eulerian  descriptions  with  transport  for  solid  matter  (hypo-elastic  solids),  we  consider  a  simple  one 
dimensional  wave  propagation  problem.  In  the  following  we  present  various  forms  of  the  mathematical  models  for  fluids  and 
solids  using  quantities  with  hat  (  " )  have  their  usual  dimensions  and  those  without  hat  ( ' )  are  dimensionless.  For  the  solid 
matter  we  only  consider  infinitesimal  isothermal  deformation.  Thus  all  stress  measures  are  the  same  and  we  can  use  <r  for  stress 
measure.  Quantities  without  over-bar  imply  the  Lagrangian  description  and  those  with  over-bar  are  in  the  Eulerian  description 
with  transport.  We  choose  a  set  of  reference  quantities  denoted  by  subscript  ‘O’.  We  divide  the  quantities  with  dimension  by 
the  reference  quantities  to  non-dimensionalize  them.  These  are  then  introduced  in  each  equation  of  the  mathematical  model.  We 
choose  the  following  reference  quantities  and  the  dimensionless  variables. 

L  =  L/L0,  Xi  =  Xi/L0  ,  F  =  F/F0  Vi  =  Vi/v0  ,  Tij  =  Tij/T0  ,aij=crij/aoP=p/po  ; 

E=E/E0  ,p=p/p0  kij=kij/ko,  p  =  p/p0  ,  g  =  r)/p0  ,  r]s=fjs/p0  nP  =  f]p/ p0  ; 
r]  =  (f)p  +  f)s)/no  ,  A  =  A/A0  t  =  t/t0  ,  t0  =  L0/v0  Cv  =  Cv/Cv0  ,  e  =  e/e0  ,  e0  =  CoT0 

We  note  that  tq ,  pg  and  Eg  all  have  the  same  dimensions  (force/ (length)2)  and  hence,  care  must  be  taken  in  their  selections  to 
ensure  that  to  =  po  =  Eq  always  holds.  For  example  we  can  choose  to  =  po  =  Eq  =  PqVq2,  characteristic  kinetic  energy.  Then, 
if  we  choose  Eq  =  E  =  PqVq2  we  have  vq  =  \JEq/ pq  and  E  =  1  and  tq,  pq  are  now  automatically  defined.  We  can  also  choose 
To  =  Po  =  Eq  =  pqVo/Lq,  characteristic  viscous  stress,  hence  if  we  chose  Eq  =  E  =  pqVq/Lq  we  have  Vq  =  EqLq/pq-  We 
choose  x  to  denote  axial  direction  and  the  contravariant  Cauchy  stress  tensor  [70]  in  the  Eulerian  description  for  the  mathematical 
models  for  fluids  in  the  Eulerian  description  with  transport. 

II.8.1  Solid  matter:  ID  axial  behavior 
(A)  Hyper-elastic  solid 

This  mathematical  model  is  based  on  the  Lagrangian  description.  The  constitutive  theories  for  the  stress  tensor  for  these  solids 
can  be  derived  using  strain  energy  density  function.  The  momentum  equation  (in  the  absence  of  body  forces)  and  constitutive 
equations  are  given  (using  the  deviatoric  stress)  by: 
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The  dimensionless  form  of  (11.44)  is  given  by: 
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(B)  Hypo-elastic  solid 


This  mathematical  model  is  based  on  the  Eulerian  description  with  transport.  The  constitutive  theory  in  this  case  is  the  first 
order  rate  theory  in  terms  of  convected  time  derivatives  of  the  conjugate  stress  and  strain  tensors.  We  only  consider  the  contravariant 
Cauchy  stress  tensor  <T(lyi  [31]  and  its  convected  time  derivative  rr  1 !  and  the  convected  time  derivative  of  the  Green’s  strain  tensor. 
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The  dimensionless  form  of  (11.46)  is  given  by: 
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In  (11.46)  and  (11.47)  d<Jxx  and  do^J  are  the  deviatoric  axial  Cauchy  stresses  with  and  without  dimensions. 


II.8.2  Viscoelastic  polymeric  liquids:  ID  axial  behavior 

We  consider  incompressible  viscoelastic  polymeric  liquids.  These  are  ideal  to  investigate  fluid-solid  interaction  in  wave  prop¬ 
agation  as  the  speed  of  wave  propagation  in  these  liquids  is  finite.  We  consider  the  Maxwell,  Oldroyd-B  and  Giesekus  fluids  and 
present  mathematical  models  (in  the  absence  of  body  forces)  for  ID  wave  propagation. 


(A)  Maxwell  fluid 

Momentum  and  constitutive  equations  are  given  by: 
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Ai  is  relaxation  time  and  fj  is  viscosity.  The  dimensionless  form  of  (11.48)  is  given  by: 
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In  this  case  pressure  gradient  dp/dx  is  known  depending  upon  whether  the  flow  is  pressure  driven  or  not,  hence  mechanical 
pressure  p  is  not  a  dependent  variable  in  the  mathematical  model.  De  is  Deborah  number  defined  as  De  =  \\Vq/Lq.  This 
constitutive  model  is  generally  used  for  dilute  polymeric  liquids. 


(B)  Oldroyd-B  fluid 

Momentum  and  constitutive  equations  are  given  by: 
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Ai  is  relaxation  time  and  A2  is  retardation  time. 
The  dimensionless  form  of  (11.50)  is  given  by: 
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Deborah  numbers  De i  and  De2  are  defined  as  De±  =  \\Vq/Lq  and  De2  =  A2t!o/Tij.  This  constitutive  model  is  also  generally 
used  for  dilute  polymeric  liquids. 

(C)  Giesekus  fluid 

Giesekus  constitutive  model  is  generally  used  for  dense  polymeric  liquids  in  which  the  behavior  is  elastically  dominated.  We 
consider  the  Giesekus  fluid  behavior  as  elastically  dominated.  We  consider  the  Giesekus  constitutive  model  used  in  the  published 
work  [69,71]  as  opposed  to  the  model  reported  in  [37]  by  Surana  et.  al. 
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The  dimensionless  form  of  (11.52)  is  given  by: 
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Remarks: 

(1)  Dimensionless  form  of  the  mathematical  models  for  one-dimensional  wave  propagation  have  been  presented  for  hyper-elastic 
solid  in  the  Lagrangian  description  and  hypo-elastic  solid  in  the  Eulerian  description  with  transport.  The  mathematical 
models  for  one-dimensional  axial  deformation  of  the  Maxwell,  Oldroyd-B,  and  Giesekus  fluids  are  presented  in  the  Eulerian 
description  with  transport.  Care  is  taken  to  ensure  to  use  same  (or  similar)  dependent  variables  in  all  mathematical  models 
so  that  if  there  is  lack  of  interaction  between  these  models,  it  can  not  be  attributed  to  the  choice  of  dependent  variables  in  the 
mathematical  models. 

(2)  We  note  that  the  mathematical  models  for  hypo-elastic  solid  and  polymeric  liquid  all  have  the  same  descriptions  and  the  same 
dependent  variables,  hence  in  these  models  the  interactions  between  these  media  is  inherent  in  the  mathematical  models. 

(3)  The  mathematical  model  for  hyper-elastic  solid  is  in  the  Lagrangian  description,  hence  can  not  provide  interaction  with  the 
remaining  mathematical  models. 

(4)  Dimensionless  forms  of  the  mathematical  models  are  essential  in  the  finite  element  processes  due  to  varied  magnitude  of  the 
dependent  variables  to  ensure  that  in  the  resulting  computational  processes  the  coefficient  matrices  in  the  algebraic  systems 
do  not  become  ill-conditioned. 

II.9  Numerical  studies 

11.9.1  Introduction 

We  present  numerical  studies  for  fluid-solid  interaction  using  mathematical  models  presented  in  section  II. 8.  Numerical  solu¬ 
tions  of  the  initial  value  problems  describing  fluid-solid  interaction  are  computed  using  space-time  finite  element  model.  For  an 
increment  of  time  (At)  the  space-time  strip  is  discretized  using  nine  node  p-version  space-time  elements  (Fig.  1 1).  The  space-time 
local  approximations  are  considered  in  higher  order  spaces  Hk’p(flxt),  which  permits  higher  order  global  differentiability  in  space 
and  time.  The  space-time  finite  element  processes  are  based  on  minimization  of  residuals  resulting  from  the  partial  differential 
equations  over  the  discretization  for  the  space-time  strip.  Surana  et.  al.  [  1 0- 12,41  -44]  have  shown  that  these  processes  result 
in  unconditionally  stable  algebraic  systems  when  the  resulting  non-linear  algebraic  equations  are  solved  using  Newton’s  linear 
method  (or  the  Newton-Raphson  method).  This  approach  is  used  in  the  work  presented  here.  Time  evolution  is  computed  by  time 
marching  using  the  computed  solution  for  the  current  space-time  strip  to  determine  initial  condition(s)  for  the  next  space-time  strip 
corresponding  to  the  next  increment  of  time.  Fig.  1 1  shows  a  schematic  of  the  domain  used  for  a  single  material  wave  propagation 
as  well  as  a  domain  containing  two  materials  (Ml  and  M2)  with  a  bi-material  interface  at  x  =  L.  In  both  cases,  the  rigid  end 
(x  =  L  or  x  =  2 L)  is  subjected  to  a  velocity  pulse  of  2  A t  duration  with  maximum  amplitude  of  vmax  or  vmax.  In  numerical 
studies  we  choose  different  values  of  vmax  or  vmax .  A  uniform  discretization  of  ten  space-time  elements  is  shown  in  Fig.  11(d). 
Fig.  1 1(e)  shows  a  non-uniform  discretization  of  25  elements  used  for  bi-material  studies. 

We  note  that  the  mathematical  models  in  section  II.8. 1  for  the  solid  matter  are  a  system  of  first-order  partial  differential  equation 
(PDEs)  in  displacement  u,  velocity  v  and  stress  ,ictxx.  For  viscoelastic  fluids,  the  Maxwell  model  and  the  Giesekus  model  (section 

11. 8.1  (A)  and  (C))  are  also  a  system  of  first  order  PDEs  in  velocity  v  and  deviatoric  contravariant  axial  Cauchy  stress  d^xx  ■ 
dp/dx  in  these  models  is  known  pressure  gradient  driving  the  flow.  Since  the  studies  considered  here  involve  wave  propagation 
in  stationary  medium,  dp/dx  =  0  for  all  three  viscoelastic  liquids  considered  here.  The  Oldroyd-B  model  contains  d2v/dx2  and 
d2v/dtdx  terms  in  the  constitutive  equation  for  the  deviatoric  contravariant  axial  Cauchy  stress  d&xx- 

Choice  of  approximation  spaces: 

Since  the  mathematical  models  for  solids.  Maxwell  fluid,  and  Giesekus  fluid  are  a  system  of  first-order  PDEs,  we  can  choose 
approximation  space  of  order  2  for  all  dependent  variables,  that  is,  Hk,p (flext)\  k  =  (k  \  kf)  =  (2,2)  for  all  dependent  variables, 
where  k\  and  k->  are  orders  of  the  spaces  in  space  and  time  giving  rise  to  local  space-time  approximations  of  class  C1  in  space  and 
time.  For  this  choice  of  k\  and  A-2,  the  space-time  integrals  over  the  space-time  discretization  (flxt  =  Uef \%t  of  the  space-time 
strip  f lxt  in  which  Cl/t  is  a  space-time  element)  are  Riemann  in  the  space-time  finite  element  processes  based  on  space-time  least- 
squares  residual  functional  I.  When  computed,  I  approaches  zero  (generally  O(10~8)  or  smaller),  then  the  GDEs  are  satisfied  in  the 
pointwise  sense  (numerically)  by  the  computed  solution.  Thus,  such  computed  solutions  truly  have  all  the  features  of  the  theoretical 
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solution  based  on  the  orders  of  the  derivatives  in  the  GDEs  in  the  mathematical  model.  This  aspect  of  the  computed  solution  is 
important  in  establishing  validity  and  the  accuracy  of  the  solutions  of  the  model  problems  for  which  theoretical  solutions  are  not 
obtainable.  In  summary,  when  local  approximations  are  of  class  C1  in  space  and  time  and  when  residual  functional  I  approaches 
zero,  the  computed  solutions  for  solid  medium.  Maxwell  fluid,  and  Giesekus  fluid  are  virtually  the  same  as  the  theoretical  solutions. 
This  indeed  is  the  case  in  the  numerical  studies  presented  here.  In  case  of  Oldroyd-B  fluid,  the  constitutive  equations  contain  up 
to  the  second  derivatives  of  velocity  v\  hence,  for  this  mathematical  model,  local  approximations  of  class  C1  in  space  and  time 
would  yield  space-time  integrals  over  space-time  discretizations  in  the  Lebesgue  sense.  For  this  fluid,  local  approximations  of  class 
C 2  in  space  and  time  are  needed  to  ensure  Riemann  integrals  over  the  space-time  discretization.  Numerical  studies  for  this  fluid 
were  performed  using  local  approximations  of  class  C 2  as  well  as  C1  in  space  and  time.  Comparisons  of  the  residuals,  computed 
solutions,  their  derivatives  and  the  inter-element  jumps  in  the  derivatives  confirm  that  between  p-levcl  of  9-11  in  space  and  time, 
the  solutions  of  class  C 1  in  space  and  time  are  converged  (weakly)  to  the  solutions  of  class  C2  in  space  and  time.  Thus,  for  the 
Oldroyd-B  fluid  also,  it  suffices  to  use  local  approximations  of  class  C 1  in  space  and  time  but  at  p- 1  eve  Is  of  9-1 1  in  space  and  time. 
Hence,  for  all  solids  and  fluids  considered  here,  we  can  use  local  approximations  of  class  C1  in  space  and  time  at  p-level  of  1 1  in 
space  and  time  with  assurance  that  the  computed  solutions  indeed  are  the  true  solutions  of  the  PDEs  in  all  cases.  The  I  values  are 
of  the  order  of  0(1CU8)  or  lower  in  all  cases. 


(a)  Single  material  domain  (b)  A  domain  containing  materials  Ml  and  M2 


(d)  10  element  uniform  discritization  for  a  single  material  domain 
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(e)  25  element  non-uniform  discretization  for  a  domain 
consisting  of  material  Ml  and  M2  (figure(b)) 

Figure  11:  Model  problem  1:  schematic,  applied  disturbance  and  discretization 
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11.9.2  Material  coefficients 

In  all  numerical  studies  we  choose  the  following  material  coefficients. 

Hyper-elastic  solid  (SI): 

E  =  2.0  x  1011Pa  p  =  7896  kg/m3 

Softer  hyper-elastic  solid  (S2): 

E  =  4  x  102Pa  p  =  2170  kg/m3 

Maxwell  fluid  (FI)  [72]: 

p  =  868  kg/m3,  Xi  =  0.1  s,  rjs  =  2.7 Pa  •  s  rjp  =  0.3 Pa  ■  s 

Oldroyd-B  fluid  (F2)  [72]: 

p  =  868  kg/m3,  Xi  =  0.1  s,  rjs  =  2.7 Pa  ■  s  rjp  =  0.3 Pa  ■  s  X2  =  0.001  s 

Giesekus  fluid  (F3)  (PIB/C14)  [73]: 

p  =  800  kg/m3,  X  =  0.06  s,  ijs  =  0.002 Pa  ■  s  rjp  =  1.424Pa  •  s  a  =  0.15 

11.9.3  Wave  propagation  in  a  single  material 

In  this  section  we  present  numerical  studies  for  wave  propagation  in  a  single  material  to  demonstrate  that  regardless  of  the 
type  of  description  and  material  accurate  numerical  simulations  of  the  evolution  of  wave  propagation  is  possible.  We  consider 
elastic  solid,  softer  elastic  solid.  Maxwell  fluid,  Oldroyd-B  fluid  and  Giesekus  fluid.  These  simulations  are  essential  to  demonstrate 
that  the  wave  propagation  in  each  one  of  these  media  can  be  simulated  accurately.  In  the  numerical  computations,  the  space-time 
residual  /  for  each  space-time  strip  of  the  order  of  0(10  s)  or  lower  confirms  (section  II. 9.1)  that  the  computed  solutions  in  fact 
are  the  true  solutions  of  the  PDEs  in  the  mathematical  models.  This  aspect  is  important  to  demonstrate  for  each  media  so  that  if 
there  is  a  failure  in  simulating  interaction  between  fluid  and  solid  media,  this  failure  cannot  be  attributed  to  failure  of  the  wave 
propagation  in  individual  media,  but  instead  must  be  a  consequence  of  the  inadequate  simulation  of  the  interaction  physics  at  the 
interface  between  the  fluid  and  solid.  It  is  for  this  reason  that  all  wave  propagation  studies  in  single  media  are  important  to  retain 
in  this  section.  In  all  simulations,  a  uniform  mesh  of  10  elements  with  p  =  11  in  space  and  time,  and  solutions  of  class  C1  in  space 
and  time  are  used.  Reference  values  used  for  the  solids  and  fluids  in  the  computations  of  evolutions  are  as  follows. 

Elastic  solid  (SI): 

Po  =  7896  kg/m3,  L$  =  0.02  m  i>o  =  500  m/s  Eq  =  2.0  x  1011  Pa  tq  =  po^o2  =  1.974  x  109  Pa 

Softer  elastic  solid  (S2): 

po  =  868  kg/m3,  Lq  =  0.02  m  i>o  =  0.05  m/s  Eq  =  4.0  x  102  Pa  to  =  povo 2  =  2.17Pa 

Maxwell  fluid  (FI): 


po  =  868  kg/m3,  Lq  =  0.02  m  vq  =  0.05  m/s,  po  —  3.0Pa  •  s  ,  po  =  tq  =  povo2  =  2.17  Pa 
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Oldroyd-B  fluid  (F2): 

po  =  868  kg/m3,  Lq  =  0.02  m  vq  =  0.05  m/s,  po  —  3.0Pa  •  s  ,  po  =  to  =  pcP’o2  =  2.17  Pa 

Giesekus  fluid  (F3): 

po  =  800  kg/m3,  Lq  =  0.02  m  Vo  =  0.05  m/s ,  po  =  1.426Pa  ■  s  ,  po  =  tq  =  po'Vo2  =  2.0  Pa 

For  the  nonlinear  initial  value  problems  considered  here,  Newton’s  linear  method  with  line  search  (see  Surana  et.al.  [10-12, 
4 1  — 44]  j  is  used;  solution  is  assumed  to  be  converged  when  the  absolute  value  of  each  component  of  the  variation  of  residuals  for 
the  space-time  strip  is  less  than  10-6.  In  all  numerical  studies  in  this  section  we  chose  vmax  or  vmax  of  0.001.  This  choice  yields 
displacement  u  (in  case  of  hyper-elastic  solid)  of  the  order  of  O(10-5),  well  within  the  range  of  infinitesimal  deformation.  In  all 
computations,  Af  =  0.01  is  used.  For  figures  12-18  the  blue  color  represents  the  evolution  of  incident  wave  and  the  red  color 
represents  the  reflected  wave.  Figures  12-13  show  evolutions  of  axial  velocity,  the  deviatoric  stress  and  displacement  as  a  function 
of  x  for  hyper-elastic  solid. 

We  note  that  in  the  case  of  hyper  and  hypo-elastic  solids  (figures  12-14)  there  is  no  mechanism  of  dissipation;  hence  the 
amplitude  and  base  of  the  velocity  and  stress  waves  do  not  change  during  evolution.  Upon  reflection  the  reflected  positive  velocity 
and  negative  stress  is  observed  (as  expected).  Evolutions  are  smooth  i.e.  oscillation  free.  Residual  values  of  the  order  of  ()( HU8  )  or 
lower  are  obtained  in  all  cases  confirming  that  GDEs  are  satisfied  accurately  in  the  pointwise  sense,  hence  the  computed  solutions 
are  in  fact  true  solutions  of  the  GDEs  in  the  mathematical  models.  In  the  case  of  Maxwell  fluid  we  observe  amplitude  decay 
during  evolution  due  to  viscous  dissipation  but  no  significant  base  elongation,  otherwise  the  behavior  is  similar  to  the  solids.  In 
the  Oldroyd-B  fluid  significant  base  elongation  and  amplitude  decay  both  are  present.  Base  elongation  in  the  model  is  due  to 
dependence  of  the  deviatoric  Cauchy  stress  on  7(2),  second  convected  time  derivative  of  the  strain  tensor.  In  this  model  amplitude 
decay  is  much  more  pronounced  than  Maxwell  model.  The  Giesekus  model  (Fig.  18)  also  shows  amplitude  decay  and  base 
elongation.  In  this  case  the  amplitude  decay  is  more  than  the  Maxwell  model  but  not  as  pronounced  as  in  the  case  of  the  Oldroyd- 
B  model.  Base  elongation  is  also  not  as  pronounced  as  in  the  case  of  the  Oldroyd-B  model.  The  wave  propagation  results  for 
polymeric  liquids  confirm  accurate  and  realistic  simulations  of  the  evolution  using  the  mathematical  models  presented  in  earlier 
sections.  These  are  important  to  confirm  before  we  undertake  fluid-solid  interaction  evolution  studies  using  these  mathematical 
models. 

Similar  graphs  for  softer  hyper-elastic  solids  are  shown  in  figures  14  and  15.  Graphs  of  the  evolutions  of  velocity  v  and  the 
deviatoric  Cauchy  stress  d&xx,  for  the  Maxwell,  Oldroyd-B  and  Giesekus  fluid  are  shown  in  figures  16-18.  From  the  results 
presented  in  figures  12-18  for  wave  propagation  in  a  single  medium  we  observe:  (i)  the  wave  propagation  and  its  reflection  from 
the  impermeable  left  boundary  are  simulated  without  any  difficulty  (ii)  the  evolutions  are  smooth,  that  is,  free  of  oscillations  (iii) 
the  evolution  of  the  wave  propagation  is  significantly  different  for  each  media,  i.e.  the  speed  of  wave  propagation,  the  reflection 
phenomena  and  the  propagation  of  reflected  waves.  In  case  of  solid  media,  the  wave  amplitude  and  its  support  do  not  change  during 
evolutions  as  the  media  are  considered  non-dissipative. 

Additionally,  these  results  also  confirm  that  the  computational  process  used  in  practically  free  of  numerical  dispersion.  In  case 
of  Maxwell,  Oldroyd-B  and  Giesekus  fluids  we  note:  (a)  Due  to  dissipative  mechanism,  the  peak  value  of  the  wave  progressively 
diminishes  and  its  support  elongates  during  evolution,  (b)  The  evolution  of  the  wave  propagation  is  significantly  different  in  the 
three  fluids  considered,  (c)  In  all  cases,  the  residual  functional  I  of  the  order  of  O(10~8)  or  lower  confirms  good  accuracy  of  the 
computed  solution.  We  reemphasize  that  these  results  for  ID  wave  propagation  in  single  media  and  demonstration  of  their  accuracy 
is  essential  in  ensuring  that  any  failures  in  fluid-solid  interaction  wave  propagation  cannot  possibly  be  attributed  to  the  failures  of 
wave  propagation  in  individual  media. 
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(a)  Velocity  v  versus  Distance  x  (b)  Stress  d&xx  versus  Distance  x 
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(c)  Displacement  u  versus  Distance  x 


Figure  12:  Wave  Propagation  in  Hyper-elastic  solid:  vmax  =  0.001 
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(a)  Velocity  v  versus  Distance  x 


(b)  Stress  d<?xx  versus  Distance  x 


(c)  Displacement  u  versus  Distance  x 


Figure  13:  Wave  Propagation  in  Softer  hyper-elastic  solid:  vmax  =  0.001 


(a)  Velocity  v  versus  Distance  x 


(b)  Stress  d&xx  versus  Distance  x 


Figure  14:  Wave  Propagation  in  hypo-elastic  solid:  vmax  =  0.001 
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(a)  Velocity  v  versus  Distance  x 


(b)  Stress 


Figure  15:  Wave  Propagation  in  Softer  hypo-elastic  solid: 


dcrxx  versus  Distance  x 
Umax  ~  P-001 


(a)  Velocity  v  versus  Distance  x  (b)  Stress  d&Xx  versus  Distance  x 

Figure  16:  Wave  Propagation  in  Maxwell  fluid:  vmax  =  0.001 


(a)  Velocity  v  versus  Distance  x  (b)  Stress  d&xx  versus  Distance  x 

Figure  17:  Wave  Propagation  in  Oldroyd-B  fluid:  vmax  =  0.001 
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(a)  Velocity  v  versus  Distance  x  (b)  Stress  d^x  versus  Distance  x 

Figure  18:  Wave  Propagation  in  the  Giesekus  Fluid:  vmax  =  0.001 


II.9.4  Wave  propagation  with  bi-material  interface  using  hyper-elastic  solids  and  polymeric  liquids 

In  this  section  we  present  fluid-solid  interaction  studies  in  which  the  solid  is  always  hyper-elastic  i.e.  the  mathematical  model 
for  the  solid  is  in  the  Lagrangian  description  and  the  mathematical  model  for  the  polymeric  liquid  is  in  the  Eulerian  description 
with  transport.  We  first  give  some  details  of  reference  quantities  used  in  the  numerical  studies.  Referring  to  Fig.  1 1  we  choose  Ml 
as  a  polymeric  fluid  and  M2  to  be  hyper-elastic  solid.  The  reference  quantities  for  various  combinations  of  Ml  and  M2  are  listed 
in  the  following: 

Ml  -  Maxwell  fluid  (FI) ;  M2  -  Hyper-elastic  solid  (SI): 

po  =  7896  kg/m3,  Lg  =  0.02  m,  vo  =  500  m/s,  E$  =  2  x  1011  Pa,  po  =  tq  =  povo 2  =  1.974  x  109  Pa 

Ml  -  Oldroyd-B  fluid  (F2) ;  M2  -  Hyper-elastic  solid  (SI): 

po  =  7896  kg/m3,  Lo  =  0.02  m,  vq  =  500  m/s,  Eq  =  2  x  1011  Pa,  po  =  To  =  PoA)2  —  1-974  x  109  Pa 

Ml  -  Giesekus  fluid  (F3) ;  M2  -  Hyper-elastic  solid  (SI): 

Po  =  7896  kg/m3 ,  L0  =  0.02  to,  Vq  =  500  m/s,  E0  =  2  x  1011  Pa,  po  =  t0  =  Povo2  =  1-974  x  109  Pa 

For  all  numerical  studies  in  this  section  we  consider  a  non-uniform  mesh  of  25  nine  node  p- version  elements  for  Ml  and  M2 
with  a  p-level  of  1 1  in  space  and  time  (Fig.  1 1(e)).  We  consider  solutions  of  class  C 1  in  space  and  time  we  consider  At  =  0.01  for 
the  entire  evolution. 

In  this  case,  the  mathematical  model  for  solid  is  in  Fagrangian  description  and  for  fluid  in  the  Eulerian  description  with 
transport,  same  as  in  AFE  and  the  deformation  of  the  interface  is  infinitesimal,  hence  there  is  no  need  for  moving  mesh.  Figures 
19-21  show  evolutions  of  axial  velocity,  axial  stress  and  displacement  when  Ml  is  the  Maxwell,  Oldroyd-B  and  Giesekus  fluid 
respectively  and  M2  is  hyper-elastic  solid  (SI).  In  this  particular  case  we  note  that  the  solid  is  a  much  stiffer  material  compared  to 
the  polymers,  hence  at  the  interface  (x  =  1.0)  the  polymer  offer  no  resistance  to  the  solid,  hence  at  the  solid-fluid  interface  the  solid 
boundary  behaves  like  a  free  boundary.  This  is  confirmed  by  the  reflected  velocity  wave  being  the  same  as  the  incident  velocity 
wave  while  the  reflected  stress  wave  is  tensile.  For  this  case  due  to  very  high  stiffness  of  the  solid  region  the  combined  problem 
behaves  as  if  the  fluid  is  non  existent,  hence  in  this  case  it  is  difficult  to  judge  the  interaction  of  the  solid  model  in  Fagrangian 
description  and  the  fluid  model  in  the  Eulerian  description. 


63 


REPORT  DOCUMENTATION  PAGE  (SF  298) 
(Continuation  Sheet) 


(b)  Stress  d<?xx  versus  the  distance  x 
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(c)  Displacement  u  versus  Distance  x 
Figure  19:  Maxwell  fluid  (Ml)  -  Hyper-elastic  solid  (M2):  vmax  =  0.001 


Next,  we  consider  interaction  of  polymeric  liquids  (Ml)  with  softer  hyper-elastic  solid  S2  (M2).  In  this  case  the  stiffnesses 
of  Ml  and  M2  are  approximately  in  the  same  range.  We  should  be  able  to  see  more  clearly  the  influence  of  the  fluid-solid  inter¬ 
action  during  evolution.  We  continue  to  use  vmax  or  vmax  of  0.001  which  will  keep  the  motion  of  the  fluid  solid  interface  in  the 
infinitesimal  range.  With  infinitesimal  deformation  of  the  fluid-solid  interface  our  computed  results  should  be  exactly  the  same  as 
those  from  ALE  description  due  to  the  fact  that  no  movement  of  the  mesh(es)  is  needed  due  to  the  infinitesimal  movement  of  the 
interface.  Reference  values  are  given  in  the  following: 

Ml  -  Maxwell  fluid  (FI) ;  M2  -  Softer  hyper-elastic  solid  (S2): 

po  =  868  kg/m3,  Lq  =  0.02  m  Vo  =  0.05  m/s,  go  =  3.0 Pa  •  s  ,  Eq  =  400  Pa  po  =  To  =  Po^o2  =  2.17  Pa 

Ml  -  Oldroyd-B  fluid  (F2) ;  M2  -  Softer  hyper-elastic  solid  (S2): 

po  =  868  kg/m3,  Lq  =  0.02  m  v o  =  0.05  m/s,  go  =  3.0 Pa  ■  s  ,  Eq  =  400  Pa  po  =  To  =  po'Vo2  =  2.17  Pa 

Ml  -  Giesekus  fluid  (F3);  M2  -  Softer  hyper-elastic  solid  (S2): 

Po  =  868  kg/m3,  L0  =  0.02  m  Vq  =  0.05  m/s,  go  =  3.0 Pa  •  s  ,  E0  =  400  Pa  Po  =  tq  =  Po^o2  =  2.17  Pa 
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Evolutions  are  compiled  using  25  element  non-uniform  discretization  for  Ml  and  M2  with  p-level  of  1 1  in  space  and  time.  Local 
approximations  of  class  C1  in  space  and  time  are  considered.  Convergence  tolerance  for  Newton’s  linear  method  is  0(10  6).  In 
figures  22-31  the  blue  color  represents  incident  waves  and  the  red  color  represents  reflected  and  transmitted  waves.  Evolution  for 
axial  velocity  and  axial  stress  of  Maxwell  fluid  (Ml)  and  softer  hyper-elastic  solid  (M2)  interaction  are  shown  in  in  Fig.  22.  Fig. 
22(a)  shows  evolution  of  velocity  for  the  first  15  time  steps  that  consist  of  12  time  steps  for  the  incident  wave  and  13-15  time  steps 
related  to  the  interaction  of  the  wave  at  the  interface  located  at  x  =  1.0.  Fig.  22(a)-(e)  show  the  first  12  time  steps  and  time  steps 
13,  15,  17  and  19  respectively.  We  clearly  observe  that  transmission,  reflection  and  subsequent  propagation  of  the  velocity  wave 
becomes  progressively  spurious  with  further  evolution.  Similar  graphs  for  the  evolution  of  axial  deviatoric  stress  shown  in  figures 
23(a)-(e)  confirm  the  same  observations  as  in  the  case  of  axial  velocity  in  Fig.  22(a)-(e). 


(b)  Stress  d^xx  versus  the  distance  x 
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(c)  Displacement  u  versus  Distance  x 


Figure  20:  Oldroyd-B  fluid  (Ml)  -  Hyper-elastic  solid  (M2):  vmax  =  0.001 
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(b)  Stress  d&xx  versus  the  distance  x 
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Figure  21:  Giesekus  Fluid  (Ml)  -  Hyper-elastic  solid  (M2):  vmax  =  0.001 


Similar  graphs  for  axial  velocity  and  axial  stress  for  interaction  of  Oldroyd-B  fluid  (Ml)  and  softer  hyper-elastic  solid  (M2)  are 
shown  in  figures  24(a)-(e)  and  25(a)-(e).  In  this  study,  the  evolution  at  the  interface  and  in  its  neighborhood  is  not  as  oscillatory  and 
spurious  as  in  the  case  of  Maxwell  fluid  and  softer  solid  S2  but  the  spurious  nature  of  reflected  waves  is  quite  apparent.  In  these 
studies  vmax  of  0.001  was  used.  Similar  studies  when  performed  using  vmax  of  0.1  produced  quite  spurious  results  as  shown  in  Fig. 
26(a)-(e)  and  27(a)-(e).  Interaction  results  for  axial  velocity  and  axial  stress  for  Giesekus  fluid  (Ml)  and  softer  hyper-elastic  solid 
(M2)  for  vmax  of  0.001  are  shown  in  figures  28(a)-(e)  and  29(a)-(e).  At  a  quick  glance  they  may  appear  some  what  convincing  but 
their  spurious  nature  is  quite  obvious  due  to  attenuating  peaks  of  the  reflected  stress  wave  shown  in  Fig.  29(a).  Evolutions  of  axial 
velocity  and  axial  stress  for  vmax  of  1.0  in  figures  30(a)-(e)  and  31(a)-(e)  show  complete  breakdown  of  the  interaction  between 
Ml  and  M2  resulting  in  spurious  evolution.  We  note  that  in  all  cases  the  computed  evolution  becomes  spurious  after  the  incidental 
wave  reaches  the  fluid-solid  interface.  This  holds  regardless  of  the  magnitude  of  vmax,  indicating  the  lack  of  correct  physics  at  the 
interface  in  these  mathematical  models. 
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Figure  22:  Maxwell  fluid  (Ml)  -  Softer  hyper-elastic  solid  (M2):  vmax  =  0.001;  Evolution  of  the  velocity 
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Figure  23:  Maxwell  fluid  (Ml)  -  Softer  hyper-elastic  solid  (M2):  vmax  =  0.001;  Evolution  of  the  stress 
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Figure  24:  Oldroyd-B  fluid  (Ml)  -  Softer  hyper-elastic  solid  (M2):  vmax  =  0.001;  Evolution  of  the  velocity 
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Figure  25:  Oldroyd-B  fluid  (Ml)  -  Softer  hyper-elastic  solid  (M2):  vmax  =  0.001;  Evolution  of  the  stress 
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Figure  26:  Oldroyd-B  fluid  (Ml)  -  Softer  hyper-elastic  solid  (M2):  vrnax  =  0.1;  Evolution  of  the  velocity 
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Figure  27:  Oldroyd-B  fluid  (Ml)  -  Softer  hyper-elastic  solid  (M2):  vmax  =  0.1;  Evolution  of  the  stress 
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Figure  28:  Giesekus  Fluid  (Ml)  -  Softer  hyper-elastic  solid  (M2):  vmax  =  0.001;  Evolution  of  the  velocity 
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Figure  29:  Giesekus  Fluid  (Ml)  -  Softer  hyper-elastic  solid  (M2):  vmax  =  0.001;  Evolution  of  the  stress 
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Figure  30:  Giesekus  Fluid  (Ml)  -  Softer  hyper-elastic  solid  (M2):  vmax  =  1.0;  Evolution  of  the  velocity 
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(a)  Entire  Evolution 


Figure  31:  Giesekus  Fluid  (Ml)  -  Softer  hyper-elastic  solid  (M2):  vmax  =  1.0;  Evolution  of  the  stress 
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II.9.5  Wave  propagation  with  bi-material  interface  using  hypo-elastic  solid  and  polymeric  fluids 

In  these  numerical  studies  we  consider  interaction  between  hypo-elastic  solid  and  polymeric  fluids.  The  mathematical  models 
used  for  solid  matter  and  polymers  both  utilize  Eulerian  description  with  transport.  The  dependent  variables  in  both  mathematical 
models  are  the  same  as  well.  Thus,  the  fluid-solid  interaction  is  intrinsic  in  the  mathematical  models,  hence  we  expect  the  compu¬ 
tations  of  evolution  to  be  non-spurious  when  converged.  In  these  studies  Ml  is  polymer  and  M2  is  solid.  The  reference  quantities 
for  various  combinations  of  Ml  and  M2  are: 

Ml  -  Maxwell  fluid  (FI) ;  M2  -  Hypo-elastic  solid  (SI): 

po  =  7896  kg/m3,  Lq  =  0.02  m,  vq  =  500  m/s,  Eq  =  2  x  1011  Pa,  po  =  to  =  povo2  =  1-974  x  109  Pa 

Ml  -  Oldroyd-B  fluid  (F2) ;  M2  -  Hypo-elastic  solid  (SI): 

Po  =  7896  kg/m3,  L0  =  0.02  m,  Vq  =  500  m/s,  E0  =  2  x  1011  Pa,  po  =  r0  =  Povo2  —  1-974  x  109  Pa 

Ml  -Giesekus  fluid  (F3) ;  M2  -  Hypo-elastic  solid  (SI): 

Po  =  7896  kg/m3,  Lq  =  0.02  m,  vq  =  500  m/s,  Eo  =  2  x  1011  Pa,  po  =  to  =  povo2  —  1-974  x  109  Pa 

Ml  -  Maxwell  fluid  (FI);  M2  -  Softer  hypo-elastic  solid  (S2): 

po  —  868  kg/m3,  Lq  =  0.02  m  vo  =  0.05  m/s ,  po  =  3.0Pa  •  s  ,  Eq  =  400  Pa  po  =  To  =  po‘Vo2  =  2.17  Pa 

Ml  -  Oldroyd-B  fluid  (F2);  M2  -  Softer  hypo-elastic  solid  (S2): 

Po  =  868  kg/m3,  L0  =  0.02  m  Vq  =  0.05  m/s,  po  —  3.0 Pa  •  s  ,  E0  =  400  Pa  Po  =  To  =  Povo2  =  2.17  Pa 

Ml  -  Giesekus  fluid  (F3);  M2  -  Softer  hypo-elastic  solid  (S2): 

Po  =  868  kg/m3,  Lq  =  0.02  m  vo  =  0.05  m/s,  po  =  3.0Pa  •  s  ,  Eq  =  400  Pa  po  =  To  =  po'^o2  =  2.17  Pa 

For  all  numerical  studies  we  consider  non-uniform  meshes  of  25  nine  node  p-version  elements  for  Ml  and  M2  with  p-level  of 
1 1  in  space  and  time.  We  consider  solutions  of  class  C 1  in  space  and  time,  we  choose  At  =  0.01  for  the  entire  evolution.  Evolution 
of  axial  velocity  and  axial  stress  for  various  combination  of  fluids  (Ml)  and  solids  (M2)  are  shown  in  figures  32-41.  In  figures 
32-41  the  blue  color  represents  incident  waves  and  the  red  color  represents  reflected  and  transmitted  waves.  A  summary  is  given 
in  the  following: 

Ml:  Maxwell  fluid  (FI)  M2:  Hypo-elastic  solid  (SI)  ;  Figures  32(a)-(b)  for  vmax  =  0.001 

Ml:  Maxwell  fluid  (FI)  M2:  Hypo-elastic  solid  (SI)  ;  Figures  33(a)-(b)  for  vmax  =  1.0 

Ml:  Giesekus  fluid  (F3)  M2:  Hypo-elastic  solid  (SI) ;  Figures  34(a)-(b)  for  vmax  =  0.001 

Ml:  Giesekus  fluid  (F3)  M2:  Hypo-elastic  solid  (SI) ;  Figures  35(a)-(b)  for  vrnax  =  1.0 

Ml:  Maxwell  fluid  (FI)  M2:  Softer  hypo-elastic  solid  (S2) ;  Figures  36(a)-(b)  for  vmax  =  0.001 

Ml:  Maxwell  fluid  (FI)  M2:  Softer  hypo-elastic  solid  (S2) ;  Figures  37(a)-(b)  for  vmax  =  1.0 
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Ml:  Oldroyd-B  fluid  (F2)  M2:  Softer  hypo-elastic  solid  (S2) ;  Figures  38(a)-(b)  for  vmax  =  0.001 
Ml:  Oldroyd-B  fluid  (F2)  M2:  Softer  hypo-elastic  solid  (S2) ;  Figures  39(a)-(b)  for  vmax  =  1-0 
Ml:  Giesekus  fluid  (F3)  M2:  Softer  hypo-elastic  solid  (S2)  ;  Figures  40(a)-(b)  for  vmax  =  0.001 
Ml:  Giesekus  Fluid  (F3)  M2:  Softer  hypo-elastic  solid  (S2) ;  Figures  41(a)-(b)  for  vmax  =  1.0 


From  Fig.  32  we  note  that  due  to  the  stiffness  of  the  solid  being  much  higher  than  the  stiffness  of  the  Maxwell  fluid  at  the 
fluid-solid  interface,  the  Maxwell  fluid  offers  no  resistance  to  the  motion  of  the  solid.  As  a  consequence,  the  incident  compressive 
stress  wave  is  reflected  as  a  tensile  stress  wave  without  any  transmission  in  the  fluid.  The  magnitude  of  makes  no  difference 
(Fig.  33  for  vmax  =  1.0).  In  the  case  of  the  Giesekus  fluid,  a  dense  polymer,  the  mismatch  between  the  stiffness  of  this  fluid  and 
solid  is  not  as  large  as  in  case  of  the  Maxwell  fluid,  yet  from  Fig.  34(a)-(b)  we  still  observe  a  reflected  tensile  stress  wave  without 
any  transmission  in  the  fluid  at  the  interface.  None  the  less  the  evolution  is  smooth  and  appears  non-spurious  in  the  interaction 
of  polymers  with  softer  hypo-elastic  solid  (S2)  the  mismatch  in  stiffnesses  is  not  that  drastic,  hence  we  expect  transmission  and 
reflection  of  the  incident  wave  at  the  interface  in  all  three  polymeric  fluids.  Figures  36(a)-(b)  and  37(a)-(b)  show  evolutions  of 
axial  velocity  and  deviatoric  stress  along  the  length  for  vmax  of  0.001  and  1.0.  From  Fig.  36(a)-(b)  we  observe  reflection  and 
transmission  of  velocity  and  stress  waves.  The  reflected  waves  maintain  amplitude  and  base  as  expected  in  elastic  medium  while 
the  transmitted  waves  in  the  Maxwell  fluid  experience  substantial  amplitude  decay  during  evolution.  The  evolution  is  smooth  and 
oscillation  free  for  both  values  of  vmax.  Similar  behaviors  are  observed  in  figures  38(a)-(b)  and  39(a)-(b)  for  interaction  of  the 
Oldroyd-B  fluid  (Ml)  with  softer  hypo-elastic  solid  (M2)  except  that  in  this  case  the  base  elongation  of  the  transmitted  wave  in  the 
polymer  is  significant.  The  evolution  of  velocity  and  deviatoric  stress  for  the  Giesekus  fluid  (Ml)  and  softer  hypo-elastic  solid  (M2) 
for  vmax  °f  0.001  and  1.0  are  shown  in  40(a)-(b)  and  41(a)-(b).  Evolutions  are  similar  to  those  for  the  Maxwell  and  Oldroyd-B 
fluids  and  Softer  hypo-elastic  solids.  Once  again  we  observe  that  the  reflected  waves  maintain  their  base  and  amplitude  in  the  solid 
region  as  expected  while  the  transmitted  wave  experiences  amplitude  decay  during  evolution.  In  all  cases  the  evolutions  are  smooth. 
Reflections  and  transmissions  of  the  waves  at  the  fluid-solid  interface  are  simulated  smoothly.  The  reflected  and  the  transmitted 
waves  in  all  cases  exhibit  the  expected  physics  in  terms  of  their  amplitude  and  base.  The  low  values  of  the  residuals  (O(10-6)  or 
lower)  in  all  calculations  confirm  that  the  reported  evolutions  indeed  satisfy  the  governing  differential  equations  quite  well.  Due  to 
C1  of  local  approximation  the  integrals  are  Lebesgue,  however  at  high  p-levels  (11)  used  in  the  studies  they  are  sufficiently  close 
to  their  Riemann  values. 


(a)  Velocity  v  versus  Distance  x 

Figure  32:  Maxwell  fluid  (Ml)  - 


(b)  Stress  d&xx  versus  Distance  x 
i-elastic  solid  (M2):  vmax  =  0.001 
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(a)  Velocity  v  versus  Distance  x 

Figure  33:  Maxwell  fluid  (Ml)  -  Hypo-elastic 


(b)  Stress  d&xx  versus  Distance  x 
solid  (M2):  vmax  =  1-0 
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(a)  Velocity  v  versus  Distance  x 


(b)  Stress  d&xx  versus  Distance  x 


Figure  34:  Giesekus  fluid  (Ml)  -  Hypo-elastic  solid  (M2):  vmax  =  0.001 


(a)  Velocity  v  versus  Distance  x 


(b)  Stress  d&xx  versus  Distance  x 


Figure  35:  Giesekus  fluid  (Ml)  -  Hypo-elastic  solid  (M2):  vmax  =  1.0 
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(a)  Velocity  v  versus  Distance  x 


Distance,  x 


(b)  Stress  d&xx  versus  Distance  x 


Figure  36:  Maxwell  fluid  (Ml)  -  Softer  hypo-elastic  solid  (M2):  vmax  =  0.001 


Distance,  x 


(a)  Velocity  v  versus  Distance  x 


(b)  Stress  d^xx  versus  Distance  x 


Figure  37:  Maxwell  fluid  (Ml)  -  Softer  hypo-elastic  solid  (M2):  vmax  =  1-0 


(a)  Velocity  v  versus  Distance  x 

Figure  38:  Oldroyd-B  fluid  (Ml)  -  Softer  hypo-elastic  solid  (M2):  vmax  =  0.001 
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(a)  Velocity  v  versus  Distance  x 

Figure  39:  Oldroyd-B  fluid  (Ml) 


Softer  hypo-elastic  solid  (M2):  vr, 


=  1.0 


(a)  Velocity  v  versus  Distance  x 


Figure  40:  Giesekus  Fluid  (Ml)  -  Softer  hypo-elastic  solid  (M2):  vmax  =  0.001 


(a)  Velocity  v  versus  Distance  x 

Figure  41:  Giesekus  (Ml) 


Softer  hypo-elastic  solid  (M2):  v„ 


=  1.0 


These  studies  demonstrate  that  when  the  mathematical  models  for  the  fluid  and  the  solid  utilize  the  same  mathematical  de¬ 
scription  using  the  same  dependent  variables  with  the  same  physical  meaning,  the  fluid-solid  interaction  is  inherent  or  intrinsic  in 
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the  mathematical  models.  Such  models  easily  permit  delicate  fluid-solid  interaction  numerical  simulations  like  wave  propagation 
shown  here  without  any  difficulty  and  without  the  use  of  any  external  means  or  conditions  at  the  interface. 

11.10  Summary,  concluding  remarks,  significance  and  impact  of  this  research 

We  presented  various  mathematical  modeling  approaches,  including  ALE,  for  fluid-solid  interaction  and  associated  computa¬ 
tional  methodologies  for  obtaining  numerical  solution  of  the  initial  value  problems.  The  mathematical  models  for  the  thermoelastic 
solid  matter  are  presented  for  two  cases.  (1)  hyper-elastic  solid  matter  using  the  Lagrangian  and  Eulerian  descriptions  without 
transport.  In  these  mathematical  models  the  grid  point  locations  are  indeed  material  point  locations.  During  evolution  we  monitor 
displacements  of  the  the  material  points.  Material  point  displacements  are  required  in  kinematic  description  of  a  deforming  solid 
matter.  The  constitutive  theories  for  such  material  expresses  stress  tensor  as  a  function  of  strain  tensor  thus  precluding  transport. 
(2)  Hypo-elastic  solid  matter  in  the  Eulerian  description  with  transport.  In  this  description  the  grid  point  locations  are  fixed  during 
evolution.  As  the  material  flows  through  these  locations  during  evolution,  we  monitor  its  state.  Obviously,  in  this  description  the 
motion  of  individual  material  points,  that  is,  displacements  are  not  monitored.  A  fixed  spatial  location  is  occupied  by  different  ma¬ 
terial  particles  for  different  values  of  time  during  evolution.  In  the  constitutive  theory  for  such  materials  we  express  convected  time 
derivatives  of  stress  tensor  in  terms  of  convected  time  derivatives  of  strain  tensor  excluding  the  strain  tensor  itself,  thus  permitting 
transport.  We  reiterate  that  in  the  case  of  hypo-elastic  solids  the  material  point  displacements  are  not  available.  The  mathematical 
model  for  fluids  (viscoelastic  polymeric  liquids  considered  here)  is  derived  using  the  Eulerian  description  with  transport.  This 
description  is  exactly  same  as  the  one  used  for  hypo-elastic  solid  matter.  Obviously,  in  this  description  also  we  do  not  identify 
material  points  and  hence  do  not  monitor  their  displacements;  instead,  we  monitor  the  state  of  the  deforming  matter  at  fixed  spatial 
location  as  different  material  points  pass  through  these  locations  during  evolution. 

The  ALE  methodology  based  on  the  Lagrangian  description  for  solid  matter  (hyper-elastic)  and  the  Eulerian  description  for 
fluid  is  considered.  The  mathematical  model  used  in  the  published  works  is  considered  equations  (II.30)-(II.33).  We  note  the 
following  features  of  the  formulation: 

(a)  When  C  =  v  the  model  reduces  to  Eulerian  description  with  transport,  ideal  for  fluids. 

(b)  When  C  =  0,  the  mathematical  model  does  not  reduce  to  the  Lagrangian  description  for  solid  matter  that  accounts  for  finite 
deformation.  Firstly,  the  stress  measure  in  (II.30)-(II.33)  is  not  the  same  as  in  (II.1)-(II.5)  or  (II.34)-(II.37).  Secondly,  The 
velocity  v  for  solid  and  v  for  fluid  have  completely  different  meaning  and  physics.  Thirdly,  for  solid  matter  considered  here, 
the  velocity  field  is  not  divergence  free  (obvious  from  (II.  1)-(II.5)  and  (II.34)-(II.37))  when  C  =  0,  the  mathematical  model 
reduces  to  (II.7)  and  (II. 8),  which  is  the  mathematical  model  for  infinitesimal  deformation.  Thus,  the  ALE  mathematical 
model  (II.30)-(II.33)  does  not  have  physics  of  finite  motion  or  deformation  of  the  fluid-solid  interface. 

(c)  Choice  of  appropriate  constitutive  theories  is  another  major  concern  in  fluid-solid  interaction,  which  is  rarely  addressed  in 
the  published  studies  on  ALE. 

From  the  derivations  leading  to  the  mathematical  models  for  solids  in  the  Lagrangian  description  and  the  Eulerian  description 
without  transport  and  fluids  in  the  Eulerian  description  with  transport,  we  have  shown  that  the  interaction  between  the  fluid  and 
the  solid  is  not  intrinsic  in  the  mathematical  models.  At  the  interface  between  the  solid  and  fluid,  the  Lagrangian  description 
without  transport  and  the  Eulerian  description  with  transport  have  nothing  in  common.  The  interface  boundary  pertaining  to 
solid  deforms  during  evolution  while  its  mating  position  belonging  to  fluid  remains  fixed  during  the  evolution.  This  physics  is 
inherent  in  the  mathematical  models.  In  the  published  work  on  ALE  the  solid  and  fluid  domain  are  discretized  and  the  integral 
forms  are  constructed  using  the  Lagrangian  and  Eulerian  (with  transport)  descriptions  (presented  here)  for  the  respective  domains. 
It  is  advocated  to  introduce  a  “moving  mesh”  and  the  two  discretizations  are  mapped  on  to  the  moving  mesh  resulting  in  the 
movement  of  the  mesh  in  the  fluid  domain  such  that  the  separation  between  the  fluid  and  solid  domain  boundaries  similar  to 
shown  in  Fig.  10  (b)  does  not  occur.  Forcing  the  interaction  between  solid  and  fluid  by:  (a)  using  discretized  forms  of  the 
mathematical  models  (b)  mapping  the  discretized  forms  on  to  a  moving  mesh  so  that  the  fluid  and  solid  interfaces  never  separate 
even  though  mathematical  models  allow  separation  between  the  two  media,  lacks  rationale  and  justification.  The  work  presented 
here  evaluates  mathematical  models  for  solids  in  the  Lagrangian  description  (or  the  Eulerian  description  without  transport)  and  for 
fluids  in  the  Eulerian  description  with  transport  to  determine  whether  the  interaction  between  the  solid  and  the  fluid  is  intrinsic  in  the 
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mathematical  model.  If  the  interaction  is  intrinsic  in  the  mathematical  model,  then  the  computation  can  proceed  without  any  further 
regard  or  consideration  of  the  interface  between  the  fluid  and  the  solid.  On  the  other  hand,  if  we  establish  that  the  physics  of  the 
fluid-solid  interaction  is  not  intrinsic  or  inherent  in  the  two  mathematical  models,  then  regardless  of  the  type  of  constraint  equations 
describing  interface  behavior  or  any  other  means  employed  at  the  interface,  the  correct  physics  of  interaction  cannot  be  resolved 
through  computational  means.  The  work  presented  demonstrates  several  main  aspects:  (1)  When  the  mathematical  models  for 
solid  are  in  the  Lagrangian  description  and  for  the  fluid  in  the  Eulerian  description  with  transport,  the  fluid-solid  interaction  is  not 
intrinsic  in  the  mathematical  model  regardless  of  the  magnitude  of  deformation  or  motion.  The  correct  interaction  physics  cannot 
be  defined  using  these  models  through  any  mathematically  justifiable  means.  (2)  The  ALE  approaches  for  fluid-solid  interaction 
result  in  failure  even  in  the  case  of  infinitesimal  deformation  and  are  not  justified  based  on  continuum  mechanics  principles.  (3) 
When  the  fluid-solid  interaction  is  inherent  in  the  mathematical  model  as  in  case  of  hypo-elastic  solids  and  polymers,  both  using 
the  Eulerian  description  with  transport,  computation  of  evolution  for  the  fluid-solid  interaction  problems  is  a  straight  forward  using 
space-time  coupled  or  space-time  decoupled  approaches,  as  illustrated  in  the  numerical  studies  for  ID  wave  propagation. 

Many  numerical  studies  are  presented  for  simple  one-dimensional  wave  propagation  model  problem  to  substantiate  and  illus¬ 
trate  the  finding  reported  above.  We  summarize  these  in  the  following. 

(1)  Each  mathematical  model  when  used  by  itself  simulates  wave  propagation  accurately  confirming  the  legitimacy  of  each 
mathematical  model. 

(2)  Mathematical  model  for  solid  matter  in  the  Lagrangian  description  and  for  fluid  in  the  Eulerian  description  yield  spurious 
evolutions  and  result  in  total  failure  in  simulating  interaction  physics  regardless  of  the  magnitude  of  the  deformation.  Nu¬ 
merical  studies  in  these  one-dimensional  wave  propagation  fluid-solid  interaction  studies  are  for  infinitesimal  deformation 
for  which  there  is  no  need  for  a  moving  mesh  in  the  ALE  clearly  show  failure  of  these  models  and  hence  failure  of  the  ALE 
methodology  in  fluid-solid  interaction. 

(3)  When  solid  models  are  for  hypo-elastic  matter  (the  Eulerian  description  with  transport)  and  the  polymer  models  also  in 
the  Eulerian  description  with  transport  and  use  the  same  dependent  variables  with  same  physical  meaning,  the  interaction 
between  the  solid  and  fluid  is  intrinsic  in  the  mathematical  models  and  hence  accurate  evolutions  can  be  computed  as  reported 
here.  We  note  that  hypo-elastic  solids  can  not  describe  common  solids  like  metals  (hyper-elastic)  but  are  used  in  the  represent 
work  to  demonstrate  the  intrinsic  nature  of  the  interaction  physics  in  the  mathematical  model  when  used  in  interaction  with 
polymers. 

(4)  We  have  shown  that  the  mathematical  models  for  hyper-elastic  solids  (most  common)  have  no  transport  where  as  the  math¬ 
ematical  models  for  fluids  do.  Presence  or  lack  of  transport  in  the  mathematical  model  can  be  established  by  examining  the 
constitutive  theories  for  the  stress  tensor  or  the  deviatoric  stress  tensor.  When  in  the  constitutive  theory  the  stress  tensor  or 
deviatoric  stress  tensor  is  a  function  of  strain  tensor  and  strain  rate  tensors  as  in  hyper-elastic  solid  material,  the  solid  matter 
does  not  have  physics  of  transport.  On  the  other  hand,  if  the  constitutive  theory  for  the  stress  tensor  for  a  material  is  derived 
using  strain  tensor  and  its  convected  time  derivatives  as  functions  of  strain  rate  tensor  but  not  strain  tensor  itself,  then  the 
material  can  experience  transport  during  deformation.  Thus,  thermoelastic  solids  have  no  transport  but  hypo-elastic  solids 
and  polymeric  liquids  do.  For  fluid-solid  interaction  to  be  inherent  in  the  mathematical  model,  the  mathematical  models  for 
both  solid  and  fluid  must  either  have  transport  or  both  should  not  have  transport.  We  refer  to  this  as  same  description  for  both 
fluid  and  solid.  The  choice  of  the  Eulerian  description  is  obvious  due  to  interaction  with  fluids. 

In  the  computations  of  evolution  there  are  many  other  computational  strategies  possible  [31],  The  space-time  coupled  finite 
element  approach  in  Hk,p(Clext)  based  on  space-time  residual  functional  has  been  preferred  here  as  [  1 0— 12,41  — 44]  it  :  (i)  yields 
unconditionally  stable  algebraic  systems  (ii)  has  built  in  mechanism  for  adaptivity  based  on  element  residual  functionals  (iii) 
permits  higher  order  global  differentiability  of  local  approximations  in  space  and  time. 

Based  on  the  work  presented  here  we  reached  several  conclusions.  (1)  The  ALE  methodologies  have  no  theoretical  bases 
and  are  in  violation  of  basic  physics  for  which  the  mathematical  models  for  solid  and  fluid  are  derived.  (2)  Hypo-elastic  solid 
models  do  not  accommodate  hyper-elasticity  physics  needed  for  most  solid  materials.  The  use  of  these  mathematical  models  in 
fluid-solid  interaction,  as  carried  out  in  this  work  is  only  to  demonstrate  that  correct  interaction  between  the  fluid  and  solid  is 
only  possible  when  the  mathematical  models  for  both  media  have  same  description  and  same  dependent  variables.  (3)  Since  the 
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Eulerian  description  with  transport  does  not  permit  displacements  of  material  points,  such  models  can  not  be  used  in  applications 
requiring  finite  motion  or  deformation  of  the  interface  between  fluid  and  solid.  (5)  Lastly,  the  mathematical  models  for  solids  (in 
the  Lagrangian  description)  and  fluids  (in  the  Eulerian  description),  as  exist  at  present,  are  not  adequate  for  fluid-solid  interaction 
studies.  A  single  mathematical  description  in  which  fluid  and  solid  descriptions  coexist  is  essential  for  their  interaction. 

The  work  presented  here  investigates  mathematical  models  for  fluids  and  solids  and  their  interactions.  It  is  established  that 
mathematical  models  for  solids  in  Lagrangian  description  and  for  fluids  in  Eulerian  description  with  zero  displacements  and 
strains  are  inadequate  for  use  in  fluid-solid  interaction  simulations  in  which  discretization  for  both  media  are  used  concurrently 
in  the  computations.  Solid  mathematical  models  permit  movement  of  the  mesh  (material  points)  whereas  in  case  of  fluid,  the  grid 
points  (not  material  points)  are  fixed,  hence  cannot  be  moved.  The  work  presented  here  demonstrates,  mathematically  as  well  as 
computationally,  that  ALE  techniques  used  presently  for  fluid-solid  interaction  have  no  mathematical  basis  and  in  fact  are  incapable 
of  describing  th  correct  interaction  physics,  hence  yield  solutions  that  are  not  the  solutions  of  the  desired  interaction  problems. 
Based  on  the  work  presented  here,  FSI  problems  with  currently  available  thermodynamic  framework  for  fluids  and  solids  can  not 
be  solved  correctly  using  concurrent  discretizations  for  solids  and  fluids  as  a  single  BVP  and  LVP.  This  is  a  significant  finding  that 
perhaps  promotes  alternative  thinking:  ( 1 )  Non-concurrent  discretizations  for  solid  and  fluid  with  interaction  through  the  interface 
boundary.  (2)  When  the  interface  boundary  moves  due  to  motion  of  solid  media,  the  discretization  in  the  fluid  cannot  be  moved, 
instead  we  must  rediscretize.  (3)  This  approach  allows  us  to  keep  track  of  time  history  of  solid  media  but  not  of  the  fluid,  hence 
this  approach  can  only  be  used  for  BVPs  and  not  for  IVPs.  The  research  work  on  FSI  using  this  approach  for  BVP  s  is  in  progress. 
(4)  With  the  currently  used  mathematical  models  for  fluids  and  solids,  there  does  not  appear  to  be  a  transparent  and  consistent 
methodology  for  their  interaction  for  BVPs  and  IVPs  if  the  combined  interaction  problem  is  to  be  considered  as  a  single  BVP  or 
IVP 

Ill  Mathematical  models  and  numerical  solutions  of  liquid-solid  and  solid-liquid 
phase  change 

This  work  presents  numerical  simulations  of  liquid-solid  and  solid-liquid  phase  change  processes  using  mathematical  models 
in  Lagrangian  and  Eulerian  descriptions.  The  mathematical  models  are  derived  by  assuming  a  smooth  interface  or  transition 
region  between  the  solid  and  liquid  phases  in  which  the  specific  heat,  density,  thermal  conductivity,  and  latent  heat  of  fusion 
are  continuous  and  differentiable  functions  of  temperature.  In  the  derivations  of  the  mathematical  models  we  assume  the  matter 
to  be  homogeneous,  isotropic,  and  incompressible  in  all  phases.  The  change  in  volume  due  to  change  in  density  during  phase 
transition  is  neglected  in  all  mathematical  models  considered  in  this  work.  This  section  describes  various  approaches  of  deriving 
mathematical  models  that  incorporate  phase  transition  physics  in  various  ways,  hence  results  in  different  mathematical  models. 
In  the  present  work  we  only  consider  the  following  two  types  of  mathematical  models:  (i)  We  assume  the  velocity  field  to  be 
zero  i.e.  no  flow  assumption,  and  free  boundaries  i.e.  zero  stress  field  in  all  phases.  Under  these  assumptions  the  mathematical 
models  reduce  to  first  law  of  thermodynamics  i.e.  the  energy  equation,  a  nonlinear  diffusion  equation  in  temperature  if  we  assume 
Fourier  heat  conduction  law  relating  temperature  gradient  to  the  heat  vector.  These  mathematical  models  are  invariant  of  the  type  of 
description  i.e.  Lagrangian  or  Eulerian  due  to  absence  of  velocities  and  stress  field.  ( ii )  The  second  class  of  mathematical  models 
are  derived  with  the  assumption  that  stress  field  and  velocity  field  are  nonzero  in  the  fluid  region  but  in  the  solid  region  stress  field 
is  assumed  constant  and  the  velocity  field  is  assumed  zero.  In  the  transition  region  the  stress  field  and  the  velocity  field  transition  in 
a  continuous  and  differentiable  manner  from  nonzero  at  the  liquid  state  to  constant  and  zero  in  the  solid  state  based  on  temperature 
in  the  transition  zone.  Both  of  these  models  are  consistent  with  the  principles  of  continuum  mechanics,  hence  provide  correct 
interaction  between  the  regions  and  are  shown  to  work  well  in  the  numerical  simulations  of  phase  transition  applications  with 
flow.  Details  of  other  mathematical  models,  problems  associated  with  them,  and  their  limitations  are  also  discussed.  Numerical 
solutions  of  phase  transition  model  problems  in  R1  and  R2  are  presented  using  these  two  types  of  mathematical  models.  Numerical 
solutions  are  obtained  using  h,p,  k  space-time  finite  element  processes  based  on  residual  functional  for  an  increment  of  time  with 
time  marching  in  which  variationally  consistent  space-time  integral  forms  ensure  unconditionally  stable  computations  during  the 
entire  evolution. 
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111.1  Introduction,  literature  review  and  scope  of  work 

111.1.1  Introduction 

The  phase  change  phenomena  in  which  the  matter  transitions  and  transforms  from  one  state  to  another  is  of  significant  academic 
and  industrial  importance.  Solid-liquid  or  liquid-solid  phase  transitions  and  their  numerical  simulation  have  been  a  subject  of 
research  and  investigation  for  over  a  century.  There  are  many  sources  of  difficulties  in  the  numerical  simulation  of  phase  change 
phenomena.  Phase  transition  physics  and  its  mathematical  modeling  is  quite  complex  due  to  the  fact  that  this  phenomenon  creates  a 
transition  region,  a  mixture  of  solid  and  liquid  phases,  in  which  the  phase  change  occurs  resulting  in  complex  changes  in  transport 
properties  such  as  density,  specific  heat,  conductivity  and  the  latent  heat  of  fusion  that  are  dependent  on  temperature.  During 
evolution  the  phase  transition  region  propagates  in  spatial  directions,  i.e.  its  location  changes  as  the  time  elapses.  Idealized  physics 
of  phase  change,  in  which  jumps  in  the  transport  properties  are  often  assumed,  results  in  singular  interfaces.  As  a  consequence  the 
mathematical  models  describing  such  evolutions  result  in  initial  value  problems  that  contain  singularities  at  the  interfaces.  When 
solving  such  non-linear  initial  value  problems,  one  must  assume  existence  of  the  interface.  Numerical  simulation  of  the  propagation 
of  such  fronts  during  evolution  also  presents  many  difficulties  that  cannot  be  resolved  satisfactorily.  Major  shortcomings  of  this 
approach  are  that  formation  of  the  phase  transition  front  cannot  be  simulated.  Secondly,  singular  nature  of  the  front  is  obviously 
not  possible  to  simulate  numerically. 

In  the  second  approach  of  phase  transition  physics  and  its  mathematical  modeling,  one  assumes  that  the  phase  transition  region 
is  of  finite  width,  i.e.  the  phase  transition  occurs  over  a  finite  but  small  temperature  range  in  which  the  transport  properties  such 
as  density,  specific  heat,  conductivity  and  latent  heat  are  function  of  temperature  and  vary  in  a  continuous  and  differentiable 
matter  between  the  two  states.  Thus,  the  phase  transition  region  is  of  finite  width  in  temperature  that  propagates  as  time  elapses. 
This  approach  is  more  realistic  and  more  appealing  from  the  point  of  view  of  numerical  simulations  of  the  resulting  IVPs  from 
the  mathematical  models  as  it  avoids  singularities  present  in  the  first  approach.  The  phase-field  approach  utilizes  this  concept. 
A  major  source  of  difficulty  in  this  approach  is  the  physics  of  the  transition  region,  often  referred  to  as  ‘mushy  region’,  that 
consists  of  liquid-solid  mixture  in  varying  volume  fractions  as  one  advances  from  one  state  to  the  other.  Adequate  mathematical 
modeling  of  the  physics  in  the  transition  region  may  require  use  of  mixture  theory  [74-76]  or  some  similar  approach,  based  on 
thermodynamic  principles  of  continuum  mechanics.  Conservation  of  mass,  balance  of  momenta,  first  law  of  thermodynamics  and 
the  constitutive  theories  for  stress  tensor  and  heat  vector  based  on  the  second  law  of  thermodynamics  must  all  be  reformulated 
assuming  thermodynamic  equilibrium  in  the  transition  region.  This  approach  of  mathematical  modeling  of  the  transition  region 
has  not  been  explored  in  the  published  literature  (to  our  knowledge),  but  may  be  of  benefit  in  accounting  for  the  realistic  physics  in 
the  transition  region. 

The  third  and  perhaps  another  vital  issue  lies  in  the  selection  of  the  methods  of  approximation  that  are  utilized  to  obtain 
numerical  solutions  of  the  initial  value  problems  describing  evolution.  It  is  now  well  established  in  computational  mathematics 
that  methods  of  approximation  such  as  finite  difference,  finite  volume  and  finite  element  methods  based  on  Galerkin  Method 
(GM),  Petrov-Galerkin  method  (PGM),  weighted  residual  method  (WRM),  and  Galerkin  method  with  weak  form  (GM/WF)  used 
in  context  with  space-time  decoupled  or  space-time  coupled  methodologies  are  inadequate  for  simulating  time  accurate  evolutions 
of  the  non-linear  IVPs  describing  phase  change  processes  [44,77-81], 

Thus,  in  order  to  address  numerical  solutions  of  phase  transition  processes,  in  our  view  a  simple  strategy  would  be  to:  (i)  Decide 
on  a  mathematical  model  with  desired,  limited  physics,  (ii)  Employ  a  method  of  approximation  that  does  not  disturb  the  physics  in 
the  computational  process,  results  in  unconditionally  stable  computations  and  has  inherent  (built  in)  mechanism  of  the  measure  of 
error  in  the  computed  solution  without  the  knowledge  of  theoretical  solution  as  such  solutions  may  not  be  obtainable  for  the  problem 
of  interest.  The  work  presented  in  this  thesis  follows  this  approach.  In  the  following  we  present  literature  review  on  mathematical 
modeling  and  methods  of  approximation  for  obtaining  numerical  solutions  of  the  IVPs  resulting  from  the  mathematical  models. 
This  is  followed  by  the  scope  of  work  undertaken  in  this  work. 

III.  1.2  Literature  Review 

In  this  section  we  present  some  literature  related  to  liquid-solid  and  solid-liquid  phase  transition  phenomena.  We  group  the 
literature  review  in  two  major  categories:  mathematical  models  and  methods  of  approximation  for  obtaining  numerical  solutions 
of  the  initial  value  problems  resulting  from  the  mathematical  models. 
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Mathematical  Models 

A  large  majority  of  published  work  on  the  mathematical  models  for  phase  change  processes  consider  Lagrangian  description 
only,  with  further  assumptions  of  zero  velocity  field,  i.e.  no  flow  and  free  boundaries  i.e.  the  medium  undergoing  phase  change 
to  be  stress  free.  We  first  present  literature  review  and  a  discussion  of  commonly  used  mathematical  modeling  methodologies 
in  Lagrangian  description  based  on  the  assumptions  stated  above.  With  the  assumptions  of  no  flow  and  stress  free  medium,  the 
mathematical  model  of  the  phase  change  process  is  invariant  of  the  type  of  description  and  reduces  to  the  energy  equation.  In  the 
published  works  there  are  three  commonly  used  approaches:  sharp-interface  models,  enthalpy  models  and  phase  field  models. 

In  the  mathematical  models  derived  using  sharp-interface  the  liquid  and  solid  phases  are  assumed  to  be  separated  by  a  hypo¬ 
thetically  and  infinitely  thin  curve  or  surface  called  sharp  interface  or  phase.  The  transport  properties  such  as  density,  specific  heat 
and  conductivity  are  assumed  to  experience  a  jump  at  the  interface.  The  latent  heat  of  fusion  is  assumed  to  be  instantaneously 
released  or  absorbed  at  the  interface.  This  of  course  results  in  step  (sharp)  change  in  the  transport  properties  and  latent  heat  of 
fusion  at  the  interface,  hence  the  name  sharp-interface  models.  The  mathematical  models  for  liquid  and  solid  phases  are  derived 
individually.  At  the  interface,  the  energy  balance  provides  an  additional  relation  (equation)  that  is  used  to  determine  the  movement 
of  the  interface.  The  sharp-interface  models  are  also  called  Stefan  models,  first  derived  by  J.  Stefan  [82]  to  study  freezing  of  ground. 
The  derivation  of  this  model  is  presented  in  Section  III. 2.  The  proof  of  existence  and  uniqueness  of  the  classical  solution  of  the 
Stefan  mathematical  model  has  been  given  by  Rubinstein  [83]  in  1947.  An  analytical  solution  for  temperature  for  one  dimensional 
Stefan  problem  has  been  presented  in  reference  [84].  The  sharp-interface  models  have  three  major  shortcomings:  (i)  Assumption 
of  sharp-interface  leads  to  mathematical  model  in  which  the  initial  value  problem  contains  singularity  at  the  interface,  (ii)  When 
obtaining  solutions  of  the  initial  value  problems  based  on  sharp-interface  assumption,  the  location  of  the  interface  is  required  a 
priori.  That  is  sharp-interface  models  are  unable  to  simulate  initiation  of  the  interface  or  front.  (Hi)  Movement  of  the  interface  i.e. 
spatial  location  during  evolution  requires  use  of  what  are  called  front  tracking  methods. 

Some  mathematical  models  for  phase  change  processes  are  called  enthalpy  models.  In  these  models  the  energy  equation  is 
recast  in  terms  of  enthalpy  and  temperature  with  an  additional  equation  describing  enthalpy.  Both  enthalpy  and  temperature  are 
retained  as  dependent  variables  in  the  mathematical  model.  Computations  of  the  numerical  solution  of  the  resulting  initial  value 
problem  are  performed  on  a  fixed  discretization.  This  approach  eliminates  energy  balance  equation  at  the  interface  used  in  the 
sharp-interface  models.  These  mathematical  models  have  been  derived  using  different  approaches  [85-87].  Enthalpy  model  is  also 
presented  in  Section  III. 2.  These  models  generally  introduce  a  finite  phase  transition  region  (over  a  small  temperature  change) 
called  mushy  region  between  the  liquid  and  the  solid  phases.  The  transport  properties  are  assumed  to  vary  in  some  manner  from 
one  phase  to  the  other  phase.  The  concept  of  liquid  or  solid  fraction  is  generally  introduced  to  account  for  the  fact  that  the  mushy 
region  is  a  mixture  of  solid  and  liquid  phases.  Due  to  the  assumption  of  the  mushy  region  separating  the  solid  and  the  liquid  phases, 
sharp-interface  and  the  problems  associated  with  it  are  avoided  in  this  approach. 

Another  category  of  mathematical  models  are  called  phase  field  models.  These  mathematical  models  are  based  on  the  work 
of  Cahn  and  Hilliard  [77].  In  this  approach  the  solid  and  liquid  phases  are  also  assumed  to  be  separated  by  a  finite  width  (in 
temperature)  transition  region  in  which  the  transport  properties  are  assumed  to  vary  with  temperature  between  the  two  states. 
Landau-Ginzburg  [78]  theory  of  phase  transition  is  used  to  derive  the  mathematical  model.  The  basic  foundation  of  the  method  lies 
in  standard  mean  theories  of  critical  phenomena  based  on  free  energy  functional.  Thus,  the  method  relies  on  specification  of  free 
energy  density  functional  which  is  the  main  driving  force  for  the  movement  of  the  phase  transition  region.  Details  of  phase  field 
mathematical  model  in  E1  are  presented  in  section  III.2.  The  method  shows  good  agreement  with  the  Stefan  problem  in  R1 .  While 
the  phase  field  models  eliminate  the  sharp-interfaces  and  their  tracking,  the  main  disadvantages  of  this  approach  are:  (i)  It  requires 
a  priori  knowledge  of  the  free  energy  density  functional  for  the  application  at  hand.  (fi')The  mathematical  model  is  incapable  of 
simulating  the  initiation  or  formation  of  the  solid-liquid  interface,  hence  the  liquid-solid  phases  and  the  transition  region  must  be 
defined  as  initial  conditions.  This  limitation  is  due  to  specific  nature  of  the  free  energy  function  (generally  a  double  well  potential, 
see  section  III. 2).  However,  if  a  liquid-solid  interface  is  specified  as  initial  condition,  then  the  phase  field  models  are  quite  effective 
in  simulating  the  movement  of  the  front  during  evolution.  In  most  applications  of  interest,  simulation  of  initiation  of  the  transition 
region  i.e.  solid-liquid  interface  is  essential  as  it  may  not  be  possible  to  know  its  location  and  the  precise  conditions  under  which  it 
initiates  a  priori.  These  limitations  have  resulted  in  lack  of  wide  spread  use  of  these  mathematical  models  in  practical  applications. 

When  the  assumptions  of  stress  free  media  and  zero  velocity  are  not  valid  (as  in  case  of  fluid  flow),  the  mathematical  models 
discussed  above  are  not  applicable.  In  such  cases  Eulerian  description  is  necessary  for  the  fluid  while  Lagrangian  description  is 
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essential  for  the  solid  region.  The  mathematical  model  in  this  case  consists  of  conservation  of  mass,  balance  of  momenta,  first  law 
of  thermodynamics  and  constitutive  theory  for  stress  tensor  and  heat  vector  based  on  the  second  law  of  thermodynamics  for  each 
of  the  two  phases  (i.e.  liquid  and  solid)  as  well  as  the  transition  region. 

The  published  works  on  these  mathematical  models  are  rather  sketchy,  the  models  are  not  based  on  rigorous  derivation  and 
in  most  cases  are  aimed  at  solving  a  specific  problem  as  opposed  to  developing  a  general  infrastructure  that  addresses  totality  of 
a  large  group  of  applications.  We  present  some  account  of  the  published  works  in  the  following.  In  almost  all  cases  the  fluid  is 
treated  as  Newtonian  fluid.  In  some  cases  [88]  the  fluid  is  also  considered  inviscid.  Sharp-interface  models  generally  force  (set) 
the  relative  movement  of  the  material  particles  to  be  zero  in  the  solid  phase  [89,90],  In  case  of  enthalpy  and  phase  field  models 
the  constitutive  theory  for  the  transition  region  is  still  unclear  and  published  works  in  many  instances  are  conflicting.  There  are 
three  main  ideas  that  are  commonly  found  in  the  majority  of  the  published  works  on  mathematical  models  derived  using  Eulerian 
description.  In  the  first  approach  both  the  liquid  and  the  solid  phases  are  assumed  to  be  Newtonian  fluids.  The  viscosity  in  the 
solid  phase  is  artificially  increased  to  a  very  high  value  and  is  assumed  to  vary  along  the  interface  between  the  two  states  in  order 
to  approximate  no  velocity  condition  in  the  solid  phase  [91].  In  the  second  approach  a  varying  interfacial  force  is  employed  such 
that  it  satisfies  the  no  velocity  condition  in  the  solid  phase  [92].  The  third  approach  assumes  that  the  solid  particles  in  the  transition 
region  form  a  porous  medium  through  which  the  fluid  flows.  Voller  and  Cross  [87]  use  Darcy  model  for  flow  in  porous  media 
in  which  the  velocity  field  is  assumed  to  be  proportional  to  the  pressure  gradient  in  order  to  compare  their  results  with  variable 
viscosity  model.  Beckermann  [93]  assumed  the  average  stress  to  be  proportional  to  the  gradient  of  superficial  liquid  viscosity  in 
the  porous  media.  There  are  other  approaches  [94]  that  utilize  these  three  basic  ideas  in  some  manner  or  the  other.  In  most  cases, 
solid  phase  behavior  is  neglected  by  setting  the  velocity  to  zero.  In  general,  our  conclusion  is  that  published  phase  change  models 
that  account  for  nonzero  stress  and  velocity  fields  are  crude,  ad  hoc  and  are  aimed  to  obtain  some  numerical  solutions  for  specific 
applications.  A  general  theory  of  mathematical  modeling  based  on  thermodynamic  and  continuum  mechanics  principles  is  not 
available  for  phase  transition  modeling  to  our  knowledge. 

Computational  Methodologies 

Regardless  of  the  type  of  mathematical  model,  the  resulting  mathematical  models  for  phase  change  phenomena  are  non-linear 
partial  differential  equations  in  dependent  variables,  space  coordinates  and  time,  hence  they  are  non-linear  initial  value  problems.  If 
we  incorporate  realistic  physics  of  phase  transition,  the  mathematical  models  become  complex  enough  not  to  permit  determination 
of  theoretical  solution,  hence  numerical  solutions  of  these  IVPs  based  on  methods  of  approximation  are  necessary.  The  methods  of 
approximation  for  IVPs  can  be  classified  in  two  broad  categories  [44,79-81]  :  space-time  decoupled  methods  and  space-time  cou¬ 
pled  methods.  In  space-time  decoupled  methods,  for  an  instant  of  time,  the  spatial  discretization  is  performed  by  assuming  the  time 
derivatives  to  be  constant.  This  approach  reduces  the  original  PDEs  in  space  and  time  to  ODEs  in  time  which  are  then  integrated 
using  explicit  or  implicit  time  integration  methods  to  obtain  evolution.  Almost  all  finite  difference,  finite  volume  and  finite  element 
methods  (based  on  GM/WF)  used  currently  [80]  for  initial  value  problems  fall  into  this  category.  The  assumption  of  constant  time 
derivatives  necessitates  extremely  small  time  increments  during  the  integration  of  ODEs  in  time.  The  issues  of  stability,  accuracy 
and  lack  of  time  accuracy  of  evolution  are  all  well  known  in  the  space-time  decoupled  approaches.  Majority  of  the  currently  used 
methods  of  approximation  for  phase  change  processes  fall  into  this  category.  The  non-concurrent  treatment  in  space  and  time  in 
space-time  decoupled  methods  is  contrary  to  the  physics  in  which  all  dependent  variables  exhibit  simultaneous  dependence  on 
space  coordinates  and  time.  In  a  large  majority  of  published  works  on  phase  change  processes,  often  the  distinction  between  the 
mathematical  models  and  the  computational  approaches  is  not  clear  either  i.e.  elements  of  the  methods  of  approximation  are  often 
introduced  during  the  development  of  the  mathematical  models.  As  a  consequence,  it  is  difficult  to  determine  if  the  non-satisfactory 
numerical  solutions  are  a  consequence  of  the  methods  of  approximation  used  or  the  deficiencies  in  the  mathematical  models. 

The  space-time  coupled  methods  on  the  other  hand  maintain  simultaneous  dependence  of  the  dependent  variables  on  space 
coordinates  and  time  [44,79,  81].  In  these  methods  the  discretizations  in  space  and  time  are  concurrent  as  required  by  the  IVPs. 
These  methods  are  far  superior  to  the  space-time  decoupled  methods  in  terms  of  mathematical  rigor  as  well  as  accuracy.  Whether  to 
choose  space-time  finite  difference,  finite  volume  or  finite  element  method  depends  upon  the  mathematical  nature  of  the  space-time 
differential  operator  and  whether  the  computational  strategy  under  consideration  will  yield  unconditionally  stable  computations, 
will  permit  error  assessment,  and  will  yield  time  accurate  evolution  upon  convergence. 
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III.  1.3  Scope  of  Work 

The  work  presented  here  considers  development  of  mathematical  models  and  their  numerical  solutions  for  solid-liquid  and 
liquid-solid  phase  transition  of  homogeneous,  isotropic,  and  incompressible  matter.  In  the  phase  transition  region  [Ts,  T{\  the 
matter  is  assumed  to  be  homogeneous  and  isotropic  and  the  transport  properties  are  assumed  to  be  continuous  and  differentiable 
with  their  respective  values  at  the  solid  and  liquid  states.  Three  groups  of  mathematical  models  are  considered  for  phase  transition 
initial  value  problems.  Numerical  studies  are  presented  using  the  mathematical  models  groups  one  and  three. 

The  first  group  of  mathematical  models  are  based  on  the  assumptions  of  stress  free  media  and  zero  velocity  in  all  phases.  With 
these  assumptions  the  mathematical  models  in  Lagrangian  and  Eulerian  descriptions  are  identical.  We  consider  these  mathematical 
models  in  R1  and  R2.  The  mathematical  models  in  this  case  consist  of  the  energy  equation  and  heat  flux(es),  a  system  of  first  order 
nonlinear  PDEs  in  temperature  and  heat  flux(es).  By  substituting  heat  flux(es)  into  the  energy  equation  the  mathematical  model  can 
be  reduced  to  a  single  non-linear  diffusion  equation  in  temperature.  In  the  derivation  of  the  energy  equation  the  specific  total  energy 
is  expressed  in  terms  of  storage  and  latent  heat  of  fusion.  The  Fourier  heat  conduction  law  is  assumed  to  hold.  In  the  solid  and 
liquid  phases  the  transport  properties  ( p ,  cp,  k,  Lf)  are  assumed  to  be  constant.  In  the  transition  region  the  solid-liquid  mixture  is 
assumed  to  be  isotropic  and  homogeneous.  The  transport  properties  are  assumed  to  vary  in  a  continuous  and  differentiable  manner, 
described  by  a  third  or  a  fifth  degree  polynomial  with  continuous  temperature  derivatives  at  the  boundaries  of  the  transition  region 
between  the  solid  and  liquid  phases.  With  this  approach  the  phase  change  process  is  a  smooth  process  in  which  the  transition  region 
provides  the  smooth  interface.  We  remark  that  if  we  assume  both  phases  to  be  incompressible,  then  a  change  in  density  during 
phase  change  must  be  accompanied  by  a  change  in  volume.  In  the  present  work  we  consider  phase  change  studies  in  R1  and  R2 
assuming  (i)  the  density  p  to  be  constant  during  the  phase  transition  and  Hi)  the  density  to  be  a  function  of  temperature  i.e.  variable 
with  continuous  and  differentiable  distribution  between  the  states.  Additionally,  the  influence  of  temperature  dependent  density  in 
the  transition  region  on  the  speed  of  propagation  of  the  transition  region  is  also  investigated.  Mathematical  models  and  numerical 
studies  are  presented  in  R1  and  R2  for  solid-liquid  and  liquid-solid  phase  change  when  stress  field  and  velocity  field  are  zero. 

In  the  second  group  of  mathematical  models  stress  and  velocity  fields  are  considered  to  be  nonzero.  In  this  case  the  mathe¬ 
matical  models  change  drastically  compared  to  the  first  group  of  models.  This  is  due  to  the  fact  that  in  solid  regions  Lagrangian 
description  is  essential  because  we  need  to  monitor  displacements,  have  measures  of  strain,  and  restrict  transport  of  material  par¬ 
ticles  to  describe  solid  continua.  On  the  other  hand  the  fluid  media  requires  arbitrary  transport  which  precludes  displacement  and 
strain  measures.  The  transition  region  is  even  more  complex.  In  general,  the  mathematical  models  must  consist  of  complete  Navier- 
Stokes  equations:  continuity  equation,  momentum  equations,  energy  equation,  and  the  constitutive  equations  for  both  solid  and 
liquid  phases.  In  the  liquid  phase,  the  Eulerian  description  with  transport  is  ideally  suited  for  deriving  mathematical  models  using 
conservation  and  balance  laws.  In  such  descriptions  material  particle  displacements  are  ignored  and  hence  not  monitored.  Instead, 
the  evolving  state  of  the  matter  is  monitored  at  fixed  locations.  In  the  case  of  fluids  this  approach  is  satisfactory  as  the  stress  field 
does  not  depend  on  strain,  hence  material  point  displacements  are  not  needed.  In  the  case  of  solid  matter,  the  Lagrangian  descrip¬ 
tion  is  obviously  ideal  to  derive  the  mathematical  models.  In  this  description  the  material  points  are  the  grid  points  that  experience 
displacement  during  evolution.  In  the  case  of  ice  as  a  solid  medium,  it  is  reasonable  to  assume  the  matter  to  be  hyperelastic  and 
hence  the  use  of  constitutive  theories  based  on  strain  energy  density  function  (such  as  generalized  Hooke’s  law)  is  appropriate. 
If  we  assume  fluid  to  be  Newtonian  fluid  then  standard  Newton’s  law  of  viscosity  for  incompressible  media  can  be  used  as  the 
constitutive  theory  for  the  liquid  phase.  In  the  transition  region,  a  mushy  zone  of  solid-liquid  mixture,  the  mathematical  model 
based  on  balance  and  conservation  laws  is  not  that  straightforward  to  construct.  In  the  present  work  we  discuss  various  alternate 
approaches  of  deriving  mathematical  models  for  the  transition  region,  their  benefits,  and  shortcomings.  Use  of  the  mathematical 
models  based  on  conservation  and  balance  laws  for  solid-liquid  and  liquid-solid  phase  change  and  their  validity  are  discussed  and 
evaluated  for  solid  and  liquid,  as  well  as  the  transition  region. 

The  third  group  of  mathematical  models  are  derived  based  on  the  assumption  that  the  stress  field  is  constant  and  the  velocity 
field  is  zero  in  the  solid  region  but  nonzero  in  the  liquid  region.  In  the  transition  zone,  the  stress  and  the  velocities  are  assumed  to 
make  transition  from  nonzero  state  in  the  fluid  to  constant  stress  state  and  zero  velocity  in  the  solid  phase  based  on  the  temperature 
in  the  transition  zone.  These  mathematical  models  permit  phase  transition  studies  in  the  presence  of  flow,  are  consistent  description 
based  on  continuum  mechanics,  and  hence  provide  correct  interaction  between  the  solid  and  fluid  media.  Numerical  studies  are 
presented  in  R1  and  R2  to  demonstrate  various  features  of  the  mathematical  models  presented  here.  Computed  solutions  in  R1  are 
also  compared  with  sharp-interface  theoretical  solution. 
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Computed  mathematical  solutions  reported  are  always  converged  and  are  independent  of  mesh  size  and  degree  of  local  approx¬ 
imation.  In  all  cases  the  integrated  sum  of  squares  of  the  residuals  are  small  (O(10-6)  or  lower),  confirming  good  accuracy  of  the 
reported  solutions. 


III.2  Mathematical  models 

In  this  section  we  consider  details  of  the  three  groups  of  mathematical  models  described  in  section  III. 1.3. 

III.2.1  First  group  of  mathematical  models  for  phase  change  based  on  zero  stress  and  velocity  fields  and  free  boundaries 

These  mathematical  models  constitute  the  first  group  of  mathematical  models.  When  the  media  are  stress  free,  the  velocity 
field  is  zero,  and  the  boundaries  are  free  the  mathematical  model  for  phase  change  reduces  to  linear  or  nonlinear  diffusion  equation 
regardless  of  the  choice  of  dependent  variables.  In  the  published  works  there  is  a  lot  of  confusion  in  the  presentations  of  these 
models  regarding  the  choice  of  conflicting  notations,  representation  of  physics,  and  even  consistency  of  derivations.  These  models 
are  generally  classified  as  sharp-interface  models,  enthalpy  models,  phase  field  models,  smooth-interface  models,  etc.  We  show 
that  the  energy  equation  resulting  from  the  first  law  of  thermodynamics  is  the  same  in  all  of  these  models.  What  differs  is  ( i )  the 
choice  of  dependent  variable(s)  and  (if)  the  manner  in  which  the  phase  transition  physics  is  incorporated.  We  present  two  basic 
forms  of  the  energy  equation  that  are  used  in  the  mathematical  models  mentioned  above.  Overbar  on  quantities  indicates  that  the 
description  is  Eulerian  with  transport. 


Energy  Equation 

Following  [31]  for  a  compressive  and  dissipative  medium,  we  can  derive  the  following  energy  equation  from  the  first  law  of 
thermodynamics  in  Eulerian  description  with  transport  when  the  stress  field  and  the  velocity  are  not  zero.  Assuming  sources  and 
sinks  to  be  absent 


De 
) — 
Dt 


V  •  q  ~  tr( [ct(0)]  [D])=  0  V(®,  t)  €  =  ^xUf 


(IH.l) 


p  is  density,  e  is  specific  internal  energy,  q  is  the  heat  vector,  [ff fll)]  is  the  contravariant  Cauchy  stress  tensor,  and  \D\  is  the 
symmetric  part  of  the  velocity  gradient  tensor,  all  in  the  current  configuration  at  time  t.  Equation  (III.  1)  can  also  be  written  in  terms 
of  specific  enthalpy  h.  Recall  that 

h  =  e+^  (III.2) 


in  which  p  is  thermodynamic  pressure.  Thus 
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Consider  decomposition  of  [d-*-0-*]  into  equilibrium  stress  p[I ]  and  deviatoric  stress  [dd^0-*] 


r(°)  = 
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Using  (III.4) 
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Furthermore,  from  continuity 


(III.  3) 


(HI -4) 
(III.5) 


Dp 

Dt 


+  pV  •  v  =  0 


\/{x,t)  €  Oat  =  f \ 


(III.6) 
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Substituting  from  (III.6)  for  in  (III. 3) 


or 


_De  _Dh  Dp 
P~Dt  ~  P~Dt  ~  ~Dt 
_De  _Dh  Dp 
P~Dt  =  P~Dt  ~  ~Dt 


+  ^(-pV-w) 

P 

-  pV  • v  G  f lxt 


=  ttx  x  flt 


(ni.7) 


Substituting  from  (III.5)  and  (III.7)  into  (III.  1) 


P 


Dh 

Ijt 


—  -  pV  •  v  +  V  •  q  +  pV  •  v  -  tr(  [d<r(0)]  [D\  )V(x,  t)  G  flxt  =  ^xSl( 


(HI- 8) 


P-jyj:  ~  ~ppj:  +  V  •  q  —  tr(  [dCT(0)]  [D] )  V(a,t)  G  ^  x  Slt  (III.9) 

in  (III.9)  is  often  neglected  if  compressibility  is  not  significant. 

p1^  +  V  •  q  -  tr([d5-(0)]  [£>])  \/(x,t)  G  x  fit  (III.  10) 

Equations  (III.  1)  and  (III. 10)  are  two  fundamental  forms  of  the  energy  equation  in  specific  internal  energy  e  and  specific 
enthalpy  h  when  the  medium  is  compressible  and  the  stress  field  and  the  velocity  field  are  not  zero. 


Stress  free  medium  with  zero  velocities 

When  the  medium  is  stress  free  and  the  velocity  field  is  zero  then 

Z  =  £  and  d<tM=0  =  D  (III.  11) 

Dt  at 

Furthermore,  with  these  assumptions  Eulerian  and  Lagrangian  descriptions  are  the  same,  hence  the  overbar  on  all  quantities 
can  be  omitted.  Thus,  (III.  1 )  and  (III.  10)  reduce  to 


De 

^-+v.,  =  0 

V(a,f)  G  Qxt  =  fia ,x!l( 

(III.  12) 

Dh  „ 

^+v-9  =  0 

V(a,t)  G  klxt  =  ttx  x  Qt 

(III.  13) 

For  this  case  ft,  =  e  as  obvious  from  (III. 2)  when  p  =  0.  In  the  energy  equations  (III.  12)  and  (III.  13)  the  simplest  constitutive 
theory  for  heat  vector  is  of  course  Fourier  heat  conduction  law. 

q  =  -kVT  V(se,  t)  G  flxt  =  x  fit  (III.  14) 

in  which  k  is  the  thermal  conductivity  for  homogeneous  isotropic  matter.  Equations  (III.  12)  and  (III.  14)  or  (III.  13)  and  (III.  14) 
form  the  basis  for  phase  transition  mathematical  models  in  the  absence  of  stress  field  and  velocity  field.  Various  methods  published 
in  the  literature  differ  in  the  manner  in  which  the  phase  change  physics  is  incorporated  in  (III.  12)  and  (III.  13). 


Remarks 

(1)  First  we  note  that  since  ft,  =  e,  the  specific  enthalpy  and  the  specific  energy  models  are  the  same.  From  now  onwards,  we  will 
use  (III.  12)  to  present  further  details. 

(2)  The  fundamental  issue  is  the  physics  for  e  we  wish  to  consider  during  the  phase  change.  We  consider  two  possibilities. 
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(a)  In  the  first  class  of  mathematical  models  we  assume  that  the  release  or  absorption  of  latent  heat  during  phase  change  occurs 
at  a  constant  temperature.  Referring  to  figure  42(a)  when  the  temperature  in  the  solid  medium  reaches  Ts  with  specific 
internal  energy  es  (point  B),  the  addition  of  latent  heat  of  fusion  Lf  at  constant  temperature  Ts  increases  es  to  e;  (point  C) 
at  which  the  state  of  the  matter  has  changed  from  solid  to  liquid.  In  case  of  freezing  we  go  from  the  state  of  the  matter  at 
C  to  B  by  extracting  latent  heat  of  fusion  Lf  at  constant  temperature  Ts. 

In  this  physics  of  phase  transition  the  interface  between  the  solid  and  the  liquid  phases  is  sharp  (step  change),  hence  the 
mathematical  models  for  e  based  on  this  approach  are  called  "sharp-interface  models."  Step  change  in  e  is  nonphysical 
even  for  the  most  idealized  materials. 

Secondly,  its  numerical  simulation  poses  difficulties  due  to  non-unique  behavior  of  e  at  temperature  Ts.  We  present  details 
of  sharp-interface  models  in  a  following  section. 

(b)  In  the  second  category  of  mathematical  models  for  e  we  assume  that  phase  transition  from  solid  to  liquid  occurs  over  a 
finite  but  small  range  of  temperature  [7),  TJ]  and  that  e  is  continuous  and  differentiable  for  Ts  <  T  <  Ti  (figure  42(b)). 
The  range  [Ts,Ti]  can  be  as  narrow  or  as  large  as  desired. 

The  obvious  advantage  in  this  approach  is  that  the  singular  nature  of  e  at  Ts  (as  in  figure  42(a))  is  completely  avoided. 
This  is  of  immense  benefit  in  numerical  computations  of  evolution  of  phase  change  problems. 


III.2.2  Sharp-interface  models 

As  described  earlier  these  models  for  e  are  based  on  its  behavior  during  phase  transition  shown  in  figure  42(a).  We  have  some 
alternative  forms  of  the  mathematical  models. 


Model  (a) 

In  this  model  we  consider 


de  _ 

„5  +  v.<,  =  0 

q  =  -kVT 

e  =  es  - 

0 

e  —  es 

Lf 
1 


a  = 


Alternatively  (III.  16)  can  be  substituted  into  (III.  15)  to  obtain 

p^t-V-(kVT)  =  0 


V(*C,  t )  G  Qxt  —  ^£B  X 

(in.  15) 

35,  t'j  G  ^a» t  =  ^ -a?  ^  &>t 

(in.  16) 

+  cp(T  —  Ts) 

(in.  17) 

e  <es 

es  <  e  <  es  +  Lf 

(in.  18) 

e  >  es  +  Lf 

. 

V(*,f)  e  nxt  =  ox  x  nt 

(in.  19) 

The  mathematical  model  consists  of  (III. 15)  -  (III. 18)  in  dependent  variables  e,  q,  and  T,  or  (III. 17)  -  (III. 19)  in  dependent 
variables  e  and  T.  In  the  published  works  specific  heat  cp  is  generally  considered  as  a  function  of  temperature,  but  in  general 
p  =  p(T),  cp  =  cp(T),  and  k  =  k(T )  are  permissible  but  can  only  be  used  outside  the  transition  region.  Consider  equation  (III. 17) 
during  phase  change,  i.e.  change  in  e  from  es  to  ej.  When  a  =  f'~';  and  T  =  Ts,  (III.  17)  is  identically  satisfied,  a  =  1  for 
e  >  es  +  Lj  clearly  indicates  instantaneous  addition  of  latent  heat.  Both  models  in  e,  q,  T  and  e,  T  have  been  used  in  the  published 
works  [82-86]. 
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Model  (b) 

If  we  assume  that  cp,  k,  and  p  are  constant  in  the  solid  and  liquid  regions  and  have  values  cps,  ks,  ps  and  cpi,  ki,  pi,  then  we 
can  write  explicit  forms  of  (III. 19)  for  solid  and  liquid  phases  by  using  es  =  cpsT  and  e;  =  cpiT.  These  equations  are  augmented 
by  a  heat  balance  equation  at  the  interface  (BC,  figure  42(a)). 


Solid  phase: 

dT 

PsCps -  v  .  (ks VT)  =  0  V(as,  t)  G  flxt  (III.20) 

Liquid  phase: 

dT 

Picpi^-V-  (fc/VT)  =  0  V(x, t)  G  9Jxt  =  nlcx  flt  (in.21) 

At  the  interface: 

Lfvn  =  ((-keVT)  -  (-kiVT))  ■  n  V(as,  t)  G  Txt  =  Tx  x  flt  (111.22) 

0®  and  fllx  are  solid  and  liquid  spatial  domains.  Tx(f)  =  flx  f~)  fllx  is  the  interface  between  the  solid  and  liquid  phases.  Lf  is 

the  latent  heat  of  fusion,  n  is  the  unit  exterior  normal  from  the  solid  phase  at  the  interface,  and  vn  is  the  scalar  normal  velocity  of 

the  interface  in  the  direction  of  n.  Subscripts  and  superscripts  s  and  l  stand  for  solid  and  liquid  phases.  When  the  mathematical 
model  is  posed  as  a  system  of  integral  equations,  a  complete  proof  of  existence  and  uniqueness  of  the  classical  solution  in  R 1 
was  given  by  Rubinstein  in  1947  [83],  For  the  one  dimensional  case,  analytical  solutions  to  some  specific  problems  are  derived  in 
reference  [84]  for  the  temperature  distribution  T  =  T(x,t).  When  the  properties  are  the  same  in  both  phases  (i.e.  cps  =  cpi  =  1, 
ks  =  ki  =  1,  ps  =  pi  =  1),  one  example  problem  in  reference  [84]  solves  for  T  in  the  domain  x  >  0  with  initial  and  boundary 
conditions: 

T(0,  f)  =  To  ,  r(a,O)  =  0(*)  ,  T(x,t)x^00  =  T00  (IH.23) 

Then  the  solution  to  the  sharp-interface  model  is  given  by 


T(x,  t)  =  C\ 
T(x,  t)  =  C2 

The  interface  location  (t )  is  defined  by 


erf(/?/2)  -  erf(x/2 <Ji  +  f0) 
erf(/?/2) 

erf(/?/2)  -  erf(x/2 y/t  +  to) 
erfc(/3/2) 


Tx(t)  =  f}y/t  +  to 

The  parameter  /?  is  obtained  by  solving  the  equation 

zfl  r  C2 _ Cl  - 

\pK  Urfc(/3/2)  erf(/3/2). 


x  <  T x(t) 
x  >  Tx(t) 


13  =  0 


(III.  24) 


(III.  25) 


(III. 26) 


Remarks 

(1)  One  of  the  major  disadvantages  of  the  sharp-interface  mathematical  models  is  that  the  phase  change  is  assumed  to  occur  at 
a  constant  temperature  Ts.  Thus,  e  changes  from  es  to  e/  at  constant  T  =  Ts.  This  is  true  regardless  of  the  form  of  the 
mathematical  models. 

(2)  The  sharp  interface  creates  singularity  of  e  at  T  =  TS  which  poses  many  obvious  difficulties  in  the  computation  of  the  numerical 
solutions  of  the  associated  initial  value  problem. 

(3)  It  is  meritorious  to  eliminate  q  as  a  dependent  variable  as  done  in  case  of  (III.  19)  as  it  reduces  the  number  of  dependent 
variables  in  the  mathematical  model.  But  this  reduction  is  at  the  cost  of  appearance  of  the  second  derivative  of  T  with  respect 
to  spatial  coordinates  in  the  energy  equation,  which  in  context  of  finite  element  methods  of  approximation  requires  higher  order 
regularity  for  the  approximation  of  T. 


92 


REPORT  DOCUMENTATION  PAGE  (SF  298) 
(Continuation  Sheet) 


(4)  In  addition  to  eliminating  q  as  a  dependent  variable,  the  specific  internal  energy  e  can  also  be  substituted  in  the  energy  equation 
yielding  a  single  nonlinear  diffusion  equation  in  temperature  T.  We  postpone  details  of  this  until  a  later  section. 

(5)  It  is  critical  to  point  out  that  all  sharp-interface  models  are  derived  based  on  a  priori  existence  of  the  transition  front  as  initial 
condition.  As  a  result  these  models  cannot  simulate  initiation  of  the  transition  front.  The  models  simply  simulate  propagation 
of  this  front  during  evolution.  This  is  vital  physics  that  is  necessary  in  almost  every  phase  change  application  and  is  missing  in 
the  sharp-interface  approach. 

(6)  Finally,  if  one  considers  computations  of  the  numerical  solutions  for  phase  change  processes  to  be  essential,  then  sharp- 
interface  model  of  phase  change  processes  are  not  meritorious. 


III.2.3  Smooth-interface  models 

In  smooth-interface  models  the  phase  change  is  assumed  to  take  place  over  a  finite  temperature  range  [Ts,  T)]  (see  figure  42(b)) 
during  which  e  is  continuous  and  differentiable  in  temperature  T.  The  range  [Ts,  TJ],  referred  to  as  transition  region  consisting  of 
solid-liquid  mixture  i.e.  a  mushy  region,  can  be  as  narrow  or  as  wide  as  desired.  At  T  =  Ts  the  state  of  the  matter  is  solid  whereas 
at  T  =  Ti  it  is  pure  liquid.  Since  the  properties  p,  cp,  k  have  different  values  for  solid  and  liquid  phases,  it  is  often  meritorious 
to  consider  these  as  functions  of  temperature  T  with  continuous  and  differentiable  behavior  for  Ts  <  T  <  Ti  between  their 
values  ps,  cps,ks  and  pi,  cpi,  ki  for  solid  and  liquid  states  respectively.  In  the  following  we  present  details  of  two  smooth-interface 
mathematical  models,  one  based  on  phase  field  approach  and  the  other  based  on  the  energy  equation  (III.  12)  with  transition  region 
[Ts,Ti]  in  which  p,  cp,  k  and  Lf  are  continuous  and  differentiable  functions  of  the  temperature  T. 


Phase  field  models 


The  phase  field  mathematical  models  of  phase  change  also  introduce  a  finite  width  variable  transition  region  between  the  two 
states.  These  models  are  based  on  the  work  of  Cahn  and  Hilliard  [77]  and  are  derived  using  Landau-Ginzberg  theory  of  critical 
phenomena  [78].  A  phase  field  variable  p  is  introduced  which  has  a  value  of  —1  for  solid  phase  and  +1  in  the  liquid  phase. 
The  length  of  the  transition  region  between  the  solid  and  the  liquid  phases  is  controlled  by  choosing  a  value  of  £  (figure  43)  that 
corresponds  to  intermediate  value  of  p. 

The  phase  field  approach  avoids  the  explicit  treatment  of  the  interface  conditions  as  employed  in  the  sharp-interface  models. 
Instead  we  use  a  coupled  system  of  nonlinear  evolution  equations  in  temperature  T  and  phase  variable  p  [95] 

DT  1  dv 

pcp— -V-(kVT)  + -Lf^=  0  V(*,t)eflft  =  fipxfl(  (III. 27) 

a£2  S  -  £2' AP  +  if  =  0  V(su,  *)  e  =  llIxlli  (III. 28) 

ot  op 

a2  a2  r\2  . 

in  which  a  is  related  to  the  kinetic  parameter  [95],  A  =  and  /  =  f(p ,  T)  is  referred  to  as  the  restoring  potential 

or  free  energy  potential.  Equations  (III.27)  and  (III.28)  can  be  interpreted  in  a  simple  way.  Equation  (III.28)  is  a  linear  time 
evolution  of  p  governed  by  imbalance  between  the  excess  interface  free  energy  and  the  restoring  potential  f(p,T).  The  energy 
equation  (III. 27)  has  a  source  term  !2  Lf  to  account  for  the  latent  heat  release  or  absorption  at  the  moving  interface.  When 
the  phase  field  equations  (III. 27)  and  (III.28)  are  employed  to  simulate  real  solidification  or  melting  problems,  we  expect  that 
sharp-interface  conditions  are  approached  as  the  interface  thickness  £  — »  0.  The  results  in  phase  field  models  unfortunately  depend 
largely  on  thermodynamic  consistency  of  the  potential  f{p,T).  The  work  of  Caginalp  [96]  provides  a  strong  indication  that  the 
sharp-interface  limit  is  attained  for  all  forms  of  free  energy  potential  f(p ,  T)  in  which  T  and  p  coupling  is  linear  i.e.  9  =  0- 

Given  a  specific  form  of  f{p,  T),  the  entropy/energy/temperature  scales  must  obey  the  relationships: 


A  Tj  —  {illiquid,  Vsolid ) 


d [_ 

dT 


liquid 

solid 


(III. 29) 


A?/ 


T— 0 


(III. 30) 
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D 


(a)  e  versus  T  for  sharp  in¬ 
terface 


D 


(b)  e  versus  T  for  smooth  in¬ 
terface 


Figure  42:  Sharp-  and  smooth-interface  models  for  specific  internal  energy 


£  OC  f 

Figure  43:  Expected  spatial  profile  of  phase  field  through  a  solid-liquid  interface 


Phase  Variable,  p 

Figure  44:  Double-well  behavior  of  restoring  potential  for  various  values  of  temperature 
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in  which  77  is  entropy.  A?;  is  change  in  entropy,  and  Tm  is  mean  temperature.  In  the  Caginalp  Potential  (CP)  model  [95],  dependence 
of  /  on  T  is  taken  into  account  by  adding  a  simple  linear  term  to  the  double  well  potential  in  p. 

f  (p>  T)  =  ^(P2~  l)2  -  (III. 31) 

The  parameter  a  is  chosen  such  that  ^  exhibits  three  distinct  roots,  near  0  and  ±1.  From  (III. 31)  we  note  that  minima  of 
f(p ,  T)  at  p  =  ±1  changes  as  T  departs  from  zero.  Figure  44  shows  a  plot  of  p  versus  f(p ,  T)  for  T  =  0,  T  <  0,  and  T  >  0  (with 
a  =  Ap  =  1). 

For  a  finite  value  of  a,  a  small  amount  of  latent  heat  is  released  at  positions  away  from  the  interface.  This  undesirable  effect 
fades  as  a  — >  0.  Indeed,  Caginalp  et  al.  [96-99]  have  established  that  as  £  — ►  0  and  a  — >  0  the  phase  field  equations  (III.27)  and 
(III. 28)  with  f(p,  T )  defined  by  (III.31)  produce  solutions  that  approach  sharp-interface  limits. 

Remarks 

(1)  The  phase  field  models  require  free  energy  potential  f(p,  T).  There  are  some  guidelines  to  establish  this  but  for  the  most  part 
the  procedure  is  not  deterministic. 

(2)  As  in  case  of  sharp-interface  models,  here  also  the  interface  must  be  defined  as  initial  condition.  The  phase  field  models  are 
not  capable  of  initiating  phase  transition.  Obviously,  this  is  a  major  drawback  of  these  models.  This  drawback  is  due  to  the  use 
of  double  well  function  f(p,  T). 

(3)  When  the  spatial  domain  is  either  solid  or  liquid,  the  free  energy  density  functions  used  presently  do  not  allow  initiation  of  the 
transition  zone  or  front  due  to  the  presence  of  two  distinct  minima,  regardless  of  the  temperature.  For  example  if  the  spatial 
domain  is  liquid  and  heat  is  removed  from  some  boundary,  the  liquid  will  remain  in  the  liquid  state  although  the  temperature 
may  have  fallen  below  the  freezing  temperature. 

(4)  This  drawback  of  phase  field  models  presents  serious  problems  in  simulating  phase  transition  processes  in  which  initiation  and 
detection  of  the  location  of  the  transition  zone  is  essential  as  it  may  not  be  known  a  priori. 

(5)  When  the  phase  transition  region  is  specified  as  initial  condition,  the  phase  field  models  predict  accurate  evolution  i.e.  move¬ 
ment  of  the  transition  region. 

Mathematical  models  used  in  the  present  work:  smooth-interface  models  (first  group  of  models) 

The  mathematical  models  used  in  the  present  work  presented  in  this  section  are  derived  based  on  the  assumptions  that  the 
transition  region  between  the  liquid  and  solid  phases  occurs  over  a  small  temperature  change  (width  of  the  transition  region  [Ts,  T{] ) 
in  which  specific  heat,  thermal  conductivity,  density,  and  latent  heat  of  fusion  and  hence  specific  internal  energy  change  in  a 
continuous  and  differentiable  manner.  Figures  45(a), (b),(c),(d),(e)  show  distributions  of  p,  cp,  k,  Lf,  and  e  in  the  transition  region 
[Ts,Ti\  between  the  solid  and  liquid  phases.  The  range  [Ts,  T{\  i.e.  the  width  of  the  transition  region,  can  be  as  narrow  or  as  wide  as 
desired  by  the  physics  of  phase  change  in  a  specific  application.  The  transition  region  is  assumed  to  be  homogeneous  and  isotropic. 
This  assumption  is  not  so  detrimental  as  in  this  case  the  constitutive  theory  only  consists  of  the  heat  vector  due  to  the  zero  velocity 
field  and  zero  stress  assumptions. 

The  mathematical  models  derived  and  presented  here  are  same  in  Lagrangian  as  well  as  Eulerian  description,  and  are  based  on 
the  first  law  of  thermodynamics  using  specific  total  energy  and  the  heat  vector  augmented  by  the  constitutive  equation  for  the  heat 
vector  (Fourier  heat  conduction  law)  and  the  statement  of  specific  total  energy  incorporating  the  physics  of  phase  transition  in  the 
smooth  interface  zone  between  liquid  and  solid  phases. 
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Temperature,  T  Temperature,  T 


(a)  Density  p  in  the  smooth  (b)  Specific  Heat  cp  in  the 
interface  smooth  interface 


Temperature,  T  Temperature,  T 

(c)  Thermal  Conductivity  k  (d)  Latent  Heat  of  Fusion  L  f 
in  the  smooth  interface  in  the  smooth  interface 


Temperature,  T 

(e)  Specific  internal  energy  e 
in  the  smooth  interface 

Figure  45:  p,  cp,  k,  Lf  and  e  in  the  smooth  interface  transition  region  between  the  solid  and  liquid  phases  as  functions  of  Temper¬ 
ature  T 


First  Law  of  Thermodynamics 

In  the  absence  of  sources  and  sinks  we  have 

De 

p—  +  V  •  q  =  0  V(a,  t)  €  11,;  x  =  O*  x  (0,  r) 

Assuming  Fourier  heat  conduction  law  as  constitutive  theory  for  q,  we  can  write 

q  =  -fc(T)VT  \/(x,t)  €  fix  x  fit  =  x  (0 ,  r) 
The  specific  internal  energy  e  is  given  by 


Hence 


e=  /  cp(T)dT  +  Lf(T) 

Jt0 

de  d  (  fT  /rrnirn  r  ,  A<9T  rdT  dLf 

Wt~Wf\jTo  cp^dT  +  Lf{T) )  ~di  ~ Cp(T) ~di  +  ~df 


Substituting  (III. 35)  into  (III. 32) 


p(T)cp(T)^+p(T)^P  +  V  •  q  =  0 

V(x,  t)  €  Oa;  x  flt  =  fix  x  (0,  r) 


(111. 32) 

(111. 33) 

(III.  34) 

(III.  35) 

(III.  36) 
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If  Q{T)  represents  any  one  of  the  quantities  p(T),  cp(T),  k(T ),  and  Lf(T),  then  we  define 


Qs  ; 
Q(T)={  Q(T)  ; 


T  <  Ts 
TS<T  <Ti 
Qi  ;  T  >  T, 


We  use  the  following  for  Q(T) 


Q(T)  =  c0  + 


\TS  <T<Tt 


(III. 37) 


(III. 38) 


i=i 


when  n  =  3,  Q(T)  is  a  cubic  polynomial  in  T.  The  coefficients  cq  and  c, ,  i  -  1.2,  3  in  (III. 38)  are  calculated  using  the  conditions: 


at  T  —  Ts  :  Q(TS )  —  Qs  , 
at  T  =  Ti  :  Q(Tl)  =  Qs  , 


dQ 

dT 

dQ 

dT 


=  0 


T—Ts 


(III. 39) 


=  0 


T—Ti 


when  n  =  5,  Q(T)  is  a  5th  degree  polynomial  in  T.  The  coefficients  Co  and  c,,  i  =  1,  ...,5  in  (III. 38)  are  calculated  using  the 
conditions: 


at  T  —  Ts  :  Q(TS)  —  Qs  , 
at  T  =  Tl  :  Q(Tl)  =  Qs, 


dQ 

dT 

dQ 

dT 


d2Q 


T—Ts 


T—Ti 


dT  2 

d2Q 
dT 2 


=  0 


T=TS 


(III.40) 


=  0 
T—Ti 


Remarks 

(1)  By  letting  Q  to  be  p,  cp,  k  and  Lf,  dependence  of  these  properties  on  temperature  can  be  easily  established. 

(2)  In  case  of  Lf  we  note  that  Lf(Ts)  =  0  and  Lf(Ti)  =  Lf  (value  of  latent  heat  of  fusion). 

(3)  Thus  all  transport  properties  including  latent  heat  of  fusion  are  explicitly  defined  as  functions  of  temperature  T  in  the  transition 
region. 


We  note  that 


Hence,  (III.  36)  can  be  written  as 


dLf(T)  ^  / dLf{T)\(dT\ 
dt  V  dT  )\dt ) 


p(T)cp(T)  +  p(T) 


dLf(T)  \ 
dT  ) 


dT 

~dt 


+  V-q  =  0 


(III.41) 


(III.42) 


and 

q=-k(T)VT  V(*,f)  €  D*  x  Qt  =  Llx  x  (0,r)  (IB.43) 

Equations  (III.42)  and  (III.43)  are  smooth-interface  mathematical  model  in  dependent  variables  T  and  q.  p(T),  cp(T),  k(T), 
and  Lf(T)  are  defined  using  (III.37)-(III.40).  By  substituting  q  from  (III.43)  into  (III.42),  we  obtain  a  single  nonlinear  diffusion 
equation  for  smooth  interface  phase  change  model. 


(p(TK(T)  +  p(T)Mj  _  V* (fc(T)V(T))  =  0 


(III.  44) 
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or 


p(T)cp(T)  +  p(T) 
dk(T) 


8Lf(T)\dT 

)  In 


dT 


E 


DT 

dT 

dxi 


-  k(T)AT  =  0 


(III.  45) 


rj2  a2  ^2 

where  A  =  X\  =  x,  X2  =  y ,  and  £3  =  z  have  been  used  for  convenience.  Equation  (III.45)  is  the  final  form  of 

the  mathematical  model  in  temperature  T. 


Remarks 

(1)  The  mathematical  models  presented  in  this  section  can  be  written  in  alternate  forms.  These  are  summarized  in  the  following 
based  on  choice  of  dependent  variables. 


Model  A:  Dependent  Variable  T 

If  we  consider  T  as  the  only  dependent  variable,  then  the  mathematical  model  is  given  by  (III. 45)  i.e. 


p(T)cp(T)  +  p(T) 


OLf(T)\dT 


dT 


dt 


dk(T)  y,  /  2 

'  dxi 


dT 


i= 1 


(III.46) 


-  k(T)AT  =  o  v(x,  t)  g  nxt  =  nxxnt 


This  model  requires  higher  order  regularity  of  approximations  of  T  in  finite  element  processes  of  calculating  numerical  so¬ 
lutions  for  T.  This  is  due  to  second  order  derivatives  of  the  temperature  with  respect  to  spatial  coordinates  appearing  in  (III.46). 


Model  B:  Dependent  Variables  T,  q 

In  this  case  the  mathematical  model  consists  of  equations  (III.42)  and  (III.43). 

(p(T)cp(T)  +  p(T)  |E)  E  +  V  •  q  =  0 
q  =  —k(T)  •  VT 

This  is  a  system  of  first  order  partial  differential  equations  in  T  and  q,  hence  lower  order  regularity  on  both  q  and  T  compared 
to  T  in  Model  A. 


(III. 47) 


Model  C:  Dependent  Variables  T,  Lf 

In  the  mathematical  model,  rather  than  replacing  Lf(T)  with  an  expression,  a  function  of  T,  we  could  also  consider  Lf  as  a 
dependent  variable  and  use  Lf(T )  =  G(T)  as  addition  equation  in  which  G(T)  is  functional  relationship  of  Lf  on  T. 


(,(TK(r)  +  ,(r)§0§ 

dk(T)  A  kdT\ 

dT  hi  W/ 

Lf  =  G(T) 


k(T)AT  =  0  f 


This  model  is  second  order  in  T  but  first  order  in  Lf. 


(III.  48) 
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Model  D:  Dependent  Variables  T,  q,  and  Lf 

In  this  case  we  consider  the  mathematical  model  (III.47),  but  also  introduce  Lf  as  a  dependent  variable. 

(p(T)cp(T)  +  p(T)  ^  +  V  •  q  =  0 

q  =  -k{T)VT 
Lf  =  G(T) 

This  is  a  first  order  model  in  T,  q,  and  Lf. 


(III. 49) 


(2)  The  mathematical  models  given  in  remark  (1)  are  all  valid  models.  We  present  more  discussion  on  these  models  in  the  section 
on  numerical  studies. 


III.2.4  Second  group  of  mathematical  models  for  phase  change  based  on  nonzero  stress  and  velocity  fields  in  all  phases 

When  the  media  are  not  stress  free  and  the  velocity  field  is  not  zero,  the  mathematical  models  for  phase  change  processes  require 
use  of  all  conservation  and  balance  laws  for  solid  and  liquid  phases,  as  well  as  the  transition  region.  The  mathematical  models 
must  incorporate  the  physics  of  solid,  liquid,  and  transition  regions  and  their  interactions  during  the  evolution  of  the  phase  change 
process.  In  the  approach  discussed  here  the  mathematical  models  for  all  phases  are  strictly  based  on  conservation  and  balance  laws 
and  the  transition  region  is  assumed  to  be  a  smooth  interface  between  the  solid  and  the  liquid  phases.  We  consider  details  of  the 
models  for  all  three  phases  and  present  discussion  regarding  their  validity  and  use  in  determining  phase  change  evolution. 


III.2.5  Liquid  Phase 


If  we  assume  (for  simplicity)  the  liquid  phase  to  be  incompressible  Newtonian  fluid  with  constant  properties,  then  the  math¬ 
ematical  model  for  this  phase  is  standard  continuity,  momentum  equations,  energy  equation,  and  the  constitutive  theories  for 
contravariant  deviatoric  Cauchy  stress  tensor  and  heat  vector  in  Eulerian  description  with  transport.  In  the  absence  of  body  forces, 
we  have 


pi  V  •  v  =  0 


_  (  di’i 
pl[  dt 


dvj 
1  dxi 


dp 

dxi 


dd<J 


(  dr 

\dt 


PlCpl 

dio- If  =  2pDij 
q  =  -kVT 


(o) 


dx  i 


=  0 


■q-d<t$)Dij  =  0 


(III. 50) 


p  is  mechanical  pressure  assumed  positive  when  compressive,  pi,  cpi,  hi,  p  are  the  usual  constant  transport  properties  of  the 
medium.  We  remark  that  x  are  fixed  locations  at  which  the  state  of  the  matter  is  monitored  as  time  elapses  i.e.  x  location  is 
occupied  by  different  material  particles  for  different  values  of  time.  In  this  mathematical  model  material  point  displacements  are 
not  monitored. 


III.2.6  Solid  Phase 

In  the  solid  phase  the  most  appropriate  form  of  the  mathematical  model  can  be  derived  using  conservation  and  balance  laws  in 
Lagrangian  description. 
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Hyperelastic  Solid 

If  we  assume  the  solid  phase  to  be  hyperelastic  solid  matter,  homogeneous,  isotropic,  and  incompressible  with  infinitesimal 
deformation  and  constant  material  coefficients,  then  we  have  the  following  for  continuity,  momentum  equations  in  the  absence  of 
body  forces,  energy  equation,  and  the  constitutive  equations  (using  a  for  stress  tensor). 


Po  —  Ps 

as 

dvi 

O’ij 

Pslh 

dxj 

dT 

PsCps~di 

+  V 

&ij  —  DijkiSki 

_  1( 

'  dui 

13  2  ( 

dxj 

=  0 


duj_ 

dxi 


Vi  = 

Q  = 


duj 

dt 

-ksVT 


>  V(®,  t)  €  Hast  =  fix  X  flf 


(III.51) 


In  this  description  the  locations  x  are  locations  of  material  points,  hence  the  deformation  of  the  material  points  is  monitored 
during  evolution.  We  note  that  we  can  also  introduce  the  stress  decomposition  rr  =  —pl+dcr  with  tr(d<r)  =  0  in  ]R3,  tr (dtr)  —p  =  0 
in  K2,  and  tr (d<r)  —  2p  =  0  in  M1  as  additional  equation  relating  mechanical  pressure  p  to  dp'-  With  this  decomposition  this 
mathematical  model  appears  to  have  the  same  dependent  variables  (but  not  necessarily  the  same  physical  meaning)  as  the  one  for 
fluid  in  Section  III.2.5. 


Hypoelastic  Solid 


If  we  assume  the  solid  phase  to  be  hypo-thermoelastic  solid  matter,  isotropic,  homogeneous,  and  incompressible  with  constant 
material  coefficients  then  the  mathematical  model  can  be  derived  in  Eulerian  description  with  transport.  The  constitutive  theory 
for  the  stress  tensor  for  such  materials  is  a  rate  theory  of  order  one  in  stress  and  strain  rate  tensors  i.e.  convected  time  derivative 
of  order  one  of  the  stress  tensor  is  related  to  the  convected  time  derivative  of  order  one  of  the  conjugate  strain  tensor.  If  we 
consider  tr'Ay)  =  —pi  +  ,i&Ay>  decomposition  then  we  have  the  following  for  continuity,  momentum  and  energy  equations,  and  the 
constitutive  equations. 


ps  V  •  v  =  0 

-  ( i  ~  \  dp_  _  ddVjj'1 

P s  \  dt  dtCj )  dati  dxj 

(QT  \ 

—  +D • Vf j  +  V  •  q  =  0 


=  0 


> 


(III. 52) 


-(!)  _  n  (1) 

dCTij  —  DijklJl-l 

q  =  — fcsVT 


o'  1  is  the  first  convected  time  derivative  of  the  deviatoric  contravariant  Cauchy  stress  tensor  and  y  -1  -!  is  the  first  convected 
time  derivative  of  the  Almansi  strain  tensor,  a  contravariant  measure  of  strain.  It  has  been  shown  [100]  that  for  thermo-hypoelastic 
solids  the  continuity  equation  in  (III.52)  must  be  replaced  by  tr^d^0))  =  0  in  M3,  tr^d^0))  —  p  =  0  in  IR2,  and  tr(dd-^0^)  —  2p  =  0 
in  R1  as  additional  equation  relating  mechanical  pressure  p  to  ,y<Ti,ri.  We  note  that  in  hypoelastic  solids,  strain  rate  produces  stress 
as  opposed  to  strain  as  in  the  case  of  hyperelastic  solids.  Secondly,  such  a  model  allows  transport  which  is  not  present  in  the 
deformation  of  thermoelastic  solids. 
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111.2.7  Transition  Region 

In  the  transition  region  the  consideration  of  the  physics  of  phase  transformation  and  how  we  account  for  it  in  the  development 
of  the  mathematical  model  determines  the  ultimate  outcome  of  the  details  of  the  mathematical  model.  The  following  approaches 
are  used  or  are  possibilities. 

(a)  We  can  assume  the  transition  region  as  a  homogeneous,  saturated  mixture  of  fluid  and  solid  constituents  with  appropriate 
volume  fractions  based  on  temperature.  In  this  approach  the  solid  particles  are  always  mobile,  which  poses  problems  as  we 
approach  the  solid  phase.  The  choice  of  Lagrangian  or  Eulerian  description  (with  transport)  is  also  not  straightforward.  This 
approach  has  not  been  used  in  phase  transition  applications. 

(b)  We  assume  that  freezing  or  melting  in  the  transition  region  creates  a  porous  media  with  variable  permeability.  This  approach 
has  been  used  but  not  in  conjunction  with  the  full  Navier-Stokes  equations. 

(c)  Some  variations  of  mixture  theory  with  various  approximations  are  possible. 

Remarks 

It  is  perhaps  more  straightforward  to  illustrate  the  problems  associated  with  these  mathematical  models  and  their  use  in  phase 
transition  if  we  consider  sharp  interface  between  solid  and  liquid  regions.  In  this  case  purely  solid  phase  is  in  contact  with  purely 
liquid  phase.  We  consider  the  following: 

(1)  Lagrangian  description  with  hyperelastic  solid  assumption  is  ideal  for  the  solid  phase  and  the  Eulerian  description  with  trans¬ 
port  is  suitable  for  the  liquid  phase.  In  the  Lagrangian  description  the  locations  x  are  the  positions  of  the  material  particles  that 
undergo  evolution  and  thus  we  have  displacements  of  each  material  particle  in  time  during  evolution. 

On  the  other  hand,  in  Eulerian  description  with  transport  the  locations  x  are  fixed  locations  that  are  occupied  by  different 
material  particles  for  different  values  of  time.  Thus,  in  this  approach  we  do  not  have  displacement  history  of  each  material 
particle  in  time  during  evolution. 

At  the  interface  between  the  solid  and  the  liquid  regions,  these  two  mathematical  models  do  not  provide  interaction.  This  has 
been  established  by  Surana  et  al.  [101],  Forcing  these  mathematical  models  to  interact  will  produce  spurious  behavior. 

(2)  We  could  consider  hypoelastic  solid  description  (Eulerian  description  with  transport)  for  the  solid  phase  and  the  Eulerian 
description  with  transport  for  the  liquid  phase.  In  this  case,  interaction  between  the  two  phases  is  intrinsic  in  the  mathematical 
model  and  is  mathematically  consistent. 

However  the  hypoelastic  solids  have  transport  which  is  not  the  case  for  solid  phase  and  the  first  order  rate  constitutive  theory 
is  nonphysical  for  solid  phase  as  it  could  yield  zero  stress  in  the  absence  of  strain  rates.  The  presence  of  transport  for  the  solid 
phase  is  also  problematic  during  the  liquid  to  solid  phase  change. 

Thus  when  the  stress  field  and  the  velocity  field  are  not  zero  the  current  mathematical  models  for  solid  and  liquid  phases  do  not 
permit  interaction  of  the  solid  and  liquid  phases  (see  Surana  et  al.  [101]). 

111.2.8  Third  group  of  mathematical  models  for  phase  change:  the  stress  field  is  assumed  to  be  constant  and  velocity  field 
is  assumed  zero  in  the  solid  phase  but  both  are  nonzero  in  the  liquid  phase  and  transition  region 

The  mathematical  models  in  section  III.2.4  fail  to  provide  interaction  between  the  phases.  We  note  that  the  main  source  of  this 
problem  is  that  not  all  dependent  variables  in  the  two  descriptions  describe  the  same  physics.  For  example  velocities  in  Lagrangian 
description  are  time  rate  of  change  of  displacements  of  a  material  point,  whereas  in  Eulerian  description  the  velocities  at  a  location 
are  velocities  of  different  material  points  for  different  values  of  time.  Since  we  want  to  consider  phase  transition  in  the  presence  of 
flow,  the  mathematical  models  for  fluid  derived  based  on  conservation  and  balance  laws  must  remain  intact.  In  the  solid  region  we 
have  displacements,  their  time  derivatives  (velocities)  and  stress  (dependent  on  displacements)  in  Lagrangian  description.  These 
quantities  do  not  have  the  same  physical  meaning  in  case  of  fluid  using  Eulerian  description  with  transport,  thus  must  be  eliminated 
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if  we  seek  interaction  the  two  media  without  changing  the  mathematical  model  for  fluid.  This  gives  rise  to  constant  stress  field 
and  zero  velocity  field  in  the  solid  region.  In  the  transition  zone  the  velocity  field  must  transition  from  nonzero  state  at  the  liquid 
boundary  to  zero  state  at  the  solid  boundary,  and  the  stress  must  assume  a  constant  value.  Thus  in  this  approach  only  the  energy 
equation  provides  the  connecting  link  between  the  solid  and  transition  regions.  In  the  solid  region,  the  energy  equation  has  no 
transport  terms  (due  to  Lagrangian  description)  and  no  dissipation  terms  as  the  solid  phase  is  thermoelastic,  but  these  would  have 
been  zero  even  otherwise  as  the  velocity  field  and  divergence  of  the  stress  field  are  zero.  In  the  liquid  region  we  have  energy 
equation  with  transport  as  well  as  dissipation,  both  of  which  approach  zero  in  the  transition  region  as  the  state  evolves  from  liquid 
to  solid  and  hence  yields  the  desired  energy  equation  for  the  solid  phase. 

Thus,  in  this  approach  we  assume  that  the  solid  phase  has  constant  stress  field  and  the  velocity  field  is  zero  in  this  phase 
but  in  the  liquid  phase  we  consider  full  Navier-Stokes  equations  based  on  conservation  and  balance  laws.  Some  aspects  of  the 
approach  discussed  here  are  also  found  in  [89,91-93]  but  differ  significantly  in  the  specific  details  of  the  mathematical  model  and 
numerical  computations  of  the  evolution.  We  consider  that  the  solid  and  liquid  phases  have  smooth  interface  in  which  all  transport 
properties  vary  in  a  continuous  and  differentiable  manner  as  in  Section  III.2.3.  We  consider  details  of  the  mathematical  models  in 
the  following. 


Liquid  Phase 

For  this  phase  we  consider  standard  Navier-Stokes  equations  in  Eulerian  description  (with  transport)  as  used  for  fluids  (consti¬ 
tutive  theory  for  stress  based  on  Newton’s  law  of  viscosity). 


pi  V  •  v  =  0 


_  (  di’i 


Pi 


+  Vj 


dvi 


dt  '  3  dx , 


dp 

dxi 


dda  ^ 
dx-j 


(o) 


=  0 


fdT  -- 
PicpA—+vVT 


Vq  ad^Dij  =  0 


d<7if  =  ‘IpDij 

q = -hVT 


> 


(III. 53) 


Solid  Phase 

Since  in  the  solid  phase  the  stress  field  is  assumed  constant  and  the  velocity  field  is  assumed  zero,  the  mathematical  model  for 
this  phase  only  consists  of  the  energy  equation  and  the  constitutive  theory  for  heat  vector.  In  the  absence  of  the  velocity  field  and 
stress  field,  there  is  no  distinction  between  the  Lagrangian  and  the  Eulerian  descriptions,  but  we  use  overbar  to  provide  transparency 
between  this  description  and  the  one  given  by  (III. 53). 

V  •  d<r(°)  =  0  ^ 

pscps^  +  v-q  =  o  \  v(x,f)e  n*t  =  naxnt  (m.54) 

dt  ] 

q  =  —ks'VT  ) 

In  this  region  we  note  that  the  momentum  equations  in  (III. 53)  must  be  satisfied  for  zero  velocity  field  with  zero  pressure 
gradient.  From  the  first  set  of  equations  in  (III. 54)  we  note  that  a  constant  deviatoric  Cauchy  stress  field  is  admissible.  The  values 
of  the  constant  stresses  in  the  solid  region  are  determined  by  the  values  of  the  stresses  at  the  solid-liquid  interface.  In  other  words, 
the  constant  of  integration  in  the  first  set  of  equations  in  (III.54)  is  determined  using  the  values  of  the  stresses  at  the  solid-liquid 
interface.  Since  the  stress  gradients  are  zero  in  the  solid  region,  the  stress  values  in  the  solid  region  remain  constant  and  their  values 
are  same  as  those  at  the  liquid-solid  interface  (see  numerical  studies  in  section  III. 3. 13). 
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Transition  Region 

In  the  transition  region  from  liquid  to  solid  the  mathematical  model  transitions  from  (III. 53)  to  (III.54)  or  vice  versa.  As  in 
Section  III. 2. 3,  we  consider  a  transition  region  [Ts,Ti]  in  temperature.  In  this  region  we  assume  that  k,  cp,  p  transition  from  solid 
to  liquid  values  in  a  continuous  and  differentiable  manner  as  described  in  Section  III. 2. 3.  Let  /;  and  fs  be  the  liquid  and  solid 
fractions  with  /,  =  1  —  /;  and  0  <  /;  <  1  in  the  transition  region.  We  also  assume  that  release  or  absorption  of  latent  heat  of 
fusion  L  f  is  also  continuous  and  differentiable  in  the  transition  region. 


Combined  Mathematical  Model 


The  mathematical  models  for  solid,  liquid,  and  transition  phases  can  be  combined  into  a  single  mathematical  model. 


flp(T)V-v  =  0 
dt 


_  dvi\ 
V]dx]) 

,  i  op.  _ 

1  dxi 

dlf(T) 

\(df 

dT 

JU + 

+  V  •  q 

=  2/iA, 

q  =  -k(T)VT 


ddv. 


dXj 


=  0 


^ii)j 


=  0 


(III. 55) 


where 


fi  =  1 

fi  =  o 

0  <  ft  <  1 


liquid  phase 
solid  phase 

Ts  <  f  <  Tj 


(III. 56) 


From  (III.55)  and  (III.56)  we  note  that  in  the  solid  phase  /; 
others  reduce  to 


dd<?\ 


(o) 


dx  ; 


=  0 


0,  hence  continuity  equation  is  identically  zero. 


dLf 

dT 


_  _  u±  _ 
PsCps-j^  ^  '  Q  11 

q  =  — ksVT 
Di:i  =  0 


V(x,  t)  G  flxt  =11*  xSl( 


0  and  the 


(III. 57) 


d  s■!0, 

Comparing  (III.57)  with  (III. 53)  we  note  that  v  -  0  and  thus  IJt)  =  0,  and  g-‘J  =  0,  therefore  (III.53)  reduces  to  (III.57), 

Q  -  (°) 

which  is  same  as  (III.54).  Presence  of  the  first  equation  in  (III. 57)  is  essential  as  it  ensures  that  it  is  oscillation  free  so  that  d-J  =  0 
would  hold  precisely  everywhere  in  the  solid  phase.  Thus  the  challenge  in  the  mathematical  model  (III.55),(III.56)  is  to  ensure 
that  Dij  =  0  is  achieved  in  the  solid  phase  which  would  ensure  that  v  and  its  gradients  as  well  as  the  gradients  of  ,/<r:,l'!  are  zero 
in  the  solid  phase.  The  momentum  equation  in  (III. 55)  (or  (III. 57))  when  satisfied  for  zero  velocity  field  ensures  that  V •,/<?■  1 '7  is 
identically  zero  and  oscillation  free  in  the  solid  phase. 

This  mathematical  model  is  used  in  the  present  work  to  present  numerical  studies  for  phase  change  when  the  stress  field  and 
the  velocity  field  in  the  liquid  phase  are  not  zero. 
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III.3  Numerical  solutions  of  evolutions  of  phase  change  initial  value  problems 

The  mathematical  models  describing  the  phase  change  evolutions  are  nonlinear  partial  differential  equations.  Based  on  the  work 
of  Surana  et  al.  [44,79,81],  space-time  least  squares  finite  element  processes  for  an  increment  of  time  with  time  marching  are  ideally 
suited  for  obtaining  numerical  solutions  of  phase  change  evolution.  See  [44,79,81, 102]  for  details.  First  we  nondimensionalize 
the  mathematical  models  derived  in  section  III. 2  (only  those  used  in  this  work). 

The  numerical  solutions  presented  here  for  all  model  problems  are  converged  solutions  that  are  independent  of  h  and  p  for 
minimally  conforming  k  [41 — 43] .  For  every  increment  of  time,  the  integrated  sum  of  squares  of  the  residuals  for  the  space-time 
discretization  are  always  of  the  order  of  ()( 1  O  Ti)  or  lower,  ensuring  that  the  governing  differential  equations  are  satisfied  in  the 
pointwise  sense  as  the  space-time  integrals  are  Riemann  for  the  space-time  discretizations. 

111.3.1  Dimensionless  form  of  the  mathematical  models  used  in  the  present  work 

In  the  following  we  present  dimensionless  form  of  the  mathematical  models  of  phase  change  based  on:  (i)  the  assumption  that 
stress  field  and  velocity  field  are  zero  in  solid,  liquid,  and  transition  phases,  and  (ii)  the  assumption  that  in  the  solid  phase  the  stress 
field  and  velocity  field  are  zero  but  in  the  liquid  phase  full  Navier-Stokes  equations  constitute  the  mathematical  model. 

In  both  models  the  transition  zone  of  width  [Ts,Ti]  in  temperature  is  assumed  homogeneous  and  isotropic  in  which  p,  cp,  k 
make  transition  from  solid  to  liquid  phase  and  vice  versa  in  a  continuous  and  differentiable  manner. 

In  order  to  nondimensionalize  the  mathematical  models  we  choose  reference  quantities  to  obtain  dimensionless  dependent 
and  independent  variables  and  other  quantities.  The  quantities  with  hat  (')  are  with  their  usual  dimensions,  quantities  with  zero 
subscript  are  reference  quantities  and  the  quantities  without  hat  (' )  are  dimensionless  quantities.  We  define 

Xi  =  Xi/L0  ,  Vi  =  Vi/v  o 
P  =  p/po  ,  P  =  P/Po 

dai?  =  d^if/ro  ,  Lf=Lf/Lf  o  (III. 58) 

k  —  k  /  kg  ,  Cp  —  cp  /  cpo  ,  p  —  P  /  Po 
T  =  {T  —  T0)/T0  ,  t  =  t/to  ,  q=q/qo 

111.3.2  Mathematical  model  based  on  the  assumption  of  zero  stress  and  zero  velocity  field  in  all  phases  (first  group  of 
models) 

Recall  the  following  mathematical  model  presented  in  Section  III. 2. 3. 


„„  dT  ■  „  ,dLf  n 

pcp~ it  +  ^  •  q  +  p—^r  —  ^ 

at  at 

q  =  -kVT 


V  (x,t)  G  £1^ 

V  (x,t)  G 


Using  (III.58)  in  (III.59)  and  (III.60),  we  obtain 


pCp 


dT  f  goto  \ 


dt 


\LoPoCpoToJ 
(koT0 
qo 


V-q 


kVT 


9Ll  =  o 

\cp0T0)f  dt 


If  we  choose 


qo  —  koT0/L0 


(III. 59) 
(III.  60) 

(111.61) 

(111. 62) 

(111. 63) 
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Then,  (III.61)  and  (III. 62)  can  be  written  as 

(III.  64) 
(III.  65) 

Since  the  velocity  field  is  assumed  zero,  to  cannot  be  defined  using  Lq  and  vq.  We  can  choose  the  following: 


dT  (  tpko  \ 

PCp  dt  \L%pocpo)  q 
q  =  -kVT 


to  —  L^poCpo/ko  ,  Lfo  —  cpoTo 

Using  (III.66),  the  mathematical  model  (III. 64)  and  (III.65)  reduces  to 


PCp 


dT 

dt 


V-q 


(d_h_)d_T=0 

\dT  dt 


q  =  -kVT 


(III. 66) 


(111. 67) 

(111. 68) 


Equations  (III.67)  and  (III.68)  are  a  system  of  first  order  PDEs  in  T  and  q  in  which  reference  time  to  and  reference  latent  heat 
of  fusion  Lfo  are  defined  by  (III.66).  Alternatively,  if  we  substitute  q  from  (III. 68)  into  (III.67),  then  we  obtain  a  single  PDE  in 
temperature  T. 


dT 

pCp—  -  V-  (kVT) 


(dL1\8T={ 

\dTJdt 


(III. 69) 


Equation  (III. 69)  contains  up  to  second  order  derivatives  of  temperature  T  in  space  coordinates.  The  mathematical  models  (III. 67) 
and  (III.68)  as  well  as  (III.69)  can  be  used  in  numerical  studies,  but  the  choice  of  local  approximations  for  minimally  conforming 
approximation  spaces  differ  in  the  two.  Since  Lf  =  Lf(T),  '>,lrTr  is  strictly  deterministic.  Other  mathematical  models  (Model  C 
and  Model  D)  presented  in  Section  III.2.3  have  similar  dimensionless  forms. 


III.3.3  Mathematical  model  when  the  stress  field  is  assumed  constant  and  the  velocity  field  is  assumed  zero  in  the  solid 
phase  but  nonzero  in  both  the  liquid  and  transition  regions  (third  group  of  models) 

Recall  the  mathematical  model  given  by  (III.55)  and  (III. 56) 


where 


fip(f)V  -v  =  0 

7  ^  ( dvi  ~  dvi  \  -  dp  ddal°]  _ 

mt)  {-ti+v>wj+fiwr 

**>(*<*) +  g£P)(  f + 

+  V-q-fl{d^°l)Di 

q  =  -I(f)VT 


=  0 


fl  =  1 
fi=  0 
0  <  fi  <  1 


liquid  phase 
solid  phase 

fs<f<f, 


(III.  70) 


(III. 71) 
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Dimensionless  forms  of  (III.70)  and  (III.71)  can  be  obtained  using  (III.58): 


where 


Jip(T)V  -v  =  0 


fiP(T) 


dt 


dX; 


p0v'l  J  dxi 

)^=° 


f  T0  \  dda{°] 
\PoVq, 


«f)(Tep(f)+^^)(f +/lS.Vf) 

-V-q-h 


ReBr 


TO 

PoVo 


dvfiDij)  =  0 


fi(d<rli ?)  = 


f  PqVq 
\L0t0J 


^  2  pDi 


q  =  -k(T)VT 


fi  =  1 
fi=  o 

0  <  fi  <  1 


Re  = 


Br  = 


PqVqLo 

Po 

PoVp 

koTo 


liquid  phase 
solid  phase 

Ta  <  T  <  Ti 

Reynolds  Number 
Brinkman  Number 


(III.72) 


(III. 73) 


Remarks 

(1)  We  keep  in  mind  that  in  the  solid  phase  the  momentum  equations  must  be  satisfied  for  zero  velocity  field  and  constant  stress 
field  i.e.  in  the  solid  phase  dvi/dxj  =  0  and  dd&ij  ’ /dxj  =  0  must  hold  in  the  solid  phase. 

(2)  Based  on  (1),  it  may  be  possible  to  redefine  new  dependent  variables  so  that  during  numerical  computations,  conditions  in  (1) 
are  also  satisfied  with  this  choice.  This  indeed  is  the  case  as  shown  in  the  model  problems  in  section  III. 3. 14. 

III.3.4  Computational  methodology  for  computing  evolution  of  IVP  describing  phase  change 

The  mathematical  models  describing  phase  change  are  a  system  of  nonlinear  partial  differential  equations.  Numerical  solutions 
are  computed  using  space-time  least  squares  finite  element  processes  for  a  space-time  strip  (in  M1)  or  a  space-time  slab  (in  ]R2) 
the  with  time  marching.  The  mathematical  models  utilized  in  the  computational  studies  are  a  system  of  PDEs.  In  case  of  R1,  the 
space-time  domain  of  a  space-time  strip  for  an  increment  of  time  is  discretized  using  nine-node  p-version  space-time  elements.  In 
case  of  R2,  the  space-time  slab  is  discretized  using  27-node  p-version  space-time  elements.  Local  approximations  of  class  C°  and 
C1  in  space  and  time  are  in  the  computations. 

For  an  increment  of  time  i.e.  for  a  space-time  strip  or  a  slab,  solution  of  the  non-linear  algebraic  systems  is  obtained  using 
Newton’s  linear  method  with  line  search.  Newton’s  linear  method  is  considered  converged  when  the  absolute  value  of  each 
component  of  61  =  {g}  is  below  a  preset  threshold  A,  numerically  computed  zero.  A  <  10  (i  has  been  used  in  all  numerical 
studies.  Discretization  and  />  I  eve  Is  (considered  to  be  uniform  in  space  and  time)  are  chosen  such  that  the  least  squares  functional  I 
resulting  from  the  residuals  for  the  entire  space-time  strip  or  slab  is  always  of  order  of  0(10  B)  or  lower  and  hence  good  accuracy 
of  the  evolution  is  always  ensured. 
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111.3.5  ID  phase  change  model  problems 

We  consider  three  model  problems.  In  the  first  model  problem  we  present  a  comparison  of  the  smooth-interface  solutions 
(present  approach)  with  the  theoretical  solution  obtained  using  the  sharp-interface  method.  In  the  other  two  model  problems  we 
consider  solid-liquid  and  liquid-solid  phase  change. 

111.3.6  Model  Problem  1:  Comparison  of  Sharp-  and  Smooth-Interface  Solutions 

The  sharp  interface  solution  [84]  has  only  been  reported  for  constant  material  coefficients.  When  the  material  coefficients  vary, 
i.e.  are  a  function  of  temperature,  the  theoretical  solution  of  the  resulting  mathematical  model  has  not  been  reported,  perhaps  due 
to  complexity.  We  choose  p  =  1,  cp  =  1,  k  =  1,  and  Lf  =  1.  The  spatial  domain  consists  of  0  <  x  <  1.  Figure  46  shows 
a  space-time  strip  Qxt  =  [0, 1]  x  [0,  At],  The  space-time  domain  f lxt  is  discretized  using  a  uniform  mesh  of  500  p- version  nine 
node  space-time  elements.  The  spatial  domain  [1,4]  x  [0,  At]  is  discretized  using  a  30  element  uniform  mesh.  The  spatial  domain 
1  <  x  <  1  is  added  to  0  <  x  <  1  to  approximate  the  boundary  condition  at  x  =  oo  in  the  theoretical  solution  with  x  =  4  in  the 
computed  solution. 


Figure  46:  Schematic  of  first  space-time  strip,  BCs,  IC,  and  spatial  discretization 


The  initial  conditions  on  temperature  T  at  t.  =  0  are  defined  piecewise  by  the  following. 

rf(/3/2)  —  erf(a:/2v/fo) 


0(ar)  =  C  i- 


0(z)  =  C2 


erf(/3/2) 

rf(/3/2)  -  erf(x/2v/fo) 


x  <  Tx(0) 
x  >  r,(o) 


erfc(/3/2) 

In  the  theoretical  solution  for  sharp-interface  (III. 23)— (III . 26) ,  the  following  coefficients  are  used. 


C  i  =  —0.085  C2  =  -0.015 
t0  =  0.1246  (3  =  0.396618 


(III. 74) 


(III. 75) 


The  mathematical  model  (III.69)  is  used  for  computing  smooth-interface  solutions.  For  smooth-interface  solutions  the  transition 
region  is  defined  by  [Ts,  T[]  =  [—0.001,  0.001],  p-levels  in  space  and  time  are  chosen  to  be  7,  with  solutions  of  class  C 1  in  space 
and  time.  Figure  47  shows  a  plot  of  the  initial  condition  at  t  =  0. 

In  the  smooth-interface  solutions  we  also  use  p  =  1,  cp  =  1,  k  =  1,  and  Lf  -  1  i.e.  constant  material  coefficients  regardless 
of  phase.  The  evolution  is  computed  using  At  =  0.01  for  100  time  steps  i.e.  up  to  t  =  1.0.  The  latent  heat  Lf  is  expressed  as 
a  polynomial  in  temperature  T  in  the  transition  zone.  Generally  a  cubic  or  fifth  degree  polynomial  in  T  for  Lf  is  found  adequate 
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Figure  47:  Initial  condition  O(x)  at  t  =  0,  temperature  distribution  from  the  theoretical  solution  of  the  sharp-interface  model 


(equations  (III.37)— (III.40)).  Evolution  of  temperature  and  latent  heat  for  0  <  t  <  1  from  smooth  interface  and  comparison  with 
sharp-interface  solution  are  shown  in  figures  48  and  49.  Interface  location  versus  time  t  from  smooth  and  sharp  interface  locations 
are  compared  in  figure  50.  Center  of  the  transition  region  is  considered  as  interface  location  in  smooth  interface  solution. 

From  figures  48-50  we  note  that  smooth-interface  solutions  are  in  good  agreement  with  sharp-interface  solutions.  The  sharp- 
interface  theoretical  solution  is  only  possible  for  constant  p,  cp,  and  />:,  whereas  smooth-interface  solutions  are  possible  for  variable 
p ,  cp,  and  k.  Smooth-interface  solutions  with  transitions  in  material  coefficients  due  to  phase  change  describes  physics  of  phase 
transitions  more  precisely. 


Distance,  x 

Figure  48:  Model  Problem  1:  Evolution  of  temperature  using  smooth-interface  model  and  sharp-interface  theoretical  solution, 

Cll(&%t),P  =  7,  At  =  0.01 
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Distance,  x 

Figure  49:  Model  Problem  1:  Evolution  of  latent  heat  (smooth  interface),  C11( Cl%t),p  =  7,  At  =  0.01 


Time,  t 

Figure  50:  Model  Problem  1:  Interface  location  as  a  function  of  time,  C'11(fi|t),p  =  7,  A t  =  0.01 


III.3.7  Transport  properties  and  reference  quantities  for  liquid-solid  and  solid-liquid  transition  numerical  studies  with 
zero  stress  and  velocity  fields  in  all  phases 

In  all  numerical  studies  using  zero  velocity  and  zero  stress  field  for  the  entire  domain,  we  consider  the  liquid  phase  to  be  water 
and  the  solid  phase  to  be  ice  with  the  following  properties. 

Water:  pi  =  62.38  lbm/ft3 

dpi  =  1.006  Btu/lbm  R 
k  =  9.01  x  10~5  Btu/s  ft  R 
Lfi  =  143.6  Btu/lbm 
p,  =  0.12  x  10-2  lbm/ft  s 

Ice:  ps  =  57.16  lbm/ft3 

cPs  =  0.4896  Btu/lbm  R 
ks  =  3.57  x  10"4  Btu/s  ft  R 
Lfs  =  0.000  Btu/lbm 

E  =  6.05  x  106  lbm/ft.  s2 
v  =  0.33  109 


REPORT  DOCUMENTATION  PAGE  (SF  298) 
(Continuation  Sheet) 


Transition  region: 

In  the  transition  region  p(T),  cp(T),  k(T)  and  Lf(T)  are  assumed  to  vary  in  a  continuous  and  differentiable  manner  between 
the  temperatures  Ts  and  Tj  defining  the  transition  region  between  solid  and  liquid  phases. 

Reference  quantities: 

Regardless  of  solid-liquid  or  liquid-solid  phase  transition  we  consider  the  following  reference  quantities: 


Po  Ps  5  k0  —  ks  ,  CpQ  —  CpS 

T0  =  (32°F  +  459.67)  =  491.67  R  ,  L0  =  0.25/f 
Lfo  =  CpoTo  =  240.72  Btu/lbm 

t0  =  L°P°Cp0  =  4.899  x  103  s  =  81.65mm 
ko 


III.3.8  Model  Problem  2:  ID  Liquid-Solid  Phase  Change;  Initiation  and  Propagation  of  Phase  Transition 

In  this  model  problem  we  consider  ID  liquid-solid  phase  change  with  variable  material  coefficients  and  to  demonstrate  the 
ability  of  the  proposed  formulation  in  initiating  phase  transition  as  well  as  in  simulating  its  evolution  as  time  elapses.  Numerical 
solutions  are  calculated  and  compared  for  constant  density  (p  =  pi  in  all  phases)  as  well  as  variable  density.  Figure  51  shows 
space-time  strip  Qxt  =  [0, 1]  x  [0,  At],  initial  conditions,  and  boundary  conditions. 


T(x, 0)  =496.6  R 

(a)  Space-time  strip 


T(0,  t)  =0.010 


x  =0 


T(x,  0)  =0.010 


(b)  Dimensionless  space-time  strip 


Figure  51:  Liquid-solid  phase  transition:  space-time  strip,  boundary  conditions,  and  initial  condition 


We  consider  solutions  of  class  C11  with  p-level  of  9  in  space  and  time.  With  this  choice  the  space-time  integrals  are  Riemann 
in  time  but  Lebesgue  in  space.  This  choice  functions  quite  well  in  simulating  the  evolution  (low  residuals).  We  choose  the  phase 
transition  zone  [TS,TJ]  to  be  [—0.001,  0.001].  A  different  (smaller  or  larger)  choice  of  transition  zone  width  in  temperature  does 
not  alter  the  location  of  the  center  of  the  transition  region. 
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Distance,  x 


(a)  Evolution  of  temperature,  0.0  <  t  <  0.2 


Distance,  x 

(b)  Evolution  of  temperature,  0.0  <  t  <  4.8 

Figure  52:  Model  Problem  2:  Evolution  of  temperature  for  liquid-solid  phase  change,  Cll(VL%t),p  =  9,  A t  =  0.04 


Computed  numerical  results  are  presented  in  figures  52-56.  Figures  52(a),  53(a),  54(a),  55(a),  56(a)  show  plots  of  T,  Lf,  p, 
cp ,  and  k  versus  x  during  initial  stages  of  the  evolution  (0  <  t  <  0.2).  Continuous  extraction  of  heat  from  the  right  boundary 
progressively  lowers  the  temperature  at  the  boundary  and  in  the  neighborhood  of  the  boundary  which  eventually  results  in  the 
initiation  of  phase  change.  Variations  in  Lf(T),  cp(T),  k(T)  and  p(T)  follow  changes  in  temperature  during  evolution.  From 
figure  52(a)  we  note  that  both  constant  and  variable  densities  yield  almost  the  same  evolution  of  the  temperature  during  initial 
stages  of  the  evolution.  Figures  53(a),  55(a),  and  56(a)  show  differences  in  the  evolution  of  Lf,  cp,  and  k  for  constant  and  variable 
densities  even  in  the  very  early  stages  of  the  evolution.  Constant  density  results  lag  variable  density  solutions. 

Figures  52(b),  53(b),  54(b),  55(b),  56(b)  show  fully  formed  phase  change  transition  region  (liquid  to  solid)  beginning  with 
t  =  0.8  and  its  propagation  during  evolution  (0.8  <  t  <  4.8).  For  most  space-time  strips  during  time  marching  using  At  =  0.04, 
I  <  O(10~6)  and  \(fji)\rnax  <  10-6  ensure  accurate  evolution  that  satisfies  GDE  quite  well  over  the  entire  space-time  domain  of 
each  space-time  strip.  Evolutions  of  all  quantities  are  smooth  and  free  of  oscillations.  The  influence  of  variable  density  can  be  seen 
clearly  in  these  graphs.  The  variable  density  results  lead  constant  density  evolution  and  the  difference  between  them  increases  as 
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Distance,  x 

(b)  Evolution  of  latent  heat,  0.0  <  t  <  4.8 

Figure  53:  Model  Problem  2:  Evolution  of  latent  heat  for  liquid-solid  phase  change,  6' 1 1  ( iYxt ) .  p  -  9.  A/  =  0.04 


the  evolution  proceeds. 

From  figure  52(b)  we  clearly  observe  linear  heat  conduction  in  liquid  and  solid  phases  (constant  but  different  slopes  of  T  versus 
x )  separated  by  smooth  transition  region. 

If  we  define  the  center  of  the  transition  zone  as  the  location  x  of  the  phase  front,  then  using  the  results  in  figures  52-56  we  can 
plot  a  graph  of  location  x  versus  time  t  marking  the  location  of  the  phase  change  front  in  time. 

Figure  57  shows  such  a  plot  for  the  results  presented  in  figures  52-56.  The  transition  region  width  for  these  numerical  studies 
consist  of  [Ts,  T{\  =  [—0.001, 0.001],  It  is  also  obvious  from  figures  52-57  that  the  choice  of  constant  density  in  all  phases  ( p  =  pi 
used  here),  as  is  commonly  used  in  the  published  works,  will  produce  results  that  do  not  agree  with  the  actual  physics  of  phase 
change  (variable  density). 

The  differences  in  the  computed  solutions  for  constant  and  variable  density  are  noticeable.  We  note  that  the  center  of  the  phase 
transition  zone  for  variable  density  case  is  ahead  of  the  constant  density  case  during  the  entire  evolution  and  the  difference  between 
the  two  increases  as  the  evolution  proceeds. 
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(a)  Evolution  of  density,  0.0  <  t  <  0.2 
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(b)  Evolution  of  density,  0.0  <  t  <  4.8 

Figure  54:  Model  Problem  2:  Evolution  of  density  for  liquid-solid  phase  change,  C11(f2®t),p  =  9,  A t  =  0.04 


Similar  studies  were  repeated  for  [ TS,TJ ]  =  [—0.002,0.002]  i.e.  double  the  width  of  the  transition  zone,  with  virtually  no 
change  in  the  location  of  the  center  of  the  transition  region. 

The  phase  transition  evolution  for  this  model  problem  cannot  be  simulated  using  sharp-interface  and  phase  field  approaches  as 
this  model  problem  requires  initiation  of  phase  transition  that  is  not  possible  in  sharp-interface  and  phase  field  models. 

III.3.9  Model  Problem  3:  ID  Solid-Liquid  Phase  Change;  Initiation  and  Propagation  of  Phase  Transition 

In  this  section  we  present  solid-liquid  phase  change  studies  using  model  A,  similar  to  those  presented  in  section  III. 3. 8  for 
liquid-solid  phase  change.  The  space-time  least  squares  formulation  for  a  time  strip  (corresponding  to  an  increment  of  time)  with 
time  marching  is  used  to  compute  the  evolution.  Figure  58  shows  a  schematic  of  the  space-time  strip  corresponding  to  the  first 
increment  of  time,  BCs  and  ICs,  as  well  as  dimensionless  space-time  domain  and  the  dimensionless  quantities. 

Minimally  conforming  spaces  are  the  same  as  described  in  section  III. 3. 8.  Due  to  smoothness  of  the  evolution,  we  choose 
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Figure  55:  Model  Problem  2:  Evolution  of  specific  heat  for  liquid-solid  phase  change,  C'11(f2®t),p  =  9,  At  =  0.04 


ki  =  2  and  k2  =  2  i.e.  T%  of  class  C,11(fl|t),  therefore  the  integrals  in  the  STLSP  are  Lebesgue  in  x  but  Riemann  in  t.  The  space- 
time  strip  (Af  =  0.04)  is  discretized  using  100  nine  node  space-time  C1 1  (f2®t)  finite  elements.  Numerical  studies  were  considered 
for  the  first  space-time  strip  with  phase  change  to  determine  adequate  p-level  for  this  discretization  by  starting  with  p-level  of  3 
(both  in  space  and  time)  and  incrementing  it  by  two.  At  p-level  of  nine,  /  is  of  the  order  of  10~6  or  lower  and  \(<Ji)\rnax  <  10-6 
were  achieved  for  all  time  steps. 

This  ensures  converged  Newton’s  linear  method  with  line  search  as  well  as  accurate  evolution  in  the  entire  space-time  domain. 
The  numerical  solutions  computed  using  these  values  of  h,  p  and  k  for  [Ts,Ti]  =  [—0.001,  0.001]  are  shown  in  figures  59-63.  It 
may  appear  that  presenting  details  of  the  evolutions  of  various  quantities  here  is  redundant  in  view  of  liquid-solid  phase  change 
model  problem  already  considered,  but  this  is  not  the  case.  In  this  case  transition  is  from  solid  to  liquid,  thus  evolutions  of  transport 
properties  are  quite  different  and  hence  essential  to  examine  the  resulting  evolution  of  the  solution. 

Figures  59(a),  60(a),  61(a),  62(a),  63(a)  show  plots  of  T,  Lf,  p,  cp,  and  k  versus  x  during  the  initial  stages  of  the  evolution 
(0  <  t  <  0.8).  Continuous  addition  of  heat  from  the  right  boundary  progressively  raises  the  temperature  at  the  boundary  and  in 
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Position,  x 

(b)  Evolution  of  thermal  conductivity,  0.0  <  t  <  4.8 

Figure  56:  Model  Problem  2:  Evolution  of  thermal  conductivity  for  liquid-solid  phase  change,  C11(f2®t),p  =  9,  At  =  0.04 


the  neighborhood  of  the  boundary  which  eventually  results  in  the  initiation  of  phase  change.  Variations  in  Lf(T),  cp(T),  k{T)  and 
p(T)  follow  changes  in  temperature  during  evolution.  From  figure  59(a)  we  note  that  both  constant  and  variable  densities  yield 
almost  the  same  temperature  distribution  in  the  initial  stages  of  the  evolution.  Figures  60(a),  62(a),  and  63(a)  show  differences  in 
the  evolutions  of  Lf,  cp,  and  k  for  constant  and  variable  density  cases.  As  expected,  variable  density  solutions  lag  constant  density 
results,  opposite  of  liquid-solid  phase  transition  in  section  III. 3. 8,  model  problem  2. 

Figures  59(b),  60(b),  61(b),  62(b),  63(b)  show  fully  formed  phase  change  transition  region  (solid  to  liquid)  beginning  with 
t  =  3.2  and  its  propagation  during  evolution  (3.2  <  t  <  19.2).  For  each  space-time  strip  during  time  marching  using  At  =  0.04 
;  I  <  O(10-6)  and  \(9i)\max  <  10”6  ensure  accurate  evolution  that  satisfies  GDE  quite  well  over  the  entire  space-time  domain 
of  each  space-time  strip.  All  evolutions  are  smooth  and  free  of  oscillations.  The  influence  of  variable  density  can  be  seen  more 
clearly  in  these  graphs.  The  variable  density  evolution  lags  the  constant  density  evolution  for  all  values  of  time,  and  the  difference 
between  them  increases  as  evolution  proceeds.  Here  also  we  clearly  observe  linear  heat  conduction  in  the  solid  and  liquid  phases 
(constant  but  different  slopes  of  T  versus  x)  separated  by  a  smooth  transition  region. 

Similar  to  the  liquid-solid  studies  presented  in  section  III. 3. 8,  it  is  possible  to  use  the  solutions  shown  in  figures  59-63  to  follow 
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Phase  transition  location,  x 


Figure  57:  Model  Problem  2:  Interface  location  as  a  function  of  time,  C'rl  p  =  9,  A t  =  0.04 


the  location  of  the  phase  transition  front  during  the  evolution.  Figure  64  shows  the  location  of  the  center  of  the  transition  zone  for 
constant  and  variable  densities.  In  contrast  to  similar  results  for  liquid-solid  phase  transition  shown  in  figure  57,  here  we  note  that 
the  center  of  the  phase  transition  zone  for  variable  density  case  lags  the  constant  density  case  during  the  entire  evolution  and  the 
difference  between  the  two  increases  as  evolution  proceeds. 

The  phase  transition  for  this  model  problem  also  cannot  be  simulated  using  sharp-interface  and  phase  field  models  as  this  model 
problem  requires  initiation  of  phase  transition  that  is  not  possible  in  sharp-interface  and  phase  field  models. 

111.3.10  2D  Phase  Change  Model  Problems 

In  this  section  we  consider  liquid-solid  and  solid-liquid  phase  change  in  M2  using  the  mathematical  model  (III.47)  (Model  B). 

111.3.11  Model  Problem  4:  2D  Liquid-Solid  Phase  Change 

In  these  numerical  studies,  we  choose  Model  B,  a  system  of  first  order  PDEs  that  permits  use  of  C°  local  approximation  in 
space  and  time.  We  consider  a  two  dimensional  domain  in  R2  consisting  of  a  one  unit  square.  A  schematic  of  the  domain,  boundary 
conditions,  and  initial  conditions  are  shown  in  figure  65.  A  constant  heat  flux  is  applied  to  each  boundary  (heat  removal),  except 
for  the  first  time  step  in  which  heat  flux  changes  continuously  from  zero  at  t  =  0  to  the  constant  value  at  t  =  At. 

A  graded  spatial  discretization  of  the  [1  x  1]  spatial  domain  shown  in  figure  66  is  constructed.  Table  1  provides  discretization 
details  of  regions  A,  B,  C  and  D.  All  four  boundaries  contain  uniform  heat  flux  q  =  —0.1  (cooling)  for  t  >  At.  Evolution  is 
computed  (56  time  steps)  using  p-level  of  3  in  space  and  time  with  Af  =  0.0025  for  the  first  8  time  steps  and  At  =  0.01  for  the 
remaining  time  steps.  For  this  discretization,  the  C 00  local  approximation  with  p=3  yield  I  of  (9(4  0  6)  or  lower,  confirming  good 
accuracy  of  the  solution.  \gi\max  A  10-6  is  used  for  convergence  check  in  the  Newton’s  linear  method.  For  most  time  increments 
Newton’s  linear  method  with  line  search  converges  in  5-10  iterations. 

Evolution  of  temperature  T  and  latent  heat  L  f  calculated  using  variable  density  are  shown  in  figures  67  and  68  using  carpet 
plots  for  different  values  of  time.  Similar  plots  were  generated  for  p,  cp ,  k  but  are  not  shown  for  the  sake  of  brevity.  The  carpet 
plots  show  evolutions  to  be  oscillation  free.  Evolution  and  propagation  of  phase  transition  is  demonstrated  more  clearly  by  using 
x,  y  plots  of  temperature  and  latent  heat  at  the  centerline  and  at  the  boundary. 

Figure  69(a)  shows  evolution  of  temperature  at  x  =  0.5  (centerline)  as  a  function  of  y  for  t  =  0.01,  0.2,  0.5.  Evolution  of 
temperature  T  as  a  function  of  y  at  x  =  0.0  (boundary)  us  shown  in  figure  69(b)  for  the  same  values  of  time.  The  evolution  of 
latent  heat  Lf  for  the  same  locations  and  for  the  same  values  of  time  are  shown  in  figures  70(a)  and  (b).  From  figure  69(a)  we 
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Figure  58:  Solid-liquid  phase  transition:  space-time  strip,  boundary  conditions,  and  initial  condition 


observe  that  at  t  =  0.01,  the  phase  transition  has  not  initiated  along  the  centerline.  At  t  =  0.2,  the  portions  of  the  domain  closer  to 
the  boundary  are  experiencing  phase  transition.  At  t  =  0.5,  a  significant  length  along  y  near  the  boundaries  is  in  the  transition  zone 
with  some  portion  near  freezing.  At  the  boundary,  the  situation  is  quite  different  (figure  69(b)).  At  t  =  0.01  the  phase  transition 
has  not  initiated  yet.  At  t  =  0.2  the  entire  boundary  is  in  the  transition  zone  except  very  small  portions  near  y  -  ( )  and  y  =  1  that 
have  solidified.  At  t  =  0.5  a  significant  portion  of  the  boundary  is  completely  frozen.  Graphs  of  latent  heat  in  figures  70(a)  and 
(b)  confirm  these  observations  discussed  here  using  figures  69(a)  and  (b).  Graphs  of  the  evolutions  of  p,  cp ,  and  k  confirm  these 
observations  made  from  figures  69  and  70  and  hence  are  not  included. 

Evolutions  are  smooth  and  show  that  the  differences  between  those  with  variable  density  and  constant  density  are  not  as 
significant  as  for  studies  in  1R1  for  the  values  of  time  reported  here.  As  evolution  proceeds,  we  expect  more  deviations  between  the 
two.  As  in  the  case  of  liquid-solid  phase  transition  in  M1,  here  also  the  evolution  with  variable  density  leads  the  constant  density 
evolution  (more  visible  in  figure  69(b)  and  70).  These  studies  demonstrate  the  strength  of  the  work  in  moving  front  in  R2  without 
front  tracking  techniques.  In  these  numerical  studies  we  have  used  [Ts,Ti]  =  [—0.004,  0.004], 
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Figure  59:  Model  Problem  3:  Evolution  of  temperature  for  solid-liquid  phase  change,  C11  ,  p  =  9,  A t  =  0.04 


This  model  problem  also  cannot  be  simulated  using  phase  field  and  sharp  interface  models  due  to  the  same  reason  as  in  the  case 
of  model  problems  in  M1.  Symmetry  of  the  evolution  is  quite  obvious  from  figures  67  and  68. 

III.3.12  Model  Problem  5:  2D  Solid-Liquid  Phase  Change 

Here  we  also  consider  a  two  dimensional  domain  in  R2  consisting  of  a  one  unit  square.  A  schematic  of  the  domain,  boundary 
conditions,  initial  conditions  and  reference  quantities  are  shown  in  figure  71.  A  constant  heat  flux  is  applied  to  each  boundary, 
except  for  the  first  time  step  in  which  the  heat  flux  changes  continuously  from  zero  at  t  =  0  to  the  constant  value  at  t  =  At. 

The  graded  discretization  for  the  [1  x  1]  spatial  domain  is  same  as  in  section  III. 3. 11,  shown  in  figure  66,  with  details  of  regions 
A,  B,  C  and  D  in  Table  1.  All  four  boundaries  maintain  uniform  heat  flux  q  =  0.1  (heating).  Evolution  is  computed  (50  time  steps) 
using  p-level  of  3  in  space  and  time  with  Ai  =  0.01. 

For  this  discretization,  the  C00  local  approximations  with  p=3  yield  I  of  O(10-6)  or  lower,  confirming  good  accuracy  of  the 
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Figure  60:  Model  Problem  3:  Evolution  of  latent  heat  for  solid-liquid  phase  change,  G'1 1  p  =  9,  A t  =  0.04 


Table  1 :  Spatial  discretization  for  model  problems  in  R2 


Region 

Number  of 

x  elements 

Number  of 
y  elements 

Element  length 

in  x,  hex 

Element  length 

in  y,  hey 

Number  of 

Total  Elements 

A 

12 

12 

0.0167 

0.0167 

144 

B 

6 

12 

0.1000 

0.0167 

72 

C 

12 

6 

0.0167 

0.1000 

72 

D 

6 

6 

0.1000 

0.1000 

36 
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Figure  61:  Model  Problem  3:  Evolution  of  density  for  solid-liquid  phase  change,  =  9,  A t  =  0.04 


solution,  \gi\max  <  1 0  r'  is  used  for  convergence  check  of  the  Newton’s  linear  method.  For  most  time  increments  Newton’s  linear 
method  with  line  search  converges  in  5-10  iterations.  In  these  studies  we  have  used  [ TS,T{\  =  [—0.004,  0.004]. 

Carpet  plots  similar  to  model  problem  4  were  also  generated  for  this  model  problem  with  behaviors  similar  to  model  problem  4 
and  hence  are  not  included  here.  Two  dimensional  line  x ,  y  plots  of  temperature  T  and  latent  heat  L f  are  presented  to  demonstrate 
the  phase  transition  more  clearly. 

Figure  72(a)  shows  evolution  of  temperature  at  x  =  0.5  (centerline)  as  a  function  of  y  for  t  =  0.01,  0.2,  and  0.5.  Evolution 
of  temperature  T  as  a  function  of  y  at  x  =  0.0  (boundary)  is  shown  in  figure  72(b)  for  the  same  values  of  time.  The  evolutions 
of  latent  heat  L  f  for  the  same  locations  and  for  the  same  values  of  time  are  shown  in  figures  73(a)  and  (b).  From  the  evolution  of 
temperature  in  figure  72(a)  we  note  that  at  t  =  0.01,  the  phase  transition  has  not  been  initiated  at  the  centerline.  For  t  =  0.2  the 
entire  region  0  <  y  <  1  is  in  the  transition  zone  [Ts,  0].  At  t  =  0.5  the  entire  zone  0  <  y  <  1  is  still  in  the  transition  zone,  but 
some  portions  near  the  boundaries  are  in  [0,7}].  At  the  boundary  (x  =  0,  0  <  y  <  1)  the  evolution  of  the  temperature  is  quite 
different  than  at  the  centerline.  From  figure  72(b)  we  find  that  at  t  =  0.01,  the  phase  transition  has  not  commenced  yet  except  in  a 
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(b)  Evolution  of  specific  heat,  0.0  <  t  <  19.2 


Figure  62:  Model  Problem  3:  Evolution  of  specific  heat  for  solid-liquid  phase  change,  C'11(0®4),p  =  9,  At  =  0.04 


small  portion  near  y  =  0  and  y  =  1  (horizontal  boundaries  at  y  =  0  and  y  =  1).  At  t  =  0.2  the  entire  length  0  <  y  <  1  is  in  the 
transition  zone  [0,  Tj].  At  t  =  0.5  a  significant  portion  of  0  <  y  <  1  near  y  =  0  and  y  =  1  is  completely  liquid. 

Graphs  of  latent  heat  Lf  in  figures  73(a)  and  (b)  confirm  these  observations.  In  figure  73(b)  we  note  that  at  time  t  =  0.5  the 
straight  line  portions  of  the  graph  near  y  =  0  and  y  =  1  meaning  constant  L j  further  confirm  completely  liquid  state  of  the  matter. 

Graphs  of  the  evolutions  p,  cp,  and  k  show  evolutions  that  are  in  agreement  with  the  evolutions  of  T  and  L  f  shown  in  figures  72 
and  73  and  hence  are  omitted  for  the  sake  of  brevity. 

In  this  case  also  the  evolutions  are  smooth  and  show  that  the  differences  between  the  evolutions  with  variable  and  constant 
density  are  not  as  significant  as  for  studies  in  R1  for  the  values  of  time  reported  here.  As  evolution  proceeds  we  expect  more 
deviations  between  the  two  evolutions.  As  in  case  of  solid-liquid  phase  transition  in  R1,  here  also  the  variable  density  evolution 
lags  the  constant  density  evolution  (more  visible  in  figures  72  and  73). 

This  model  problem  also  cannot  be  simulated  using  sharp-interface  or  phase  field  approaches  as  it  requires  initiation  of  phase 
transition. 
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(b)  Evolution  of  thermal  conductivity,  0.0  <  t  <  19.2 


Figure  63:  Model  Problem  3:  Evolution  of  thermal  conductivity  for  solid-liquid  phase  change,  G'1 1  p  :  9.  A/  =  0.04 

111.3.13  Phase  Transition  Numerical  Studies  in  the  Presence  of  Flow 

In  this  section  we  present  numerical  studies  using  mathematical  model  based  on  constant  stress  and  zero  velocity  in  the  solid 
phase  but  nonzero  velocity  and  stress  field  in  the  liquid  and  transition  regions.  The  details  of  the  mathematical  model  are  presented 
in  Section  III. 2. 8.  In  the  following  we  present  numerical  results  for  fully  developed  flow  between  parallel  plates  in  which  the  plates 
are  being  cooled  to  initiate  and  propagate  liquid-solid  phase  transition. 

111.3.14  Model  Problem  6:  Fully  Developed  Flow  Between  Parallel  Plates 

For  this  case  we  only  need  to  consider  evolution  along  any  vertical  line  between 
is  given  where  X\  is  the  direction  of  the  flow.  If  we  choose  aq  =  x  and  x2  =  y,  tq 


the  plates.  The  flow  is  pressure  driven  i.e.  g?- 
=  u,  d^x  lx/2  =  d&xy,  then  the  dimensionless 
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Phase  transition  location,  x 


Figure  64:  Model  Problem  3:  Interface  location  as  a  function  of  time,  C,11( Vlext),p  =  9,  A t  =  0.04 


(a)  Space-time  slab 


(b)  Dimensionless  space-time  slab 


Figure  65:  2D  liquid-solid  phase  transition:  space-time  slab,  boundary  conditions,  and  initial  condition 
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Figure  66:  Spatial  discretization  for  model  problems  in  R2 


form  of  the  mathematical  model  presented  in  section  III.72  (combined  model)  for  this  model  problem  reduces  to 


i  ( _Po_\  dp  _  /  _R>_\  ddcr^J 
Jl\PoVo)dx  \povl)  dy 


-JcpiT )  ,  LfodLf 


Ec 


+ 


dT 

~T77  + 


1  dqy 


dT  )  dt  ReBr  dy 


=  0 


where 


^  -  (S)^l 


/i  =  i 
/(  =  0 
0  <  ft  <  1 


liquid  phase 
solid  phase 

Ta  <  T  <  Ti 


If  we  choose  To  =  Po'Uq,  characteristic  kinetic  energy,  then  (III. 76)  reduces  to 

i  dp  dda{xy  n 

Jl~K= - =  U 

ox  oy 

fcp(T)  Lfo  dLf  \  dT  1  dg, 


Ec 


fl{dVxy)  = 


•Jq  dT  )  dt  ReBr  dy 

p,  du 
Re  dy 


=  0 


_  _  dT 
=  -HT)- 


(III. 76) 


(III. 77) 


(III. 78) 
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where 

fi  —  1  ;  liquid  phase 

f,  =  0  ;  solid  phase  _  (III.79) 

0  <  fi  <  1  ;  Ts  <f<T, 

By  substituting  qy  in  the  energy  equation  we  can  eliminate  qy  as  a  dependent  variable.  We  designate  this  as  Model  (a). 

Model  (a) 


7  dp  _  dd<J(xy  = 

1  dx  dy 


Lf0  dLf 
v2  dT 


dT 

dt 


-Mwm  ^>§)=» 

hU^)  =  l% 

The  mathematical  model  consists  of  (III. 80)  and  (III.79)  with  u,  dPxy,  and  T  as  dependent  variables. 


(IH.  80) 


Model  (b) 

— 

An  alternate  form  of  (III.80)  can  be  derived  by  first  substituting  d^xy  =  —  —  in  the  momentum  equation  and  then  recasting 

Re  dy 

the  momentum  equation  as  a  system  of  first  order  equations  that  enforce  ||  =  0  in  the  solid  region.  We  obtain  the  following: 

D  fdp  - ddfiy ) 

Refij-  -  n-^-  =0 
ox  oy 


_(cp(T)  t  LfodLf\dT 
dt 


P 


Ec 


dT 


i_( dKn( 3t\2  -  f  ff\  _ 

iBr  \  dT  \dy )  +  ^  dy2  ) 


ReBr 
du 


(III. 81) 


This  mathematical  model  consists  of  (III.81)  and  (III. 79).  In  this  model  ,  hence  ||  and  |  =  0,  and  therefore  ddg^v  =  0 
holds  in  the  solid  region.  This  model  is  obviously  an  alternate  way  to  achieve  the  desired  physics  of  constant  stress  and  zero  velocity 
in  the  solid  phase  as  in  (III. 80)  and  (III. 79). 

We  consider  both  models  (a)  and  (b)  in  the  numerical  calculations  of  the  evolution. 

Q 'd Co) 

From  these  mathematical  models  it  is  clear  that  gtiv  =  0  in  the  solid  region.  This  of  course  implies  that  dfxy  =  C\,  a 

constant,  in  the  solid  region.  We  note  that  a  constant  dXxy1  with  fi  =  0  and  f|  =  0  satisfies  the  last  equation  in  the  models  (a) 
and  ( b )  (i.e.  last  equation  in  (III. 80)  and  (III. 81)).  Value  of  C\  is  dictated  by  the  deviatoric  shear  stress  at  the  solid-liquid  interface. 
Only  when  the  deviatoric  shear  stress  at  the  liquid-solid  interface  becomes  zero  is  djxy  in  the  solid  region  zero.  In  conclusion,  a 
constant  dfxy'1  in  the  solidified  region  is  supported  by  the  mathematical  model.  Its  magnitude  is  largest  at  the  initiation  of  freezing 
and  is  progressively  reduced  upon  continued  growth  of  the  solidified  region,  eventually  becoming  zero  when  the  entire  flow  domain 
is  solidified. 
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Transport  Properties 

Once  again,  the  solid  phase  is  considered  to  be  ice  and  the  liquid  phase  is  water,  with  the  same  properties  that  are  listed  in 
section  III. 3. 7.  The  reference  and  the  dimensionless  quantities  are  given  as: 

Po  Ps  ■>  k0  —  ks  ,  Cpo  —  Cps 

L0  =  0.25  ft  ,  v0  =  1.0  ft/s 

q0  =  1.42  Btu/ft 2  s  ,  T0  =  (32 °F  +  459.67)  =  491.67  R 

t0  =  0.25  s  ,  A t  =  50.0 

At  =  12.5s  ,  po  =  P  )■  r0  =  Eo  =  poVq  =  57.16  Ibm/ft  s2 

in  addition  to: 

Re  =  — — ;  Reynolds  number 
Po 

Vn 

Ec  =  — —  ;  Eckert  number 

CpoTo 

Povo 

Br  =  ;  Brinkman  number 

koTo 

Figures  74(a)-(c)  show  a  schematic  of  the  problem  and  space-time  strips  for  an  increment  of  time  At  from  the  lower  plate  to 
the  center  of  the  flow.  Boundary  conditions  and  initial  condition  are  also  shown  in  figures  74(b), (c).  The  lower  plate  is  subjected 
to  a  temperature  gradient  of  0  to  0.3  (continuous  and  differentiable;  cubic)  for  the  first  increment  of  time  and  held  fixed  thereafter 
as  shown  in  figure  74(d).  Figure  74(e)  shows  a  40  element  uniform  discretization  for  the  space-time  strip.  Evolution  is  computed 
using  the  space-time  discretization  of  figure  74(e)  with  time  marching  using  solutions  of  class  C11  in  space  and  time  with  uniform 
p-levels  of  9  in  space  and  time. 

The  temperature  range  for  the  transition  zone  is  chosen  to  be  [Ts,Ti]  =  [—0.003,  0.003].  p,  cp,  k,  and  Lf  are  assumed  to  be 
continuous  and  differentiable  functions  of  temperature  in  the  transition  zone. 

Fixed  Ai  of  50.0  is  considered  during  time  marching.  For  comparison  purposes,  evolution  is  also  computed  using  constant 
density  (p  =  pi). 

Numerical  Results  Using  Model  (b) 

Figure  75  shows  evolution  of  u  for  t  =  0  (IC),  t  =  1000,  2500,  and  4000  for  constant  as  well  as  variable  density.  Progressive 
increase  in  the  solid  zone  that  initiates  at  the  plate  is  clearly  observed  as  the  evolution  proceeds.  With  progressively  increasing  solid 
zone  the  flow  height  is  progressively  reduced.  Since  the  flow  is  pressure  driven  (||  =  —6.7182  x  10~5,  constant),  this  results  in 
the  progressive  reduction  in  the  flow  rate.  In  other  words,  as  evolution  proceeds,  the  effective  A  is  progressively  reduced. 

Similar  plots  of  temperature  T  and  .ijS/  are  shown  in  figures  76  and  77.  In  the  solidified  region  as  expected  we  observe  linear 
heat  conduction  and  constant  deviatoric  Cauchy  shear  stress  of  the  same  magnitude  as  at  the  solid-liquid  interface. 

Figures  78-81  show  evolutions  of  Lf,  p,  cp,  k  for  variable  as  well  as  constant  density  for  the  same  values  of  time.  Smooth- 
interface  approach  in  the  transition  region  and  the  mathematical  model  work  exceptionally  well. 
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(e)  t  =  0.4  (f)  t  =  0.5 


Figure  67:  Model  Problem  4:  Evolution  of  temperature  for  liquid-solid  phase  change  in  M2,  C'0(l(fAf  ),  p  =  3,  Af  =  0.0025  for 
0  <  t  <  0.02  and  Af  =  0.01  for  t  >  0.02 
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(a)  t  =  0.02 


(b)  t  =  0.1 


(c)  t  =  0.2 


(d)  t  =  0.3 


(e)  t  =  0.4 


(f)  t  =  0.5 


Figure  68:  Model  Problem  4:  Evolution  of  latent  heat  for  liquid-solid  phase  change  in  M2,  C00(fl®t),  p  =  3,  At  =  0.0025  for 
0  <  t  <  0.02  and  At  =  0.01  for  t  >  0.02 
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Temperature,  T 


(a)  Evolution  of  temperature  at  the  centerline 


Figure  69:  Model  Problem  4:  Evolution  of  temperature  for  liquid-solid  phase  change  in  R2,  C00(next),  p  =  3,At  =  0.0025  for 
0  <  t  <  0.02  and  At  =  0.01  for  t  >  0.02 
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(a)  Evolution  of  latent  heat  at  the  centerline 


(b)  Evolution  of  latent  heat  at  the  boundary 


Figure  70:  Model  Problem  4:  Evolution  of  latent  heat  for  liquid-solid  phase  change  in  R2,  C00(O®t),  p  =  3,  At  =  0.0025  for 
0  <  t  <  0.02  and  At  =  0.01  for  t  >  0.02 
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(a)  Space-time  slab 


Figure  71:  2D  solid-liquid  phase  transition:  space-time  slab,  boundary  conditions,  and  initial  condition 
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Temperature,  T 

(a)  Evolution  of  temperature  at  the  centerline 


Temperature,  T 

(b)  Evolution  of  temperature  at  the  boundary 

Figure  72:  Model  Problem  5:  Evolution  of  temperature  for  solid-liquid  phase  change  in  R2,  C,00(fi®  t),  p  =  3,  At  =  0.01 
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(a)  Evolution  of  latent  heat  at  the  centerline 


(b)  Evolution  of  latent  heat  at  the  boundary 


Figure  73:  Model  Problem  5:  Evolution  of  latent  heat  for  solid-liquid  phase  change  in  M2,  (700(f2®t),  p  =  3,  At  =  0.01 
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(b)  Space-time  strip 
t 


t  =  At 


u  =  0 
df\ 

dy  I  y—0 


du 

dy 

dT 

dy 

-(°) 

d°xy 

T(y ,  0)  =  0.007  y  =  H/2 


H  =  0.5  At  =  50 


(c)  Dimensionless  space-time  strip 


dT 


(d)  Applied  temperature  gradient 


)  O 

)  .  40  Element 

Uniform  Mesh 

y  =  H/  2 

(e)  Space-time  discretization 


Figure  74:  2D  solid-liquid  phase  transition:  space-time  slab,  boundary  conditions,  and  initial  condition 
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Figure  75:  Model  Problem  6:  Evolution  of  velocity  u  versus  y  using  model  (b),  Clll(f2®t),p  =  9,  At  =  50 


Figure  76:  Model  Problem  6:  Evolution  of  temperature  T  versus  y  using  model  (b),  =  9,  A t  =  50 


Figure  77:  Model  Problem  6:  Evolution  of  versus  y  using  model  (b),  C,11( =  9,  At  =  50 
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Figure  78:  Model  Problem  6:  Evolution  of  latent  heat  Lf  versus  y  using  model  (b),  Cll(VLext),p  =  9,  At  =  50 


Figure  79:  Model  Problem  6:  Evolution  of  density  p  versus  y  using  model  (b),  C11(0®t),p  =  9,  At  =  50 


Figure  80:  Model  Problem  6:  Evolution  of  specific  heat  cp  versus  y  using  model  (b),  C'11(fi®t),p  =  9,  A t  =  50 
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Figure  81:  Model  Problem  6:  Evolution  of  thermal  conductivity  k  versus  y  using  model  (b),  C'11(U®t),p  =  9,  A t  =  50 


Evolutions  are  continuous  and  differentiable  and  are  free  of  oscillations.  As  expected,  variable  density  evolution  leads  constant 
density  evolution. 

Since  in  this  model  problem  the  flow  is  pressure  driven,  with  continued  evolution  it  is  possible  to  freeze  the  entire  height  y 
that  corresponds  to  ||  =  0,  zero  velocity  field,  and  zero  flow  rate. 

Figures  82-84  show  evolution  of  u,  T,  df^J  for  0  <  t  <  25000.  At  t  =  25000,  the  height  y  is  completely  frozen  with  zero 
velocity  and  zero  deviatoric  Cauchy  shear  stress  dAxy  ■ 

In  figure  84,  the  graphs  AA\B\ ,  AA  >11>,  .4 ,4 3 /i;i,  AA4B4,  and  .4 are  shear  stress  distributions  in  the  liquid-solid  phases 
during  evolution.  The  constant  value  of  the  stress  in  the  solid  region  is  dictated  by  the  shear  stress  at  the  liquid-solid  interface.  As 
evolution  proceeds  the  shear  stress  in  the  solid  region  progressively  decreases  (as  expected  due  to  reduced  flow  rate)  and  eventually 
becomes  zero  when  the  entire  width  H/2  solidifies. 

It  is  interesting  to  observe  the  behavior  of  temperature  T  beyond  t  =  23000,  at  which  the  majority  of  A  js  frozen  but  a  small 
portion  at  the  centerline  still  remains  in  the  transition  and  liquid  regions.  Another  six  time  increments  ( t  =  23300)  still  show  a  very 
small  portion  of  y  in  the  transition  region.  After  another  time  step  (t  =  23350)  the  domain  y  is  completely  frozen.  condition 
at  the  centerline  (due  to  symmetry)  is  responsible  for  the  T  versus  y  behavior  (not  a  straight  line  as  in  linear  heat  conduction)  at 
t  =  23350  and  beyond. 

Figure  82  also  shows  a  comparison  of  the  calculated  velocities  with  the  theoretical  solution  for  pressure-driven  fully  developed 
flow  between  parallel  plates  calculated  using  the  same  ||  (—6.7182  x  10-5)  and  the  non-frozen  part  of  y.  Extremely  minor 
deviations  between  the  two  are  due  to  not  being  able  to  define  the  completely  frozen  height  clearly  as  the  transition  region  separates 
the  liquid  and  solid  regions. 

Numerical  Results  using  Model  (a) 

Numerical  studies  similar  to  those  presented  for  model  (b)  are  also  conducted  for  model  (a).  A  comparison  of  the  results  from 
models  (b)  and  (a)  is  shown  in  figures  85  and  86.  Evolution  of  deviatoric  Cauchy  shear  stress  dAxy  is  shown  in  figure  87. 

Results  from  the  two  mathematical  models  compare  well. 

Remarks 

(1)  Phase  transition  in  the  presence  of  flow  is  simulated  quite  accurately  using  Model  (b)  as  well  as  Model  (a)  but  requires 
assumption  of  constant  stress  field  and  zero  velocity  field  in  the  solid  medium.  In  the  transition  region,  the  stress  field  and 
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Velocity,  u 


Figure  82:  Model  Problem  6:  Evolution  of  velocity  u  versus  y  using  model  (b),  C'11(f2®t),p  =  9,  At  =  50 
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Figure  83:  Model  Problem  6:  Evolution  of  temperature  T  versus  y  using  model  (b),  C1 1  p  =  9,  At  =  50 


the  velocity  field  transition  from  non-constant  and  nonzero  values  in  the  liquid  region  to  constant  and  zero  values  in  the  solid 
region  based  on  temperature  T  £  [Ta,  T{\.  It  is  only  with  these  assumptions  that  it  is  possible  to  establish  interaction  between 
different  phases. 

(2)  Model  (a)  is  preferable  as  in  this  case  the  mathematical  model  directly  results  from  the  conservation  and  balance  laws  and  the 
constitutive  theories  for  the  deviatoric  Cauchy  stress  tensor  and  heat  vector  from  the  second  law  of  thermodynamics. 

(3)  It  is  noteworthy  that  even  though  phase  transition  physics  in  the  transition  region  is  quite  complex,  the  assumption  of  homo¬ 
geneity  and  isotropy  with  continuous  and  differentiable  transition  in  the  transport  properties  over  the  range  [Ts,  T{\  is  quite 
effective  in  simulating  the  evolutions  of  the  expected  physics. 

(4)  Application  of  the  mathematical  model  in  section  III. 3. 3  (general  case  of  Model  (a))  is  straightforward  for  phase  transition 
studies  in  ]R2  and  R:i.  The  mathematical  model  and  the  computational  procedure  provide  a  straightforward  means  of  phase 
transition  initiation  and  its  evolution  in  R1,  R2,  and  R3  in  the  presence  of  nonzero  stress  and  velocity  fields  in  the  liquid  and 
transition  regions  but  with  the  assumption  of  constant  stress  and  zero  velocity  field  in  the  solid  region. 
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Figure  85:  Model  Problem  6:  Evolution  of  velocity  u  versus  y  using  model  (a),  C11( £lext),p  =  9,  A t  =  50 

III.4  Summary,  concluding  remarks,  significance  and  impact  of  this  research 

Summary  and  conclusions  from  the  work  presented  are  given  in  the  following. 

(1)  Various  modeling  approaches  have  been  discussed  and  the  associated  mathematical  models  have  been  presented. 

(2)  It  is  established  that  out  of  all  the  mathematical  models  presented  here,  the  following  two  groups  of  mathematical  models  are 
in  compliance  with  conservation  and  balance  laws  and  provide  correct  interaction  physics  between  all  three  phases. 

(a)  The  models  derived  based  on  zero  stress  and  zero  velocity  fields  in  all  phases. 

(b)  The  models  derived  based  on  constant  stress  field  and  zero  velocity  field  in  the  solid  region,  complete  conservation  and 
balance  laws  in  fluid  region,  and  the  stresses  and  velocities  making  transition  based  on  temperature  from  the  two  states  in 
the  transition  region. 

(3)  Numerical  studies  for  model  problems  in  R1  and  E2  are  presented  based  on  space-time  finite  element  method  derived  using 
space-time  residual  functional  using  the  mathematical  models  described  in  (2).  All  numerical  solutions  reported  in  this  section 
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Figure  86:  Model  Problem  6:  Evolution  of  temperature  T  versus  y  using  model  (a),  C11( =  9,  A t  =  50 
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Figure  87:  Model  Problem  6:  Evolution  of  deviatoric  Cauchy  shear  stress  dAxy  using  model  (a),  C'11(f2®t),p  =  9,  At  =  50 


are  converged  solutions  corresponding  to  space-time  residual  functionals  of  the  order  of  O(10-6)  or  lower.  When  the  space- 
time  integrals  are  Riemann,  such  low  values  of  the  space-time  residuals  ensure  that  the  computed  solutions  satisfy  GDEs  in 
pointwise  sense  during  the  entire  evolution. 

(4)  Smooth-interface  approach  avoids  complex  physics  of  transition  region  without  affecting  speed  of  propagation  of  the  phase 
transition  region.  The  transition  region  [Ts,Ti]  can  be  as  narrow  or  as  wide  as  desired. 

(5)  The  smooth-interface  approach  presented  here  is  highly  meritorious  over  sharp-interface  and  phase  field  approaches  as  it 
permits  initiation  of  phase  transition  and  its  subsequent  evolution,  whereas  in  sharp-interface  and  phase  field  methods  a  priori 
existence  of  phase  transition  is  essential  as  initial  condition  i.e.  these  methods  cannot  simulate  initiation  of  phase  transition. 
This  is  a  serious  handicap  in  these  methods.  In  most  applications  of  interest,  initiation  of  phase  transition  is  essential  as  when 
and  the  precise  conditions  under  which  it  occurs  may  not  be  known  a  priori. 

(6)  The  published  works  on  sharp-interface  and  phase  field  methods  for  phase  transition  generally  consider  constant  density.  The 
work  presented  here  demonstrates  that  the  variable  density  is  necessary  in  the  mathematical  models  to  incorporate  correct 
physics  in  the  mathematical  model.  Incorporating  p  =  ps,  p  =  pi  in  the  liquid  and  solid  regions  and  p  =  p(T)  in  the  transition 
region,  as  done  in  the  case  of  variable  density  used  in  the  present  work,  is  more  realistic  description  of  actual  physics.  It  is 
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demonstrated  in  the  numerical  studies  that  with  variable  density  phase  transition  evolutions  lead  constant  density  evolutions  for 
liquid-solid  phase  transition  but  lags  for  solid-liquid  phase  transition.  It  is  shown  in  liquid-solid  as  well  as  solid-liquid  phase 
transitions  the  distance  between  the  locations  of  the  center  of  the  transition  zones  between  variables  and  constant  density  cases 
increases  as  the  evolution  proceeds. 

(7)  Space-time  finite  element  processes  based  on  residual  functionals  with  local  approximation  in  iTfc,p(f2|t)  spaces  for  a  space- 
time  strip  or  slab  with  time  marching  work  perfectly  in  computing  accurate  evolutions.  This  computational  framework  provides 
means  of  incorporating  higher  order  global  differentiability  approximations  in  space  and  time  as  well  as  increasing  p-levels  for 
desired  accuracy. 

(8)  The  first  group  of  mathematical  models  (2a)  is  ideal  for  phase  transition  studies  in  R1,  R2,  and  R3  with  zero  stress,  zero 
velocity,  and  free  boundaries  assumptions  in  all  phases.  Numerical  studies  and  comparison  with  sharp-interface  approach 
confirm  this. 

(9)  The  second  group  of  models  (2b)  based  on  constant  stress  and  zero  velocities  in  the  solid  region  are  ideal  for  phase  transition 
studies  in  the  presence  of  flow  without  the  assumption  of  constant  stress  and  zero  velocity  fields  in  the  liquid  and  transition 
regions.  These  groups  of  models  are  essential  in  establishing  interaction  between  the  solid,  transition,  and  liquid  phases  such 
that  the  interaction  is  intrinsic  and  consistent  (based  on  continuum  mechanics  principles)  in  the  mathematical  model.  This 
model  ensures  that  no  artificial  or  external  means  are  needed  at  the  interface  boundaries  between  the  phases.  Fully  developed 
pressure -driven  flow  between  parallel  plates  is  an  impressive  illustration  of  the  capabilities  of  these  models  that  can  be  used  in 
R2  and  R3  to  perform  simulation  of  complex  solidification  (or  melting)  processes  in  phase  transition  applications. 

(10)  We  remark  that  sharp-interface  and  phase  field  models  do  not  permit  initiation  of  phase  transition  but  require  its  specification 
as  initial  condition.  The  models  presented  here  permit  initiation  of  liquid-solid  and  solid-liquid  phase  transition  as  well  as 
its  propagation  during  evolution  without  using  any  special  or  artificial  means  in  the  mathematical  models  or  the  numerical 
computations. 

The  fluid-solid  or  the  solid-fluid  phase  transition  obviously  requires  FSI.  We  know  from  the  work  presented  in  FSI  research 
that  at  present  with  currently  used  mathematical  models  for  solids  and  fluids,  this  is  not  possible  without  severe  assumptions  and 
limitations  that  only  permit  crude  numerical  solutions  of  a  very  isolated  class  of  BVPs.  In  the  present  work,  some  important  and 
realistic  considerations  are  employed  in  such  a  way  that  the  resulting  mathematical  models  permit  accurate  solid-fluid  and  fluid- 
solid  transition  physics  studies.  Significant  aspect  of  this  work  are  described  in  (1)-(10)  above  and  are  not  repeated  for  the  same  of 
brevity.  Smooth  interface  approach  used  here  is  highly  meritorious  at  it  does  not  disturb  the  physics  on  either  side  of  the  transition 
zone.  It  is  shown  that  when  the  stress  field  is  assumed  constant  in  the  solid  region  and  velocities  are  assumed  zero,  hence  zero 
displacements  with  full  thermodynamics  model  for  fluid,  liquid-solid  phase  transition  studies  can  be  performed  accurately.  This  is 
demonstrated  very  well  by  the  pressure  driven  flow  between  parallel  plates  in  which  the  plates  are  cooled.  The  progressive  cooling 
with  evolution  eventually  freezes  the  entire  flow  domain  between  the  plates. 


IV  A  simple  mixture  theory  for  v  Newtonian  and  generalized  Newtonian  constituents 

This  work  presents  development  of  mathematical  models  based  on  conservation  laws  for  a  saturated  mixture  of  v  homogeneous, 
isotropic,  and  incompressible  constituents  for  isothermal  flows.  The  constituents  and  the  mixture  are  assumed  to  be  Newtonian 
or  generalized  Newtonian  fluids.  Power  law  and  Carreau-Yasuda  models  are  considered  for  generalized  Newtonian  shear  thinning 
fluids.  The  mathematical  model  is  derived  for  a  v  constituent  mixture  with  volume  fractions  <j>a  using  principles  of  continuum 
mechanics:  conservation  of  mass,  balance  of  momenta,  first  and  second  laws  of  thermodynamics,  and  principles  of  mixture  theory 
yielding  continuity  equations,  momentum  equations,  energy  equation,  and  constitutive  theories  for  mechanical  pressures  and  devi- 
atoric  Cauchy  stress  tensors  in  terms  of  the  dependent  variables  related  to  the  constituents.  It  is  shown  that  for  Newtonian  fluids 
with  constant  transport  properties,  the  mathematical  models  for  constituents  are  decoupled.  In  this  case  one  could  use  individual 
constituent  models  to  obtain  constituent  deformation  fields,  and  then  use  mixture  theory  to  obtain  the  deformation  field  for  the 
mixture.  In  the  case  of  generalized  Newtonian  fluids,  the  dependence  of  viscosities  on  deformation  field  does  not  permit  decou¬ 
pling.  Numerical  studies  are  also  presented  to  demonstrate  this  aspect.  Using  fully  developed  flow  of  Newtonian  and  generalized 
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Newtonian  fluids  between  parallel  plates  as  a  model  problem,  it  is  shown  that  partial  pressures  pa  of  the  constituents  must  be 
expressed  in  terms  of  the  mixture  pressure  p.  In  this  work  we  propose  pa  =  <f>ap  and  YlaPa  =  P  which  implies  </>Q  =  1 
which  obviously  holds.  This  rule  for  partial  pressure  is  shown  to  be  valid  for  a  mixture  of  Newtonian  and  generalized  Newtonian 
constituents  yielding  Newtonian  and  generalized  Newtonian  mixture.  Modifications  of  the  currently  used  constitutive  theories  for 
deviatoric  Cauchy  stress  tensor  are  proposed.  These  modifications  are  demonstrated  to  be  essential  in  order  for  the  mixture  theory 
for  v  constituents  to  yield  a  valid  mathematical  model  when  the  constituents  are  the  same.  Dimensionless  form  of  the  mathematical 
models  are  derived  and  used  to  present  numerical  studies  for  boundary  value  problems  using  finite  element  processes  based  on  a 
residual  functional  i.e.  least  squares  finite  element  processes  in  which  local  approximations  are  considered  in  Hk’p  (O'  )  scalar 
product  spaces.  Fully  developed  flow  between  parallel  plates  and  1:2  asymmetric  backward  facing  step  are  used  as  model  problems 
for  a  mixture  of  two  constituents. 

IV.  1  Introduction,  Literature  Review,  and  Scope  of  Work 

IV.  1.1  Introduction  and  Literature  Review 

The  origin  and  the  basis  of  the  modern  mixture  theories  seems  to  have  begun  in  the  late  fifties.  Papers  by  Tmesdell  et. 
al  [103, 104]  present  equations  of  balance  for  a  mixture  based  on  balance  of  mass,  momentum,  and  energy.  This  formulation  has 
been  generalized  in  many  ways  in  references  [105-107].  In  a  paper  by  Bowen  [108],  “Towards  a  Thermodynamic  and  Mechanics 
of  Mixtures”,  a  good  historical  development  of  the  mixture  theory  is  presented.  Bowen’s  work  in  reference  [108]  is  based  on 
fundamental  assumption  that  mixture  stress  is  not  the  sum  of  the  partial  stresses  of  the  constituent.  This  work  is  advocated  to 
be  a  candidate  for  a  general  theory  of  mixtures.  There  are  many  works  related  to  the  incompressible  porous  media  models  that 
originate  from  thermodynamics  of  mixture  theories.  Work  by  Bowen  [109]  discusses  incompressible  porous  media  as  a  mixture 
where  solid  and  fluid  constituents  are  each  incompressible.  A  review  article  by  Boer  [110]  on  porous  media  theories  is  a  good 
source  for  a  comprehensive  list  of  published  works  in  which  porous  media  theories  use  mixture  theory  as  an  origin.  Boer  et. 
al.  [Ill]  discuss  effects  of  uplift,  friction,  and  capillarity  for  liquid-saturated  porous  solids  by  using  general  porous  media  theories 
that  are  based  on  mixture  theories  extended  by  the  volume  fraction  concept.  In  another  paper  [112]  Boer  presents  a  brief  historical 
review  of  the  porous  media  theories.  Thermodynamics  of  fluid  saturated  porous  media  with  phase  change  is  presented  by  Boer  in 
reference  [113].  In  reference  [114],  Bluhm  and  Boer  consider  the  volume  fraction  concept  in  porous  media.  The  paper  presents 
historical  development  of  the  theory  and  the  development  of  transport  theorem  based  on  volume  fraction.  A  history  of  mixture 
theory  models  can  be  found  in  the  book  by  Boer  [115]. 

Most  of  the  recent  literature  on  mixture  theories  can  be  divided  into  two  major  categories:  theories  based  on  volume  averaging 
and  theories  based  on  the  principles  of  continuum  mechanics.  The  primary  focus  of  this  work  is  on  mixture  theories  based  on 
principles  of  continuum  mechanics.  Theories  based  on  volume  averaging  involve  applying  volume  and/or  time  integrals  over  a 
heterogeneous  mixture  to  obtain  “averaged”  properties  of  the  mixture.  While  these  techniques  may  be  useful  due  to  their  ability  to 
reduce  the  number  of  dependent  variables  for  a  given  problem,  they  generally  lack  a  mechanism  to  recover  meaningful  information 
about  the  behavior  of  individual  constituents.  Because  of  this  shortcoming,  the  primary  focus  of  the  majority  of  recently  published 
works  has  been  on  continuum  mechanics  based  theories.  Information  on  averaged  theories  can  be  found  in  papers  by  Drew  [116], 
Rubinow  and  Keller  [117],  Enlwald  and  Almstedt  [1 18, 1 19],  Terada  et  al  [120],  and  Ahmadi  et  al  [121], 

Mixture  theories  based  on  continuum  mechanics  principles  assume  that  each  material  point  in  the  mixture  is  occupied  simulta¬ 
neously  by  each  constituent  [74].  This  assumption  is  not  physically  accurate  of  course,  but  is  necessary  so  that  the  quantities  used 
to  describe  deformation  are  continuous  and  differentiable.  This  allows  the  development  of  the  mathematical  models  that  describe 
the  behaviors  of  mixtures  in  a  similar  manner  to  those  for  homogeneous  matter.  Truesdell  proposed  a  theory  called  a  mechanical 
basis  for  diffusion.  Author  presents  definitions  for  the  basic  kinematic  relations  as  well  as  the  continuity  and  momentum  equations 
for  mixtures  of  arbitrary  constituents.  This  theory  allows  for  the  transfer  of  mass  and  momentum  from  one  constituent  to  another, 
which  is  commonly  referred  to  as  the  "interaction  force"  [74,76, 122],  It  is  shown  that  Fick’s  Law  of  diffusion  is  a  specific  case  of 
this  theory. 

Later  Muller  [123]  presented  the  energy  equation  and  entropy  inequality  for  v  constituents,  as  well  as  a  linear  constitutive  theory 
for  a  mixture  of  two  Newtonian  fluids.  The  author  uses  density  gradients,  the  symmetric  and  anti-symmetric  parts  of  the  velocity 
gradient  tensors,  temperature  gradient,  and  relative  velocity  between  constituents  as  the  arguments  of  the  dependent  variables  in  the 
constitutive  theory.  The  author  also  shows  that  based  on  this  theory,  a  mixture  of  two  ideal  gases  is  still  an  ideal  gas  with  properties 
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that  agree  with  the  principle  of  partial  pressures  based  classical  thermodynamics.  Green  and  Naghdi  [124]  propose  a  similar  theory 
in  which  they  use  the  energy  equation  and  entropy  inequality  to  derive  the  continuity  and  momentum  equations.  This  is  followed 
by  the  derivation  of  constitutive  equations  for  the  mixture  of  two  Newtonian  fluids  including  resulting  thermodynamic  restrictions. 
Atkin  and  Craine  [125]  derive  continuity,  momentum,  and  energy  equations,  and  the  entropy  inequality  for  mixtures,  as  well  as 
a  constitutive  theory  for  mixtures  of  ideal  inviscid  fluids.  The  authors  show  that  the  results  agree  with  kinetic  theory  of  gases. 
Bedford  and  Dmmheller  [126]  present  a  survey  of  continuum  theories  of  mixtures.  The  authors  include  constitutive  examples  for 
mixtures  of  immiscible  fluids,  solid  particles  suspended  in  fluids,  fluids  flowing  through  porous  media,  chemically  reacting  fluids, 
and  composite  materials.  The  authors  also  provide  an  overview  of  volume  averaged  theories,  and  micro-structure  theories.  The 
theory  for  mixtures  of  two  fluids  is  restricted  to  mixtures  of  an  inviscid  and  a  viscous  fluid. 

In  [74]  authors  derive  the  conservation  laws  for  mixtures  and  provide  details  for  several  example  problems  including:  diffusion 
of  a  fluid  through  a  solid  experiencing  finite  deformation,  steady  state  diffusion  problems,  a  diffusing  singular  surface,  wave 
propagation,  mixtures  of  Newtonian  fluids,  and  solid  particle  suspensions.  The  main  difference  in  these  is  the  constitutive  theory 
used  for  the  stress  tensor  and  the  “interaction  force”.  The  authors  derive  the  constitutive  theory  by  selecting  argument  tensors 
based  on  the  assumed  physics  of  the  problem  and  use  the  entropy  inequality  to  determine  appropriate  restrictions  on  the  material 
coefficients. 

In  reference  [122]  a  review  of  interaction  forces  is  given  for  fluid-solid  mixtures.  The  authors  compare  constitutive  theory  for 
the  interaction  force  to  volume  averaged  theories  based  on  results  for  single  particle  flows.  The  results  include  comparisons  for 
drag,  lift,  buoyancy,  and  other  effects.  Johnson  et  al  present  numerical  results  for  flow  between  parallel  plates  of  solid  particles 
suspended  in  a  fluid  [127].  The  authors  present  a  constitutive  model  for  granular  particles  suspended  in  a  fluid  and  simplify  the 
governing  equations  to  a  system  of  ODE’s  which  are  then  solved  using  a  collocation  method.  Results  are  presented  showing  the 
effect  of  varying  the  volume  fraction  of  the  constituents  and  the  coefficients  of  the  interaction  force  terms.  Massoudi  et  al  [128] 
present  results  for  a  similar  problem  using  pipe  flow  assumptions,  and  Massoudi  and  Rao  [129]  give  results  for  flow  between 
parallel  plates.  In  [130]  Massoudi  et  al  show  results  for  particulate  flow  down  an  inclined  plane. 

In  references  [131-133]  authors  present  a  series  of  studies  for  mixtures  of  fluids  in  a  bearing.  In  [131]  an  oil-water  mixture 
is  considered.  The  authors  give  a  mathematical  model  and  results  for  2D  non-isothermal  flow  in  a  bearing.  Portions  of  this 
mathematical  model  are  used  in  section  IV.2.10.  The  authors  use  a  constitutive  theory  that  includes  relative  velocity,  volume 
fraction  gradients,  temperature  gradient,  and  the  symmetric  part  of  the  velocity  gradient  tensor  as  argument  tensors  of  the  dependent 
variables  in  the  constitutive  theories.  Results  are  given  for  different  volume  fractions.  In  [132]  a  "bubbly  oil"  mixture  is  considered, 
and  in  [133]  an  oil-water  mixture  is  studied  in  an  elastohydrodynamic  bearing.  Similar  results  are  given  and  the  mathematical 
models  only  vary  because  of  the  different  constitutive  theory  used  for  the  gas  phase.  In  all  of  the  published  work,  the  authors  use 
finite  difference  method  to  obtain  numerical  results. 

Massoudi  [76]  shows  how  the  constitutive  theory  for  solid  particles  suspended  in  a  fluid  (given  previously  in  [122])  can  be 
derived  using  the  theory  of  invariants  and  generators.  In  [134]  the  author  gives  a  method  for  applying  boundary  conditions  when 
computing  solutions  to  mixture  problems.  Massoudi  [135]  also  shows  that  the  constitutive  theory  used  for  a  mixture  of  two  fluids 
must  reduce  to  the  theory  for  a  single  fluid  as  the  volume  fraction  approaches  the  limiting  case  of  0  or  1 .  The  author  also  notes 
that  the  best  way  to  ensure  this  is  to  have  viscosity  terms  that  are  weighted  by  volume  fraction.  For  more  information  on  mixture 
theories  see  reference  [74]. 

IV.1.2  Scope  of  Work  and  assumptions  used 

Mathematical  models  are  derived  based  on  mixture  theory  for  v  homogeneous,  isotropic,  and  incompressible  constituents  using 
conservation  of  mass,  balance  of  momenta,  and  the  first  law  of  thermodynamics.  For  isothermal  flows  the  constitutive  theories  for 
mechanical  pressure  and  the  deviatoric  Cauchy  stress  tensor  are  presented  for  the  constituents  and  the  mixture  based  on  the  second 
law  of  thermodynamics.  Currently  used  mixture  theories  are  examined  and  essential  modifications  are  suggested  based  on  the 
physics.  The  resulting  modified  mixture  theory  is  used  in  the  numerical  studies  to  demonstrate  its  validity. 

In  the  following  we  state  the  assumptions  used  in  deriving  the  mixture  theory  presented  in  this  work.  Constituents  and  mixture 
both  are  assumed  incompressible.  The  fluids  are  assumed  to  be  non-interacting.  This  assumption  eliminates  such  features  as 
relative  drag,  relative  spin,  or  “Magnus  effects”  which  could  be  significant  near  boundaries  where  there  is  high  shear  and  hence  high 
rotation.  Thus,  in  applications  where  the  mechanical  interaction  leads  to  “unmixing”,  segregation,  etc,  this  theory  is  inadequate.  In 
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the  development  of  the  mathematical  model,  specific  heat  is  assumed  to  be  constant.  This  assumption  is  obviously  too  restrictive 
for  compressible  constituents  and  compressible  mixtures,  but  is  adequate  when  the  constituents  and  the  mixture  are  incompressible. 
The  volume  additivity  constraint  is  used  throughout  in  the  derivation.  The  incompressibility  constraint  is  introduced  in  the  entropy 
inequality  through  a  Lagrange  multiplier  p  representing  mechanical  pressure  for  the  mixture.  We  further  assume  that  contributions 
of  p  to  partial  pressures  pa  of  the  constituents  is  through  <bap  in  which  (bry  are  volume  fractions  of  the  constituents.  For  the  mixture 
theory  presented  here,  this  assumption  reduces  to  pa  =  -<bap  where  pa  are  partial  mechanical  pressures  for  the  constituents. 
Validity  of  this  assumption  is  demonstrated  and  is  also  verified  in  the  numerical  results  presented  for  the  model  problems.  A 
thermodynamical  way  to  split  tractions  is  to  prescribe  total  pressure  and  the  chemical  potential  at  the  boundaries  as  discussed  by 
Baek  and  Srinivasa  in  reference  [136],  Whether  this  leads  to  the  mechanical  pressure  assumptions  used  in  the  present  work  is 
not  verified  in  this  work.  Throughout  the  derivations,  the  volume  fractions  of  the  constituents  are  assumed  to  be  constant.  The 
dissipation  due  to  interaction  of  the  constituents  is  neglected  in  the  derivation  of  the  entropy  inequality. 

The  mixture  theory  presented  in  the  work  considers  Newtonian  and  generalized  Newtonian  fluids.  Power  law  and  Carreau- 
Yasuda  models  for  shear  thinning  fluids  are  used  for  the  generalized  Newtonian  fluids.  Dimensionless  forms  of  the  mathematical 
models  are  derived  and  used  in  the  numerical  studies.  Numerical  studies  are  given  for  Newtonian,  power  law,  and  Carreau  fluids 
using  fully  developed  flow  between  parallel  plates  and  1 :2  asymmetric  sudden  expansion  as  model  problems  for  a  saturated  mixture 
of  two  constituents. 

Numerical  solutions  of  the  BVPs  are  computed  using  finite  element  processes  based  on  a  residual  functional,  i.e.  least  squares 
finite  element  processes,  that  ensure  unconditionally  stable  computation.  Local  approximations  are  considered  in  Hk’p  (Ue)  scalar 
product  spaces. 

IV.2  Development  of  Mathematical  Model  for  a  Mixture  of  v  Fluids 

IV.2.1  Introduction 

In  this  section  we  present  derivations  of  continuity  equation,  momentum  equations,  energy  equation,  entropy  inequality,  and 
the  constitutive  theory  derived  from  the  entropy  inequality  for  a  saturated  mixture  of  v  Newtonian  and  generalized  Newtonian 
fluids.  Some  basic  definitions  of  bulk  densities  of  constituents,  mixture  density,  mixture  velocities,  etc.  are  introduced  based  on 
basic  physical  principles  that  are  used  in  the  development  of  the  mathematical  model  for  the  mixture.  To  avoid  confusion  in  the 
notation  used  here  and  those  commonly  used  in  continuum  mechanics  we  adopt  the  following  convention.  Greek  letters  such  as  a, 
(3,  7,  v,  etc.  used  as  subscripts,  superscripts,  or  indices  refer  to  a  quantity  associated  with  an  individual  constituent  and  have  no 
implied  summation  when  the  index  is  repeated.  Any  index  using  English  letters  i,  j,  k,  etc.  implies  standard  continuum  mechanics 
summation  conventions,  i.e.  summation  over  repeated  indices.  The  derivation  of  the  mathematical  model  presented  in  this  section 
is  strictly  based  on  principles  of  continuum  mechanics  and  thermodynamics. 

IV.2.2  Preliminary  Definitions 

In  this  section  we  present  basic  definitions  of  bulk  densities  of  constituents,  mixture  density,  mixture  velocity,  material  deriva¬ 
tive  for  the  constituents  and  the  mixture  etc.  These  are  subsequently  used  in  the  conservation  laws.  We  consider  a  saturated 
mixture  of  v  constituents  with  <j>a\  a  =  1,2 , ,u  volume  fraction,  and  a  =  1,2, ...  ,v  constituent  densities.  We  can  give 
the  following  definitions: 

IV.2.3  Definitions  of  densities 

Consider  an  elemental  volume  dV  of  the  mixture  of  Volume  V.  Then  /)<nhbcsdV  is  the  mass  of  each  constituent  in  the  volume 
dV.  If  pm  is  the  bulk  density  of  the  mixture,  then  pmdV  is  also  the  total  mass  in  the  elemental  volume  dV.  Hence,  for  volume  V, 
we  have 

J  PmdV  =  j  P{a)KdV  (IV.l) 

v(t)  a=V(t) 
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or 


/ 


dV  =  0 


(IV.2) 


Since  V (t)  is  arbitrary,  we  have 

V 

Pm  =  Y,P(a)^  (IV3) 

a=l 

If  we  define  bulk  density  of  a  constituent  pa  as 

pa  =  P{a)K  (IV.4) 

Then  IV.  3  can  be  written  as 

V 

Pm  —  ^  ^  Pcx.  (IV.5) 

a=l 

Additionally,  for  a  saturated  mixture,  the  volume  additivity  constraint  must  hold,  i.e. 


=  1  0V.6) 

a=l 


IV.2.4  Mixture  velocities 

Let  v,,:  be  the  velocities  of  the  constituents  at  a  material  particle  (simultaneously  occupied  by  all  constituents)  and  v  the  velocity 
of  the  mixture,  then  using  the  principle  of  balance  of  momentum,  i.e.  the  momentum  of  the  mixture  must  be  equal  to  the  sum  of 
the  momenta  of  the  constituents,  we  have 

V 

PmV  =  ^  pQVQ  (IV.7) 

CK—  1 

Equation  IV.7  defines  the  mixture  velocity  at  a  material  particle  in  terms  of  bulk  densities  of  the  constituents,  their  velocities,  and 
the  mixture  density. 


IV.2.5  Material  derivative  for  the  constituents  and  the  mixture 

Since  the  material  derivative  in  Eulerian  description  uses  the  velocity  of  a  material  particle,  it  needs  to  be  defined  for  each 
constituent.  The  material  derivative  of  a  dependent  variable  Q  for  constituent  a  is  defined  as 


Dt  dt 

The  material  derivative  of  Q  for  the  mixture  is  defined  as 


DaQ  dQ 

=  -TTT  +  VQ  •  VQ 


(IV.8) 


Prt 


DQ 
1  Dt 


\ '  DaQ  \ '  ( dQ 

2^P'*^r  =  2^p«[iH+v<*-vQ 


Dt 

Ct— 1  Cfc— 1 


DQ 
1  Dt 


=  [Y,P»)d^r+  ( 


dt 


£Q_  dQ 

Pm  ,  —  Pm  o/  Pmy  '  V 
Dt  at 


(IV.9) 
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IV.2.6  Conservation  Laws 

We  use  the  definitions  presented  in  section  IV.2.2  to  derive  details  of  the  mathematical  model  for  the  mixture  using  conservation 
laws.  We  assume  the  constituents  and  the  mixture  to  be  incompressible  and  the  flows  to  be  isothermal.  The  constituents  and  the 
mixture  are  considered  to  be  Newtonian  and  generalized  Newtonian  fluids.  The  viscosities  of  the  constituents  and  the  mixture  are 
described  using  the  Carreau-Yasuda  model.  We  present  a  general  derivation  which  is  made  specific  based  on  the  assumptions  stated 
above. 


IV.2.7  Conservation  of  Mass 

If  we  apply  conservation  of  mass  to  an  arbitrary  volume  containing  v  constituents  with  bulk  densities  pa 
then  for  each  constituent  we  obtain 


dpa 

dt 


+  V- 


(PqVq.)  =  0 


and  velocities  vQ , 
(IV.  10) 


Summing  (IV.  10)  for  the  constituents 


or 


it  + it v  •  = ° 


+  V 


Using  (IV.5)  and  (IV.7),  (IV.12)  can  be  written  as 


dpn 

dt 


+  V  •  (pmv)  =  0 


For  the  incompressible  case  (IV.  10)  and  (IV.  13)  reduce  to 


(IV.  11) 


(IV.12) 


(IV.  13) 


Pa(V-vQ)=  0  (IV.  14) 

Pm  (V  •  v)  =  0  (IV.  15) 


IV.2.8  Balance  of  Momenta 


Using  the  principle  of  balance  of  linear  momentum  to  an  arbitrary  volume  of  mixture  yields  the  following  three  equations  for 
constituent  a  (in  the  absence  of  body  forces) 

n.  V.  m 

(IV.  16) 


D(yVa  _  ^ 


Dt 


CT  rv  1  I  7Tn 


Where  [aa\T  is  the  contravariant  Cauchy  stress  tensor  and  7Tq  is  the  force  exerted  on  the  a-th  constituent  by  each  of  the  other 
constituents.  In  general 


"y]  Kg  =  0 

a— 1 

must  hold.  In  the  case  of  a  mixture  of  two  constituents,  IV.17  reduces  to: 

7Tl  =  — 7T2 


(IV.17) 


(IV.  18) 
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IV.2.9  Energy  equation 

In  the  derivation  of  the  energy  equation  we  assume  that  the  sum  of  the  constituent  energies  is  the  total  energy  of  the  mixture. 
For  a  constituent  a,  the  rate  of  change  of  the  total  energy  must  be  equal  to  the  rate  of  heat  added  and  the  rate  of  work  done. 

DaE?  DaQa  DaWa 


Dt 


Dt 


Dt 


and  for  the  mixture 


where  (in  the  absence  of  body  forces) 


DaE ?  —  ^  DaQa  DnW° 

2^  Dt  ~  2^  r>+  2^ 


Dt 


Dt 


E 


ul~L  dV  V(t) 

q  is  total  heat  flux  and  n  is  the  outward  unit  normal  to  the  boundary  dV  of  volume  V (t)  in  the  current  configuration. 

DaWa 


Dt 


=P  vadS  = 


n  • vadS 


DaWa 

Dt 


dV 

=  /v 
V 


V 


j  (mj 

dV 

(v„  •  [<Ja)T^j  dV 

(v-KfJ  +  KI.^W 


DaE? 


Da 

Dt  Dt 


Pa  (  eQ  +  -va  ■  va  )  dV 


for  the  ctth  constituent 


v(t) 


(. Pa)0  dVo  =  ( Pa )  dV 


(Pa)0  and  dX q  are  densities  and  volumes  in  the  reference  configuration.  Hence 


Since  D^t''  =  ®  » (IV.27)  reduces  to 


DaE? 

Dt 


DaE? 


Dt 


=  j  Tit  i}6a  +  lVa  ’  V“')  (p°2o)  dV° 

Vo 

f  Da  1 

=  /  +  2Vq  ‘  v“)  (p«)o  dVo 

Vo 

J  lTt^ea  +  \Va  ’ w°2padV 


V(t) 


V(t) 


Daea  1 D, 


+  (v«  •  v«)  PadV 


Dt  2  Dt 


(IV.  19) 


(IV.20) 


E?  =  f  Pa  fea  +  Yva  •  Va 

)  dV 

(IV.21) 

J  \  ^  / 

V(t) 

DaQa  f  ]Q  f 

m  ‘T^adS=~! 

v-q  dV 

(IV.22) 

(IV.23) 


(IV.24) 

(IV.25) 

(IV.  26) 

(IV.27) 
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or 


DaE? 

Dt 


v(i) 


DocCct  Da  (Va)  , 

-dt+v»— Dr'<‘°dV 


Thus,  the  energy  equation  for  the  ath  constituent  can  be  written  as 

/'  ( Daea  Da(va)\  f 

/  Pa(  +  va - 7^—)dV  =  -  I  V-qQdU- 


Dt 
v(t) 

In  (IV.29)  we  have  used 


Dt 


v(t) 


V(t) 


q  =  5Zqo 

a— 1 


Since  the  volume  V (t)  is  arbitrary,  (IV.29)  reduces  to 

D a^ot  ,  _  Da(va) 


pa  m  +  PaVa-  m 


From  the  momentum  equation  for  ath  constituent 


Substituting  from  (IV.32)  into  (IV.31) 


+  V  ■  qQ  -  •  (v  •  [era]T)  +  (a a) 


Dava  T  . 

^-  =  V-[cra]  +ttq 


or 


Pa  Dpfa  +  Va'  (V  '  iaa]T  +  ^a)  +  V  •  qa  -  ^Va  •  (v  •  [daf^  +  (<?a) 

d(va) 


Daea 

‘  Dt 


+  va  •  7Ta  +  V  •  qQ  -  (cra) 


13  dxj 


Summing  (IV.34)  over  the  constituents  and  using  (IV.30) 

Daca 


Pq_dT  +  ^ 


*  ot  "a 


r7  \  ’  (  s,  d{va)i 

V-q  ~2^{(Ta)i,— -  =0 


,t3  dx, 

Ot—1  J 


If  we  assume  that  for  the  ath  constituent 


-at  —  '-'Pa 


and  further  assume  constant  cPq,  then  (IV.35)  reduces  to 

\  ’  Da0  \  ' 

Z^  ~Jyj~  +  Z ^  ’ 


a  /l  at 


T7  (  \  ®(Vct)i  n 

CK—  1  J 


(IV.28) 


a]  )  +  (^a)y  g^  )  dV 

(IV.29) 

(IV.30) 

.  d(va)A 
■<7“)«  ax,  )  ~ 0 

(IV.31) 

(IV.32) 

+ 

II 

o 

(IV.  33) 

=  0 

(IV.34) 

(IV.35) 


(IV.  36) 


(IV.  37) 


a;— 1  a=l 

This  is  the  final  form  of  the  energy  equation  for  v  constituents.  If  we  consider  only  two  constituents  then  (IV.37)  becomes 

DiO  D26\  d{vx  )i  d{v2)i 

PicPi  +  P2CP2  )  +  (vi  •  7Ti  +  v2  •  tt2)  +  V  •  q  -  (c7i)i  •  — - (tr2)i,  — -  =  0 


Dt 


dx j 


dxj 


(IV.38) 


The  theories  based  on  (IV.37)  and  (IV.38)  are  much  simplified  as  some  interaction  effects  [74]  are  neglected.  But  in  view  of  the 
fact  that  we  only  consider  incompressible  constituents  and  isothermal  flows,  these  derivations  are  adequate. 
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IV.2.10  Constitutive  theory 


We  follow  the  derivations  in  reference  [131]  based  on  the  following  notations 


L(a)  =  grad  vQ(x,  t) 


D(a)  - 


(L(a)  +  !>)) 


Q 


l 

Pm 


v 

^  ^  PcxQol 
a— 1 


v 

Y  P»Va{x,t) 

a=l 


q= 

ct=  1 


TV  =  —7V i  =  TV  2 


(IV.  39) 


In  which  q  is  heat  flux,  Q  is  heat  supply,  ?/  and  rja  are  entropy  densities  of  the  mixture  and  the  constituents.  We  begin  with  the 
entropy  inequality 

<IV40) 

We  have  assumed  that  entropy  due  to  heat  flux  q,,  is  %  where  0  is  the  common  temperature  of  the  constituents  and  the  entropy 
due  to  heat  supply  Qa  is  The  dissipation  due  to  interaction  of  the  constituents  is  neglected  in  (IV. 40). 

Let  the  partial  Helmholtz  free  energy  <!>,,  for  the  constituent  a  be 


=  e«  -  0rja  (IV.41) 

Using  (IV. 40)  and  (IV.41)  and  the  energy  equation  in  ea  and  the  additivity  constraint  Yl!a=i  </>«  =  1  we  can  establish  the  following 
dependent  variables  in  the  constitutive  theory  for  constituent  a. 


q,  erQ 


(IV.  42) 


The  following  argument  tensors  of  the  dependent  variables  in  the  constitutive  theory  are  considered  in  the  development  of  the 
constitutive  theory. 

v(12),g,h(Q),D(a),'u;(i2)  (IV.  43) 

in  which  v*12)  is  relative  velocity,  h(a)  =  grad0a,  and  tC(  12)  is  relative  spin.  We  consider  =  <frQ((^a,0),  $  =  $(0a,0). 
We  have  the  following  for  the  constitutive  theory  derived  using  the  theory  of  generators  and  invariants  [137, 138]  based  on  the 
assumption  of  linear  dependence  of  the  constitutive  variables  on  the  argument  tensors.  We  consider  two  constituents  only. 


<9$ 

11  ~~~de 

TT  =/3iV(12)  +  (3 4g+  (~P2^L  T  — — —  7r^j  h(1)  +  (pijrr- 
V  d(f>  1  Pm  J  \  d(j)  2 

q  =  -  fcig  -  k2v<-12) 
o-i  =~Pi[T\  +d  cr1 
<7  2  =  -  P2  [I]  +d  <?2 


h(2) 

Pm  J 


(IV.  44) 


in  which  pi  and  p2  are  mechanical  pressures  and  d&i  and  ,/rr2  are  deviatoric  contravariant  Cauchy  stress  tensors  for  constituents 
one  and  two.  Determination  of  mixture  pressure  p  is  based  on  the  assumption  that  the  saturated  mixture  is  incompressible.  We 
introduce  the  incompressibility  constraint  in  the  entropy  inequality  through  p  as  a  Lagrange  multiplier.  We  further  assume  that  the 
mixture  pressure  p  contributes  <f>ip  and  fop  to  the  partial  pressures  pi  and  p2  of  the  constituents. 


/  <9$i  a$2  \  s  , 

n +nwrp)=Ti~,l’,p 

f  <9<I>i  <9$2  \  s  , 

P2  =  ^2  {Pldfo+P2dfo~pJ  =  P2~(/)2P  (IV45> 

d<7 1  =  (AitrD^)  +  A3trD(2))  [/]  +  2/riD(1)  +  2p,3D(2)  +  Astn^) 
d<7 2  =  (A4trrD(i)  +  A2trD(2))  [7]  +  2/z4D(i)  +  2^2D(2)  +  Asw^) 
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Based  on  reference  [131]  we  have 


/3i  >  0  k\  >  0  i^p-2  (^2  + 

A5  >  0  /ii  >  0  H2  >  0  (^3  +  M4)2  <  4/ii^2 

2  2 

At  +  g/4 1  >  0  -/i2  >  0 


n2 


A3  +  A4  +  -  (^3  +  ^.4) 


<  4  (  Ai  +  -/q  j  U\2  +  ^2 


(IV.  46) 


The  constitutive  theory  can  be  simplified  for  incompressible  constituents  and  the  mixture  with  further  assumption  of  isothermal 
flow. 

h(1)  =  0,  h(2)  =  0,  g  =  0,  trD(1)=0,  trD(2)=0 

If  we  assume  <f>a  =  <I>a(#),  then 

/^cT)  f)  (T) 

^  =  0  —  =  0 

dfa  ’  dfo 

and  if  we  ignore  dependence  of  dcra  on  u>(i2),  then  the  constitutive  theory  becomes 


7T  =  /)lV(12) 

cri  =  ~Pl[I]  +d  cr  1 

0-2  =  ~P2[I]  +d  CT2  (IV. 47) 

dCr  1  =  2/.XiD(1)  +2/X3D(2) 
d<7  2  —  2^4D(!)  +  2/X2-D  (2) 


and 


pi  =  -<t)ip 
P2  =  ~4>2P 


(IV.48) 


q  is  not  a  dependent  variable  in  this  constitutive  theory  due  to  the  assumption  of  isothermal  flow.  The  validity  of  (IV.48)  is 
demonstrated  in  the  numerical  studies  presented  in  section  IV.3. 


IV.2.11  Complete  mathematical  model 

If  we  consider  two  incompressible,  homogeneous,  and  isotropic  constituents  with  saturated  mixture  that  is  also  incompressible, 
we  have  the  following. 


Continuity  equations 


Pi  V  •  Vi  =  0 
p2V  •  v2  =  0 


(IV.  49) 
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Momentum  equations  (in  the  absence  of  body  forces) 


Pa 


Pa 


d{Vg)1 

dx\ 

d  (^0)2 
dx\ 


+  iVa) 2 

+  {v 0)2 


<9jVa) l\ 
dx2  ) 
d{Va)2\ 
dx2  ) 


dpa 

dx\ 

dpa 

dx2 


a  =1,2 


9  id&a)  11 
dx\ 

d  {d<Xa)i2 
dx\ 


9  (dCTa) 21 
dx2 

d  (drJa)22 

dx2 


(7Tq)i  =  0 
(ttq)2  =  0 


Constitutive  equations 


(IV.  50) 


dcr1  -  2/i1D(1)  +  2/x3D(2)  (IV.51) 

d<X  2  =  2/Lt4D(!)  +  2/X2D(2) 

Material  coefficients  p-\ ,  p2,  /r3,  and  /i4  are  functions  of  r/Q ,  viscosities  of  the  constituents  and  the  volume  fractions  (f)a.  This 
mathematical  model  has  closure,  twenty  equations  in  twenty  variables  for  3D  case  and  twelve  equations  in  twelve  variables  for  2D 
case:  va,  a  =  1,  2;  pi,  p2',  dCa,  ot  =  1,2. 


Material  coefficients 


Based  on  references  [131, 139],  we  consider  the  following: 

pi  =  film  +  4>i4>2Vi2 
P2  =  (film  +  ^102  ^12 

P3  =  pa  =  0i  02t7i2 

1712  =  Vmm 


(IV.52) 


where  171, 772  are  constituent  viscosities.  For  Newtonian  fluids  these  are  constant.  When  the  constituents  are  generalized  Newtonian 
fluids,  then  171  =  pi(ll),  172  =  mill)  in  which  I2;  a  =  1,2  are  second  invariants  of  the  strain  rate  tensors  D(a);  a  =  1,2.  Both 
Power  Law  and  Carreau-Yasuda  models  are  admissible  in  defining  m  and  m  when  the  constituents  are  generalized  Newtonian 
fluids. 


Remarks 

1.  We  note  that  deviatoric  Cauchy  stress  ,/rr  for  the  mixture  is  the  sum  of  d<x  \  and  f/er2.  The  constitutive  theories  for  ,i<X\  and 
,/ir2  must  satisfy  this  requirement.  Using  (IV.51)  and  (IV.52)  we  consider  the  following. 

Consider  the  two  constituents  to  be  the  same  (say  constituent  one),  hence  in  this  case  172  =  Pi-  Thus 

Pi  =  Pi  {(fil  +  0102) 

P2  =  Pi  {(fil  +  0102)  (IV.53) 

p3  =  Pi  =  0102*71 


Therefore 


d°T  —  2r?i  (0i  +  0i02)  D(i)  +  20102?7iD(2) 
d&2  =  2r?l  (02  +  0102)  D(2)  +  20i02?7lD(i) 
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Since  constituent  two  is  the  same  as  constituent  one 


Since  pmv 


p(2)  =  p(l)  ;  pi  =  ,  p2  =  fopW 

P1V1  +  p2v2  and  pm  =  p W 

p(1)v  =  0ip(1)V!  +  02p(1)v2 
V  =  0iVi  +  02v2 


Thus  for  the  mixture  we  have 


Now,  going  back  to  (IV.54)  and  (IV.55) 


d0"  1 

d&2 


D  —  0iD(1)  +  02D(2) 

2t?i  (0i  +  02)  0iD(i)  +  2?y10102D(2) 

2??i  (0i  +  02)  02D{2)  +  2?7i0i02D(1) 


Since  0i  +  02  =  1,  using  (IV.57)  we  can  write 


dcr  =d  cr i  +d  <r2  =  2 ryi  (0iD(i)  +  02D(2))  +  2i7i0i02  (D(1)  +  D(2)) 


(IV.56) 


(IV.57) 


(IV.58) 


using  (IV.56)  in  (IV.58),  we  can  write 

dcr  =  2?7iD  +  27710102  (D(1)  +  D(2))  (IV.59) 

But  dcr  =  2t/i  D  must  hold  regardless  of  0 1  and  02,  hence  the  second  term  in  (IV.59)  must  be  zero  which  is  only  possible  if 
/O  =  AG  =  0. 

Thus  for  saturated  Newtonian  and  generalized  Newtonian  mixtures  of  two  Newtonian  and  generalized  Newtonian  fluids  we 
have  the  following  constitutive  equations 


dC  1  —  2/iiD(i) 
dcro  =  2yi2D(2) 


(IV.  60) 


2.  Generalized  Newtonian  fluids 


If  we  consider  both  constituents  and  the  mixture  to  be  generalized  Newtonian  fluids,  then 

m  =  vi  (1 2 ) ,  m  =  V2  (1%)  (iv.6i) 

In  which  l\  and  I2  are  the  second  invariants  of  the  tensors  D ( 1 ,  and  D(2).  We  can  use  power  law  or  Carreau-Yasuda  model 
to  define  rp  and  772. 


Power  law 


The  viscosity  of  the  ath  constituent  is  defined  by 


Va  = 


a  —  1,2 


(IV.62) 


where  77°  is  the  zero  shear  rate  viscosity,  na  is  the  power  law  index,  and  ( I2  )  is  the  second  invariant  of  D(a).  For  example 
in  M2  we  have  the  following 


7“  =  2 


(  d{va)l 
V  9xi 


(  d{va)2 
V  dx2 


2 


0(fa)l  d{va).2\2 
dx2  dxi  )  ' 


a  =  1,2 


(IV.63) 


and  77°  and  na  are  given  data  for  a  fluid. 
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Carreau-Yasuda  model 


Va=Va  +  (Vi  +  Va)  (!  +  ) 


a  =  1,  2 


(IV.  64) 


77°  and  r/^0  are  zero  and  infinite  shear  rate  viscosity.  77° ,  77^°,  Aa,  and  ma  are  constants  of  the  a*  constituent. 


3.  Mixture  viscosity 

The  mixture  viscosity  /jm  can  be  determined  using  D^,  D/2).  ft  1,  /x2,  and  pi,  p2,  Pm-  For  an  isotropic,  homogeneous, 
saturated  mixture  (Newtonian  or  generalized  Newtonian)  we  can  write 


in  which 

and 

using  (IV.7),  we  can  write 


d&m 


ftmF) 


d^m  — 


d& a 


a 


d&a 


Pa^a 


D  = 


\  '  Pa 


Dr 


(IV.65) 
(IV.  66) 

(IV.  67) 
(IV.68) 


using  (IV.68)  and  (IV.65),  we  obtain 


(IV.  69) 


(IV.70) 

(IV.71) 


The  mixture  viscosity  pm  is  deterministic  from  (IV.70)  or  (IV.71).  For  known  volume  fractions  and  constituent  viscosities  it 
is  shown  that  for  fully  developed  flow  between  parallel  plates  (IV.70)  or  (IV.71)  holds. 


IV.2.12  Dimensionless  form  of  the  mathematical  models  in  R2 

For  convenience,  we  introduce  more  familiar  notation.  Let 

( va)i  =  ua  ,  (va)2  =  va  ,  xi  =  x  ,  x2  =  y 

In  (d.o'a)ij  ;  i,  j  =  1,2  correspond  to  x  and  y.  Velocities  u  and  v  are  x  and  y  components  of  v.  Likewise,  vQ  has  components  ua 
and  va  in  the  x  and  y  directions. 

Using  this  notation,  the  mathematical  model  in  R2  for  a  two  constituent,  saturated,  incompressible  mixture  of  Newtonian  or 
generalized  Newtonian  fluids  can  be  written  as  (for  isothermal  flows). 

22  2 

Pa  4*aP^  ^  ,  Pm  —  ^  '  Pa  ,  ^  ^  0a  —  1  ,  Pm V  —  ^  ^  Pa^a  (IV.72) 

a— 1  Q!=l  CK  — 1 
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Continuity  equations: 


Momentum  equations: 


Pa 


{  dua 
\  dx 


a  =  1,  2 


Pa 


dua 

~dt 


+  u0 


dUg 

dx 


+  Vg 


Pa 


8Vg 

dt 


+  u0 


dVg 

dx 


&Pa  _  ®  ( d&a)xx 

dx  dx 

dp  a  ^  (daa)Xy 

dy  dx 


d(dPg)Xy 

dx 


d{dVg)yy 

dx 


Mx 

My 


0  ;  a  =  1,2 

0  ;  a  =  1,2 


Constitutive  equations: 
where 


d&g  Pa^(a)  >  ^  2 


Mi  =  Mi  +  M2V12  ;  M2  =  M2  +  4>i(t>2r)i2  ;  m2  =  \/m m 

771  and  772  are  the  viscosities  of  the  two  constituents. 


Power  Law  model: 


Carreau-Yasuda  model: 


I%  =  2 


Pa  =  Vg  (I?)' 

2  o  (dvc  N  2 

+  2  [ 

dy 


a  =  1, 2 

<9wa  dv( 
dy 


+2(^)  +(^  +  ^)  ;  a  =  l,2 


Va  =  Pg  +  {Pa  +  Vg)  (l  +  M?)  ' 


a  =  1,  2 


(IV.73) 


(IV.74) 


(IV.75) 


(IV.76) 


(IV.  77) 


(IV.78) 


IV.2.13  Dimensionless  form 

First  we  introduce  ‘  '  ’  (hat)  on  all  quantities  in  (IV.72)  -  (IV.78)  indicating  that  the  quantities  have  their  usual  dimensions  or 
units  and  use  the  following  reference  quantities  and  the  dimensionless  variables 

x  =  xL0,  y  =  yL0 ,  ua  =  uau0, 

Pa  —  PaP O7  Pa  —  PaPOi  d&  a  — d  ^"cUO? 

In  which  Lq  is  the  reference  length,  uq  is  the  reference  velocity,  770  is  the  reference  viscosity,  po  is  the  reference  pressure,  to 
is  the  reference  stress,  and  po  is  reference  density.  For  consistency  we  must  use  po  =  tq.  We  can  use  either  characteristic  kinetic 
energy  or  characteristic  viscous  stress  to  choose  reference  value  to-  The  reference  time  to  is  given  by 

t0  =  —  (IV.  80) 

Using  (IV.72)  -  (IV.78)  with  ’  '  ’  (hat)  on  all  quantities  and  using  (IV.79)  and  (IV.80),  we  can  obtain  the  following  dimensionless 
form  of  the  GDEs  for  the  two  constituent  mathematical  model  in  M2.  Equations  (IV.72)  and  the  continuity  equations  remain 
unchanged. 


Vg  Vg  ttQ 

Pa  —  PaPO 


(IV.79) 


2 

$ 

II 

8 

2 

5  Pm  =  ^  ^  Pa 

a—1 

2 

;  ^2  (t>a  =  1 

O:— 1 

2 

7  Pmy  —  ^  ^  Pay  a 

a=\ 

(iv.8i) 

Continuity  equations: 
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Momentum  equations: 


dua 

dx 


dva 

dy 


=  0:  a  =  1,  2 


(IV.  82) 


Pa 


dua 

dt 


dva 

dt 


dua  dua\  f  p0  \  dp, 

'  ua  7, - h  Va  '  T-  I  - ~  I  - 

dx  dy 


TO 


\PoUoJ  dx 

d(d&a)xx  .  d(dVa)  xy 


\PouU  V  dx  '  dy 

dva  dva\  (  po  \  dp0 
dx  Va  dy  )  \  Pouo )  dy 
(  Tq  \  [d(d&a)xv  9  {d<Ja) 


L0  \ 


vv 


\PoulJ  V  dx 

IV.2.14  Power  law  for  constituents  and  mixture 


dy 


Po  ii-o  J 


Lp  \ 
Poul) 


(ira)x  =  0-,  a  =1,2 


(na)  =0;  a  =  1,2 


(IV.83) 


Pa  =  V, 


(  fa\ 

V  2  / 


;  a  =  1,2 


(IV.  84) 


where  rja  are  the  viscosities  of  the  constituents.  77°,  1% .  and  na  are  zero  shear  rate  viscosity,  second  invariant  of  the  strain  rate 
tensor,  and  power  law  index  for  constituent  a.  Using  (IV.79),  we  can  write  (IV.84)  as 


na  —  1 


Va  =  Poll  ^2)  “2  =  I  Vo  yLo 


u0 


na  —  1 ' 


Va(l2)  2  ;  a  =  1,2 


(IV.85) 


//Jj.  is  dimensionless  zero  shear  rate  viscosity  and  /.“  is  the  dimensionless  second  invariant  of  the  strain  rate  tensor  for  constituent 


or 


Va  = 


a  =  1,  2 


in  which  rja  is  the  dimensionless  viscosity  of  constituent  a.  Using  (IV.86)  we  can  define  At  and  /I-2  in  (IV.76). 


(IV.  86) 


At  =  <t>iVi  +  <t>i<l>2\/mv2 
P’2  =  <t>  lm  +  <t>l<hy/f)ifl2 


Consider  At-  Substituting  from  (IV.86)  for  a  =  1. 

ni  —  1 


At  =  (fivo 


u0 


n  i  —  l  /  \  n  2  —  I 

VI  +  <f>i<t>2\l  Vo  (  ^  )  Voi^)  V1V2 


M)  '"\L0J 

Consider  (dd  1)  in  (IV.75).  Substituting  from  (IV.88)  and  nondimensionalizing  gives 

m  — i  /  7~  \  m  — 1 


To  (dO-i)xx  =  2  (  fijrio  (  y- 
L 0 


vi  +  <l>i<t>2\l  vo  (  7^ 


^0 


ri2  — 1 


7172 


uo  dui 
L0  dx 


(IV.  87) 


(IV.88) 
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or 


If  we  use  To  =  po  «o  (characteristic  kinetic  energy),  then 

n  i  •  i  \ 


u0  /  u0 

toLoVO  Uo 


Tl\  —  lN 


^0 

toLq 


Vo 


Vou0 


Vo 


PoUqLq  \  \L 


u  o 


u0  /  u0 

toL0V0  Uo 


Vo 


U2- 1N 


VlV2 


du\ 

dx 


(IV.  89) 


P0  (L0)ni  (Mo)'  Hl  {Ren)  i 


where  ( Ren)1  is  the  Reynolds  number  for  constituent  one.  Similarly 

n2-l\ 


Up 

TqLq 


Vo 


Vo 


Po  {Lor  M2  ”2  {Ren ) 2 


Hence,  we  can  write  the  following  for  (d<7i)a 


(IV.  90) 


(IV.91) 


{d°l)xx  -  2  f  0?  UU  +  0102! 


1  \  9mi 

(^en),  (i?e„)2  '  ^  j 


(IV.  92) 


where 


Similarly  for  {d&2)xx,  we  have 


where 


(d^Oxx  =  2  AH 


9m  i 
9a; 


,2  Vi 
Pi  =  01 


(^en)i 


'  01021 


(f?. 

en  )i  (R  en)' 


•  V1V2 


{dV2)xx  = 


(IV.93) 


(IV.94) 


(IV.95) 


_  a.2  72 

/f2  —  02  (  R  \ 

V-^en  /2 


■  01021 


(f? 

en  )i  (-R  en)  2 


■  vm 


(IV.  96) 


Similar  derivation  holds  for  the  other  components  of  the  deviatoric  Cauchy  stress  components.  In  summary  we  have  the 
following  for  the  constitutive  equations 


d(Ta  =  PaD(a)  ;  a  =  1, 2  (IV.97) 

and 

d<Tm  =  pmD  (IV.98) 

Equations  (IV.81)-(IV.83),  (IV.97),  (IV.94),  (IV.96),  and  (IV.86)  constitute  the  dimensionless  form  of  the  complete  mathemati¬ 
cal  model  in  R2  for  a  power  law  mixture  of  two  power  law  constituents. 
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IV.2.15  Carreau  model  for  constituents  and  mixture 

In  the  case  of  the  Carreau  model,  the  definitions  of  fi-\  and  /j2  change  compared  to  power  law.  We  consider  details  in  the 
following. 

Using  (IV.78) 


Vex  =  vl  +  (vl  -  Va)  ( 

Using  (IV.79)  we  can  write  the  following  for  (IV.99) 


1  + 


;  a  =  1,  2 


Vex  =  VO  (v°a  +  (vl  ~  Va)  ^  +  Xl  J2^j 


a  =  1,  2 


(IV.99) 


(IV.  100) 


Xa^0 


Let  — —  =  c„, ,  be  the  Carreau  number  for  constituent  a. 


Vex  =  Vo  \V°a  +  {Va  ~  Va)  (X  +  {Culf  I2)  "  )  =  VoVcx  !  £*  =  1,2 


(IV.101) 


where 


Vex  =  Va  +  (vl  ~  Va)  (X  +  (Cuex)2 1?)  " 

Using  (IV.101)  we  can  define  £1  and  jix  in  (IV.76). 


ct  =  1,2 


(IV.  102) 


At  =  4>iVi  +  < hfoVvim 

£2  =  4>lv2  +  V1V2 

Consider  £1.  Substituting  from  (IV.101)  we  obtain 

£1  =  <Plv  0V1  +  <^1  fcVwiW 

Consider  (d<7i)  in  (IV.75).  Substituting  from  (IV.104)  and  nondimensionalizing  gives 

T0  {dO- i)xx  =  2  (<j>iVoVi  +  <t>ifaVVoViVoV2) 

using  to  =  PqUq  (characteristic  kinetic  energy) 

Ul)-  =  2  (*!  +  W 1,1  (l^-J  ”j  Sr 

or 

,  /  1  9  ,  ,  , _ \  du\  du\ 

=  2  [We<t>,m  +  <hfcV ws)  aT  =  2» 

where  Re  =  LoP°u°  ;  Reynolds  number.  Similarly  for  constituent  two  we  have 

=  2  (T^„2  +  ^  =  2«^ 


(IV.  103) 


(IV.104) 


(IV.  105) 


(IV.  106) 

(IV.  107) 


(IV.  108) 
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In  summary,  we  have  the  following  for  the  constitutive  equations 

d&a  —  A)ct-D(a)  >  Oi  —  1,2 


and 


d&m  —  Pm^d 


/-i  i  Mi  ,  M2 

Clearly,  px  =  —  and  /i2  =  — . 

~  He  ~  Re 


IV.2.16  Newtonian  constituents  and  mixture 

For  this  case  fja  ;  a  =1.2  are  constant,  hence  we  have 

Mi  =  vo  (4>\V i  +  m)  =  vopi 

M2  =  VO  (</>2M2  +  filfoy'vim)  =  V0P2 

where 

Mi  =  (flVl  +  $l(t>2y/VlV2  ;  M2  =  4>  2V2  +  4>l(/>2VVlV2 
Consider  (dOh);,^-  Using  (IV. Ill)  and  nondimensionalizing 

/  x  0  ( Vou0  \  dm 

(jn}„  =  2("i  J  -fa 

when  r0  =  PqUq  (characteristic  kinetic  energy),  we  have 

,  ,  _  „  /  Mo  \  dm  _  Mi 

d<Ti  xx  ^  \po’UoL0)  dx  Re  dx  ~l  dx 


(IV.  109) 

(IV.  110) 


(IV.lll) 


(IV.  112) 


(IV.  11 3) 


(IV.  114) 


In  summary,  we  have  the  following  constitutive  equations  in  the  dimensionless  form  when  the  constituents  and  the  mixture  are 
Newtonian  fluids. 

d&a  Pa^(a)  >  ^  1>  2  (IV.115) 


and 


d&m  Prri^ 


(IV.  116) 


IV.2.17  Remarks 


1.  If  the  constituents  are  Newtonian  fluids  and  the  mixture  is  also  a  Newtonian  fluid  and  if  we  neglect  (tt2)x,  (Tri)^, 

and  (7T2 )y,  then  the  mathematical  model  for  the  constituents  is  decoupled.  In  this  case  we  can  use  the  continuity  equation, 
momentum  equations,  and  the  constitutive  equations  for  each  constituent  to  obtain  deformation  fields  and  then  use  (IV.81) 
to  obtain  the  mixture  deformation  field.  The  combined  model  will  also  function  properly  in  the  least  squares  computational 
process  (see  numerical  studies).  In  the  following  we  present  details  of  the  decoupled  mathematical  models  in  R2  for  a  two 
constituent  mixture.  For  partial  pressures  pa  of  the  constituents  we  assume  (based  on  (IV.45)  and  (IV.48))  pa  =  <pap  and 
Pa  —  P  yielding  (f>a  =  1  which  holds.  Thus,  for  a  two  constituent  mixture  we  can  write 


Pa  —  4*aP 


&Pa 

dxi 


a,i  =  1,2 


(IV.  117) 
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Decoupled  mathematical  model  (BVP):  Newtonian  constituents  and  mixture 

The  decoupled  mathematical  model  for  each  constituent  (a  =  1,2)  can  easily  be  obtained  using  (IV.82),  (IV.83),  and  (IV.  1 15) 
with  the  definitions  of  ya  in  (IV.114)  and  by  neglecting  (na)x  and  (na)y.  Additionally,  we  must  use  pa  =  <j>ap  in  the 
momentum  equations  (IV.83).  When  using  mathematical  models  for  constituents  1  and  2  the  calculated  pressure  p  is  pa  and 
the  pressure  field  for  the  mixture  is  obtained  from  p  =  pi  +  p2. 

2.  However,  when  the  constituents  are  generalized  Newtonian  fluids  and  when  the  mixture  is  also  a  generalized  Newtonian 
fluid,  decoupling  is  not  possible  due  to  the  fact  that  pi  and  /i2  are  functions  of  deformation  fields  of  both  constituents. 

3.  In  the  numerical  studies  we  neglect  (iri)  and  (7t2)  in  the  momentum  equations. 

4.  In  section  IV.2.18  that  follows  these  remarks,  we  derive  the  mathematical  model  for  fully  developed  flow  between  parallel 
plates.  This  model  reveals  some  features  that  are  not  obvious  from  the  mathematical  model  in  ]R2. 


IV.2.18  Mathematical  model  for  fully  developed  flow  between  parallel  plates:  mixture  of  two  constituents 

In  this  case  the  mathematical  model  describes  a  BVP.  For  fully  developed  flow  between  parallel  plates  we  only  need  to  consider 
the  one  dimensional  case  i.e.  a  typical  section  A-A  where  the  flow  is  fully  developed. 

For  this  case  the  continuity  equation  is  satisfied  identically.  The  dimensionless  forms  of  the  momentum  equations  and  the 
constitutive  equations  reduce  to  (neglecting  (ni)  and  (7r2)) 


/  Po  \  dPa  _  (  t0  \  d(daa)xy  _ 
\Poul)  dx  \PoUq)  dy 

Details  of  /ii  and  /j,2  are  given  in  the  following. 


xy 


Pa 


dua 

dy 


a  =  1,2 


(IV.  11 8) 


Newtonian  constituents  and  mixture 


Pa 


Pa 

Re 


(IV.  119) 


/.(„  is  defined  in  (IV.114).  If  we  assume  the  mixture  to  be  a  Newtonian  fluid,  then  using  (IV.70)  or  (IV.71)  we  have  the  following 
for  the  dimensionless  case 


( d<x)xy  —  pr 


Oil,,, 

dy 


(IV.  120) 


In  which  (dtr)  =  (,jcr-| )  +  (d<r2)  and  um  is  the  mixture  velocity  in  the  x  direction.  Using  (IV.120)  we  can  determine  /iTl 


for  the  mixture.  However,  since  =  0  at  the  center-line  it  is  better  to  use 


dy 


l^m  — 


dy 

d2u 

dy2 


(IV.121) 


to  determine  /j,rn . 
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Power  law  model  for  constituents  and  mixture 

In  this  case  pi  and  /i2  are  given  by 


Ma  =  ,  J7" ,  +  0102 


(■ Ren)a  ""V  (Ren)!  (Ren) 


-V1V2  ;  a  =1,2 


where 


and 


Va  =  Va(I2)  2  I  a  =  1,2 


TCI  _  I  9Ua  ,  _  1  t) 

*2  —  ~pr~  i  a  —  1,2 


For  the  mixture  we  can  write 


dy 


( da)xy  ~  (A 


Slim 

dy 


Using  (IV.  125)  we  can  determine  pm  for  the  mixture. 


(IV.  122) 


(IV.  123) 


(IV.  124) 


(IV.  125) 


Carreau  model  for  constituents  and  mixture 

In  this  case  p-\  and  fi2  are  given  by  (IV.107)  and  (IV.108)  in  which  //0  are  defined  by  (IV.102).  The  definition  of  I2  remains  the 
same  as  in  (IV.124).  For  the  mixture  we  can  write  the  following  using  (IV.70)  or  (IV.71). 

(IV.  126) 

In  this  case  also  we  can  determine  /(„,  for  the  mixture  using  (IV.  126). 


Remarks: 


1. 


We  note  that  the  mathematical  model  consists  of  four  PDEs  (IV.118)  in  u\,  u2,  (d<Ti)  ,  (d<J  i)xy,  pi,  and  p2.  Thus,  the 
mathematical  model  does  not  have  closure.  However,  for  this  case  (fully  developed  flow),  if  we  assume  the  flow  to  be 
pressure  driven,  then  and  are  known.  pt  and  p2  are  partial  pressures  of  the  constituents,  hence  based  on  (IV. 45) 
and  (IV.48)  we  have 


pi  =  (j>ip  ,  p2  =  4>2P 
ie  pi+P2=P 


(IV.  127) 


Since  the  volume  fractions  are  constant,  (IV.  127)  results  in  the  following 


dpi 

dx 


dp  2  _  ,  dp 
dx  2  dx 


(IV.  128) 


Thus,  knowing  volume  fractions  <j>  1,  (j>2  and  p)  for  the  mixture,  and  are  defined  and  the  mathematical  model  has 
closure.  Based  on  this  (as  stated  earlier),  pa  =  (f>ap  and  J2a=i  Pa  =  P  which  implies  ]Ca=i  0a  =  1  which  obviously  holds 
regardless  of  the  model  problem  as  long  as  the  constituents  and  the  mixture  are  Newtonian  or  generalized  Newtonian  fluids. 
Validity  of  this  assumption  is  demonstrated  for  this  model  problem  as  well  as  the  backward  facing  step. 

2.  The  validity  of  the  assumption  in  remark  (1)  can  be  verified  using  the  model  problem  in  R2  using  the  combined  model  in 
which  pi  and  p2  remain  dependent  variables  in  the  mathematical  model. 
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3.  Using  (IV.127)  and  (IV.128)  the  mathematical  model  given  by  (IV.l  18)  reduces  to 


Po  \  ,  dp 
p0u2o)  Padx 


tq  \  d(daa)xy  = 

poKJ  dy 


{dcra)x 


Pa  (t?lU72,01,02) 


a  =  1,2 


(IV.  129) 


in  which  is  known  (pressure  driven  flow).  This  mathematical  model  has  closure. 

4.  In  the  case  of  Newtonian  constituents  and  mixture,  // 1  and  ft->  are  not  functions  of  the  deformation  field,  hence  the  combined 
mathematical  model  can  be  decoupled  for  the  constituents  using  (IV.129)  we  can  obtain  mathematical  models  for  each 
constituent  (a  =  1,2). 

Solutions  from  the  combined  mathematical  model  must  be  the  same  as  the  solutions  obtained  using  decoupled  models  for 
constituents  1  and  2  and  the  mixture  theory. 


IV.3  Numerical  studies 

IV.3.1  Introduction 

The  mathematical  models  presented  in  Chapter  IV.2  are  a  system  of  non-linear  partial  differential  equations  describing  bound¬ 
ary  value  problems.  The  finite  element  processes  derived  using  the  residual  functional  (least  squares  process)  yield  variationally 
consistent  integral  forms  when  the  second  variation  of  the  residuals  are  neglected  in  the  second  variation  of  the  residual  functional. 
Justifications  for  doing  so  are  given  in  the  references  by  the  authors.  Variationally  consistent  integral  forms  yield  unconditionally 
stable  computations.  Hence,  in  the  present  work  we  use  this  approach  for  obtaining  numerical  solutions  of  the  mixtures  of  New¬ 
tonian  and  generalized  Newtonian  fluids.  The  local  approximations  are  considered  in  Hk,p(Cle)  scalar  product  spaces  in  which 
k  is  the  order  of  the  space  defining  global  differentiability  of  approximations  and  p  is  the  degree  of  local  approximations  for  all 
dependent  variables.  With  this  choice  the  least  squares  processes  remain  convergent  [140]. 

We  consider  two  model  problems  consisting  of  fully  developed  flow  between  parallel  plates  and  an  asymmetric  backward  facing 
step.  In  both  model  problems  we  only  consider  a  saturated  mixture  of  two  fluids.  Both  Newtonian  and  generalized  Newtonian  fluids 
are  considered.  In  the  case  of  generalized  Newtonian  fluids  we  consider  power  law  and  Carreau-Yasuda  models  for  shear  thinning 
fluids.  In  all  numerical  studies  (both  R1  and  ]R2)  po  =  ro  =  PoUq  (characteristic  kinetic  energy)  is  used  to  choose  reference 
pressure  and  reference  stress. 


IV.3.2  Fully  developed  flow  between  parallel  plates 

In  this  model  problem  we  consider  fully  developed  flow  between  parallel  plates.  We  only  need  to  consider  a  typical  section 
A-A.  Furthermore,  due  to  symmetry  considerations  only  half  of  the  domain  A-A  is  considered  (consider  0  <  y  <  1  at  A-A). 
We  consider  the  distance  between  the  plates  to  be  2H  =  2  cm  and  if  we  choose  Lq  =  0.01  m  then  the  dimensionless  distance  2// 
between  the  plates  is  2  and  our  computational  domain  is  0  <  y  <  1  at  A-A.  We  consider  saturated  mixtures  of  two  constituents. 
The  properties  of  the  constituents  are  given  in  the  following. 


Newtonian  constituents  [131] 

Fluid  1  (or  constituent  1 ) 
pW  =  900  r}i  =  0.0267 
Fluid  2  (or  constituent  2) 

pG)  =  1000  p2  =  0.0018 


Power  law  constituents 

Fluid  1  (or  constituent  1 ) 

pd)  —  1001;  r)i  =  0.567  (zero  shear  rate  viscosity) 
n\  =  0.854  (power  law  index) 
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Fluid  2  (or  constituent  2) 

p(2)  =  1001;  r) °  =  0.332  (zero  shear  rate  viscosity) 

n 2  =  0.738  (power  law  index) 

Carreau  model  constituents 


Fluid  1  (or  constituent  1 ) 


pd)  =  iooi  ,  770  =  0.18  , 

fj^°  =  0.0  , 

Ai  =  0.048 

,  To!  =  0.729 

Fluid  2  (or  constituent  2) 

p(2)  =  1001  ,  7)2  =  0.450 

,  ?)2°  =  0.0 

,  A2  =  2.28 

,  to2  =  0.756 

We  consider  a  5  element  discretization  of  the  domain  0  < 

y  <  1  (at  A-A)  using  3-node  p-version  elements  with  local 

approximation  in  Hk,p(fle)  scalar  product  spaces. 


IV.3.3  Newtonian  constituents  and  Newtonian  mixture 

In  this  section  we  present  a  number  of  different  numerical  studies  using  the  combined  model  for  both  constituents  as  well  as 
using  individual  models  for  the  constituents  to  demonstrate 

1.  that  for  Newtonian  constituents  and  mixture  the  mathematical  models  for  the  constituents  are  decoupled 

2.  that  the  combined  model  produces  exactly  the  same  results  as  the  individual  models  for  the  constituents. 

dp 

In  the  numerical  studies  we  choose  —  =  —0.2,  thus  based  on  the  assumption  p i  =  fap  and  p2  =  fa P  we  have 

ox 


dpi 

dx 

dp2 

dx 


,  dp 
dx 
,  dp 
hdx 


—0.201 


-0.2fa 


(IV.  130) 


We  use  (IV.  130)  in  the  numerical  studies  using  the  combined  model  as  well  as  the  individual  models  for  the  constituents. 
The  validity  of  assumption  (IV.  130)  is  also  verified  numerically  in  the  section  containing  numerical  studies  in  'S'1 .  We  consider 
and  present  results  for  various  numerical  studies  using  the  combined  mathematical  model  based  on  assumption  (IV.  130)  in  the 
following.  We  consider  a  5  element  discretization  using  3-node  p-version  elements.  C1  approximations  at  p-level  3  are  used  for 
the  Newtonian  studies,  and  C 2  approximations  at  p-level  9  are  used  for  power  law  and  Carreau  model  studies. 


Case  (a)  when  constituent  2  is  the  same  as  constituent  1  (combined  model) 

This  is  perhaps  the  simplest  case  for  which  the  mixture  theory  must  produce  results  that  are  obvious.  We  choose 
r)0  =  fj((  =  0.0267;  p0  =  p(1)  =  900;  and  fa  =  0,  0.01,  0.1,  0.5,  0.9,  0.99,  and  1. 

As  expected  the  velocity  u  (figure  88)  as  a  function  of  y  is  independent  of  volume  fraction  and  the  mixture  velocity  is  the  same 
as  those  of  the  constituents.  Figure  89  shows  plots  of  the  mixture  and  constituent  shear  stresses  for  different  volume  fractions. 
{d&)xy  =  (dG^xy  +  (d<J2)Xy  produces  shear  stress  for  the  mixture  that  is  in  agreement  with  the  theoretical  solution.  Figure  90 
shows  plots  of  pi,  P2,  and  p,rn  versus  volume  fraction  fa.  With  progressively  increasing  fa,  pi  increases  linearly  while  /r2 
decreases  linearly  such  that  pi+  P2  =  Pm  =  constant  (corresponding  to  ip ).  This  study  shows  the  validity  of  mixture  theory  when 
the  two  constituents  are  the  same. 
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Figure  88:  Velocity  of  constituents  and  mixture:  Newtonian  -  fluid  2  same  as  fluid  1  (Combined  Model) 


Deviatoric  Cauchy  Shear  Stress  ,i<Txy 


Figure  89:  Deviatoric  Cauchy  shear  stress  for  the  constituents  and  the  mixture:  Newtonian  -  fluid  2  same  as  fluid  1  (combined 
model) 
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Figure  90:  pa,  and  versus  y  for  different  volume  fractions 


Case  (b)  mixture  of  constituent  1  and  constituent  2  (combined  model) 

In  this  study  we  consider  a  saturated  mixture  of  constituents  one  and  two  for  different  volume  fractions.  We  choose  po  = 
p(2)  =  1000  and  ?? o  =  Vi  =  0.0267  as  reference  quantities.  Figures  (92)  and  (93)  show  plots  of  u\,  U2,  and  u  for  different  volume 
fractions.  For  <f>i  =  0,  the  mixture  consists  of  only  constituent  2  and  likewise  for  (!)-[  =  1,  the  mixture  consists  purely  of  constituent 
1.  The  plots  of  u  versus  y  for  <f>i  =  0.0  and  =  1.0  confirm  this.  For  <j> i  =  0.0  and  <f> i  =  1.0,  u  versus  y  agrees  precisely  with 
the  theoretical  solutions  for  constituent  2  and  constituent  1.  u  versus  y  for  ©i  =  0.0  and  (j>\  =  1.0  obviously  bracket  the  velocity 
profiles  for  different  values  of  the  volume  fractions.  Plots  of  shear  stress  for  the  constituents  and  the  mixture  are  shown  in  figure  94. 
Plots  of  /ii,  f.i'2 ,  and  /jm  for  different  volume  fractions  are  shown  in  figure  91.  For  <fii  =  1  and  <j)\  =  0,  /im  corresponds  to  rp  and 
7^2  as  expected. 

Remarks 

1.  The  same  numerical  studies  were  repeated  using  decoupled  models  for  the  constituents.  The  results  are  identical  to  those 
reported  above  using  the  combined  model. 

2.  The  assumption  (IV.  130)  regarding  partial  pressures  p\  and  p-j  holds  in  the  numerical  studies.  The  validity  of  this  assumption 
is  further  established  numerically  (see  section  IV.3.6). 

IV.3.4  Carreau  model  for  constituents  and  the  mixture  (combined  model) 

As  described  earlier,  for  generalized  Newtonian  fluids  the  decoupled  model  can  not  be  used  due  to  the  fact  that  viscosities 
are  deformation  field  dependent.  In  this  section  we  present  numerical  studies  similar  to  those  presented  in  section  IV.3.3  for  the 
Newtonian  case.  In  these  studies  the  local  approximations  (equal  order,  equal  degree)  for  all  variables  are  of  class  C2(Cle)  with 
p-level  of  9.  For  this  choice,  I  is  O(10_8)  or  lower.  The  uniform  discretization  consists  of  five  3-node  p- version  elements. 
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Volume  Fraction  </> i 


Figure  91:  Mixture  viscosity:  Newtonian 


Figure  92:  Velocity  of  constituents  and  mixture:  Newtonian  (combined  model) 
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Figure  93:  Velocity  of  constituents  and  mixture:  Newtonian  (combined  model) 


Deviatoric  Cauchy  Shear  Stress  ,/rr  ,:?y 


Figure  94:  Deviatoric  Cauchy  shear  stress  for  the  constituents  and  the  mixture:  Newtonian  (combined  model) 


166 


REPORT  DOCUMENTATION  PAGE  (SF  298) 
(Continuation  Sheet) 


Case  (a):  when  constituent  2  is  the  same  as  constituent  1 

For  this  case  we  choose  p0  =  p^  =  1001  and  p0  =  p®  =  0.18  as  reference  values  for  density  and  viscosity.  Axial 
velocity  versus  y  confirms  that  u\  =  U2  =  u  holds  for  all  volume  fractions  as  expected.  For  (f>i  =  <j>2  =  0.5  we  observe  that 
{dO’i)Xy  =  {d.V'^xy  For  all  volume  fractions  (d<Jm)xy  =  (d&i)xy  +  {d^i)xy  holds.  As  expected,  shear  stresses  are  linear  functions 
of  the  y  coordinate.  pm  as  a  function  of  y  is  independent  of  the  volume  fraction  due  to  the  fact  that  the  two  constituents  are  the 

same.  For  all  volume  fractions  pm  =  pi  +  P2  holds  as  =  |^.  Since  findings  are  similar  to  the  Newtonian  case,  graphs 

are  omitted  for  the  sake  of  brevity. 

Case  (b):  Mixture  of  constituents  1  and  2  (combined  model) 

In  this  case  we  consider  the  same  discretization  with  k  =  3  (order  of  approximation  space)  and  p  =  5  as  in  case  (a).  We  choose 
po  =  p ^  =  1001  and  po  =  P2  =  3-6  as  reference  values  of  density  and  viscosity.  Plots  of  velocities  u\,  ui,  and  u  versus  y  for 
different  volume  fractions  are  shown  in  figures  95  and  96.  Shear  stresses  for  the  constituents  and  the  mixture  as  a  function  of  y  are 
shown  in  figure  97.  These  remain  linear  functions  of  y  and  are  the  same  as  those  reported  in  case  (a).  Plots  of  pm  as  a  function  of 
/2,  second  invariant  of  the  strain  rate  tensor  for  different  volume  fractions  are  shown  in  figure  3.17.  For  (!)-[  =  0.99  and  cA  =  0.01, 
pm  is  close  to  pi  and  P2  for  constituents  1  and  2. 


Figure  95:  Velocity  of  constituents  and  mixture:  Carreau  fluid  (combined  model) 


IV.3.5  Power  law  model  for  constituents  and  the  mixture  (combined  model) 

These  studies  are  parallel  to  those  for  the  Carreau  model  using  the  same  discretization,  k,  and  p. 

Case  (a):  when  constituent  2  is  the  same  as  constituent  1 

We  use  po  =  =  1001  and  p$  =  if]{  =  0.332  as  reference  values.  Results  and  findings  are  similar  to  Carreau  model,  hence 

are  omitted. 
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Figure  96:  Velocity  of  constituents  and  mixture:  Carreau  fluid  (combined  model) 


Figure  97:  Deviatoric  Cauchy  shear  stress  for  the  constituents  and  the  mixture:  Carreau  fluid  (combined  model) 


168 


REPORT  DOCUMENTATION  PAGE  (SF  298) 
(Continuation  Sheet) 


I2 


Figure  98:  Viscosity  of  fluid  mixtures:  Carreau 


Case  (b):  mixture  of  constituents  1  and  2  (combined  model) 

For  these  numerical  studies  we  choose  po  =  p ^  =  1001  and  po  =  P2  =  2-04  as  reference  values.  Graphs  of  u\  =  112  =  u 
versus  y,  and  as  a  function  of  y  for  different  volume  fractions  are  shown  in  figures  99  -  102.  Behaviors  are  similar  to  the 
Carreau  model. 

IV.3.6  1:2  backward  facing  asymmetric  expansion 

We  consider  a  1:2  backward  facing  asymmetric  expansion.  A  schematic  and  the  boundary  conditions  are  shown  in  figure  103. 
Figure  104  shows  a  graded  twenty  element  discretization  using  nine  node  p-version  elements.  In  the  numerical  studies  we  only 
consider  the  constituents  and  the  mixture  to  be  Newtonian  and  use  the  same  properties  as  listed  for  the  Newtonian  constituents  for 
fully  developed  flow  between  parallel  plates  (section  IV.3.2).  At  the  inlet,  the  flow  is  assumed  to  be  fully  developed  with  a  parabolic 
velocity  field  for  both  constituents  with  maximum  value  of  one  (figure  103).  With  this  choice  of  axial  velocities  of  the  constituents, 
based  on  (IV.7),  the  axial  velocity  of  the  mixture  is  the  same  as  the  axial  velocities  of  the  constituents  as  ifii  +  (f>2  =  1  must  hold. 
C00  local  approximations  at  p-level  9  are  used  for  all  variables.  For  this  choice,  I  values  are  O ( 1 0  8 )  or  lower  confirming  good 
accuracy  of  the  solution.  Characteristic  kinetic  energy  is  used  for  reference  pressure  and  reference  stress. 

Case  (a):  constituent  2  same  as  constituent  1  (coupled  model) 

We  choose  po  =  p ^  =  1000  and  po  =  Pi  =  0.0267  as  reference  values.  We  consider  two  combinations  of  volume  fractions, 
4>i  =  4>2  =  0-5  and  <fii  =  1.0,  </>2  =  0.0.  When  <fii  =  4>2  =  0.5  we  expect  the  two  constituent  behaviors  to  be  the  same.  The 
mixture  response  in  this  case  is  obviously  the  same  as  when  <fi  1  =  1.0,  ©2  =  0.0.  As  obvious  in  this  case  the  mixture  behavior  is 
independent  of  the  volume  fractions.  In  this  study  pi  and  p2.  the  constituent  partial  pressures,  are  dependent  variables.  Figures  105 
and  106  show  plots  of  pressures  p\,  P2,  and  p  (=  pi  +  P2)  for  <f>\  =  0.5,  </>2  =  0.5  and  (f>  1  =  1.0,  </>2  =  0.0  at  the  top  and  bottom 
boundaries  (or  plates).  Results  for  pressure  for  volume  fraction  ©1  =  0.2  and  (f> 2  =  0.8  and  comparisons  with  ©1  =  1.0,  (f> 2  =  0.0 
are  shown  in  figures  107  and  108.  Plots  of  representative  m,  112,  and  u  versus  y  at  x  =  0.0  and  x  =  2.0  are  shown  in  figures  109 
and  1 10.  These  are  obviously  independent  of  the  volume  fractions  for  the  case  when  both  constituents  are  the  same. 
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Figure  99:  Velocity  of  constituents  and  mixture:  Power  Law  fluid  (combined  model) 


Figure  100:  Velocity  of  constituents  and  mixture:  Power  Law  fluid  (combined  model) 
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Figure  101:  Deviatoric  Cauchy  shear  stress  of  constituents  and  mixture:  Power  Law  (combined  model) 


I2 


Figure  102:  Viscosity  of  mixture  of  Power  Law  fluids 
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Numerical  studies  were  also  conducted  using  decoupled  models  for  the  constituents  using  pi  =  (j>\  p  and  p2  =  oi2p.  The  results 
obtained  from  these  studies  are  identical  to  those  presented  here  using  the  combined  model  in  which  volume  fractions  are  not  used 
to  describe  partial  pressures  of  the  constituents.  These  studies  confirm  that  the  decoupled  model  used  in  section  IV.2  and  in  the 
studies  for  fully  developed  flow  between  parallel  plates  is  justified  and  the  assumption  of  partial  pressures  of  the  constituents  is 
valid  as  well. 


Sudden  Expansion:  dpdx  at  y  =  3.0 


Figure  105:  Pressure  at  top  boundary  ( y  =  3,  —1  <  x  <  28):  fluid  2  same  as  fluid  1,  4>i  =  <f>2  =  0.5 


Case  (b):  mixture  of  constituents  1  and  2 

In  this  case  we  choose  volume  fractions  <pi  =  0.8  and  <i2  =  0.2.  Figures  111  and  112  show  plots  of  u\,  u2,  and  u  versus  y  at 
x  =  0.0  and  x  =  2.0.  Differences  in  u\,  and  u  are  quite  clear  in  figure  112.  Figures  113  and  114  show  plots  of  pressures  pi, 
P2,  and  p  at  y  =  3  and  at  y  =  0. 

Numerical  studies  were  also  conducted  using  decoupled  models  for  the  constituents  using  pi  =  d-\p  and  p2  =  <P2p.  The 
results  obtained  from  these  studies  are  identical  to  those  presented  in  figures  111-114  using  the  combined  model  in  which  volume 
fractions  are  not  used  to  define  partial  pressures  of  the  constituents.  These  studies  once  again  confirm  the  validity  of  the  decoupled 
model. 
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Figure  106:  Pressure  at  bottom  boundary  (y  =  1,  —  1  <  x  <  0;  y  =  0,  0  <  x  <  28  ):  fluid  2  same  as  fluid  1,  4>i  =  4>2  =  0.5 


Sudden  Expansion:  dpdx  at  y  =  3.0 


Figure  107:  Pressure  at  top  boundary  (y  =  3,  —  1  <  x  <  28):  fluid  2  same  as  fluid  1,  (f> i  =  0.2,  (f> 2  =  0.8 
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x 


Figure  108:  Pressure  at  bottom  boundary  (y  =  1,  —  1  <  x  <  0;  y  =  0,  0  <  x  <  28  ):  fluid  2  same  as  fluid  1 ,  (f>\  =  0.2,  4>2  =  0.8 


x-velocity  u 

Figure  109:  Velocity  at  x  =  0:  fluid  2  same  as  fluid  1 
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x-velocity  u 


Figure  1 10:  Velocity  at  x  =  2.0:  fluid  2  same  as  fluid  1 


x-velocity  u 


Figure  111:  Velocity  at  x  =  0.0:  mixture  of  fluid  1  and  fluid  2,  <j>  \  =  0.8,  (f>  2  =  0.2 
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x-velocity  u 


Figure  1 12:  Velocity  at  x  =  2.0:  mixture  of  fluid  1  and  fluid  2,  <j>i  =  0.8,  <f>2  =  0.2 


Figure  113:  Pressure  at  top  boundary  (y  =  3,  —  1  <  x  <  28):  mixture  of  fluid  1  and  fluid  2,  <pi  =  0.8,  fa  =  0.2 
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Figure  1 14:  Pressure  at  bottom  boundary  (y  =  0,  0  <  x  <  28  ):  mixture  of  fluid  1  and  fluid  2,  cf>i  =  0.8,  <f>2  =  0.2 


IV.4  Summary,  concluding  remarks,  significance  and  impact  of  this  research 

In  this  work,  derivation  of  the  mathematical  model(s)  for  a  homogeneous,  isotropic,  incompressible  mixture  of  v  homogeneous, 
isotropic,  and  incompressible  constituents  using  basic  principles  of  mixture  theory  and  continuum  mechanics  is  presented.  The 
deformation  process  is  assumed  to  be  isothermal,  hence  temperature  effects  due  to  viscous  dissipation  are  assumed  to  be  negligible. 
The  basic  definition  of  densities  of  the  constituents,  density  of  the  mixture,  mixture  velocities,  and  the  material  derivative  for  the 
constituents  and  the  mixture  are  presented  and  are  utilized  in  the  conservation  laws:  conservation  of  mass,  balance  of  momenta 
for  the  constituents,  and  the  energy  equation  for  the  mixture  based  on  the  first  law  of  thermodynamics.  The  second  law  of  ther¬ 
modynamics  (entropy  inequality)  and  the  theory  of  generators  and  invariants  is  used  as  a  basis  for  the  constitutive  theories  for  the 
mechanical  pressure  and  deviatoric  Cauchy  stress  tensors  for  the  constituents  and  the  mixture.  The  constitutive  theories  borrow 
basic  derivations  from  references  [74, 131];  these  are  modified  to  account  for  the  correct  physics  of  the  mixture  for  the  constituents 
used  in  the  present  work.  Specific  forms  of  the  complete  mathematical  models  are  presented  in  R1  and  R2  using  x -frame  (x,  y 
orthogonal  coordinate  system).  The  constituents  and  the  mixture  are  assumed  to  be  Newtonian  or  generalized  Newtonian  (power 
law  and  Carreau  models).  In  R2,  the  mathematical  model  for  two  constituents  indicated  by  subscripts  1  and  2  is  presented  in  terms 
of  velocities  u\,  Vi,  rt2,  V2,  pressures  pi,  p2,  and  the  deviatoric  Cauchy  stress  tensors  R  j  =  x,  y  (total  of  12 

dependent  variables).  This  constitutive  model  consists  of  twelve  first  order  partial  differential  equations  in  twelve  variables.  The 
force  7 ra  exerted  on  the  olh  constituent  by  the  other  constituents  are  considered  in  the  derivation  of  the  momentum  equations  for  the 
constituents  but  are  neglected  in  the  numerical  studies  and  decoupled  models.  The  constitutive  theories  presented  here  are  based 
on  [74, 131]  and  utilize  material  coefficients  A^,  i  =  1,  2, . . . ,  5  and  pt,  i  =  1,  2, . . . ,  4  which  are  shown  to  reduce  to  a  much 
simplified  form  containing  material  coefficients  pi,  P2,  ■  ■  ■ ,  £*4  for  the  Newtonian  and  generalized  Newtonian  constituents  and  the 
mixture  considered  in  the  work. 

The  interaction  forces  7tq  are  much  more  significant  in  the  case  of  liquid  and  solid  particulate  constituents,  but  are  neglected 
in  the  present  work.  This  mathematical  model  in  various  forms  is  commonly  used  for  mixture  theory  in  which  the  constituents  are 
homogeneous,  isotropic,  incompressible  fluids.  In  the  present  work  we  have  shown  that  for  the  degenerated  case  when  the  two 
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constituents  in  a  mixture  are  the  same,  p.^  and  /i4  must  be  zero  for  the  mixture  constitutive  theory  to  be  meaningful.  Hence,  in  the 
constitutive  theory  used  in  the  present  work  we  use  p.3  =  /i4  =  0.  The  final  mathematical  model  in  R2  with  U\,  V\,  w2,  w2,  p\,  P2, 
and  (d<7\  )ij,  (dP  2)ij\  i,j  =  x,  y  as  dependent  variables  with  only  <^2,  t?i,  ^2)  and  /i2(<)>i,  4>2,  ?7i,  772)  as  material  coefficients 

in  the  constitutive  theory  has  closure  and  is  used  for  numerical  studies  in  R2.  This  model  requires  no  assumptions  regarding  p  \  and 
P2  and  is  used  to  compute  numerical  results  for  1:2  backward  facing  step. 

From  the  mathematical  model  presented  in  R1  for  fully  developed  flow  between  parallel  plates,  it  is  obvious  that  p\  and  p2  for 
the  constituents  must  be  expressed  in  terms  of  the  pressure  p  for  the  mixture.  The  assumption  pa  =  (f)ap,  pa  =  P ,  which 

implies  0«  =  1  used  in  the  mathematical  model,  is  used  to  compute  numerical  results  for  fully  developed  flow  between 

parallel  plates.  This  assumption  is  verified  using  the  second  model  problem  in  which  the  combined  model  is  used  to  compute 
constituent  pressure  pi  and  p2  and  then  compared  with  p  \  and  p2  obtained  using  the  decoupled  model  to  demonstrate  that  p  \  and 
p-2  obtained  from  this  model  are  in  precise  agreement  with  those  from  the  coupled  model. 

It  is  shown  that  the  combined  mathematical  model  proposed  in  this  work  can  be  decoupled  when  the  constituents  for  the  mixture 
are  Newtonian  fluids  as  for  this  case  the  viscosities  are  constant.  However  when  the  constituents  and  the  mixture  are  generalized 
Newtonian  fluids  (power  law  and  Carreau-Yasuda),  the  viscosities  of  the  constituents  are  functions  of  the  corresponding  second 
invariant  of  the  symmetric  part  of  the  velocity  gradient  tensors,  hence  the  combined  model  can  not  be  decoupled.  The  numerical 
studies  presented  for  fully  developed  flow  between  parallel  plates  and  1:2  asymmetric  backward  facing  step  confirm  the  validity  of 
the  proposed  mathematical  model  using  p\  =  <b\:p,  p2  =  <l>pp,  and  Pi  +  P2  =  P  and  the  modifications  proposed  in  the  constitutive 
theory  for  the  constituents. 

The  significant  aspects  of  the  work  are  described  above.  The  mathematical  model  derived  for  v  constituents  (isentropic, 
homogeneous  and  incompressible)  fluids  is  based  on  conservation  and  balance  laws  in  conjunction  with  basic  principles  of  mixture 
theory.  The  constitutive  theories  are  derived  using  entropy  inequality.  It  is  shown  that  when  the  transport  properties  are  constant, 
the  mixture  model  degenerates  to  individual  constituent  models,  i.e.  becomes  decoupled.  When  the  viscosity  is  a  function  of  the 
second  invariant  of  the  symmetric  part  of  the  velocity  gradient  tensor  (generalized  Newtonian  fluids),  the  mathematical  model 
cannot  be  decoupled  hi  terms  of  constituents.  Approaches  if  deriving  mixture  properties  are  presented.  The  numerical  examples 
clearly  demonstrate  the  validity  and  usefulness  of  the  proposed  theory.  The  extension  of  this  work  accounting  for  interaction  forces 
and  for  compressible  constituents  is  important  for  real  applications.  This  work  is  in  progress. 


V  Riemann  shock  tube:  ID  normal  shocks  in  air,  simulations  and  experiments 

This  work  presents  numerical  simulation  of  the  evolution  of  one-dimensional  normal  shocks,  their  propagation,  reflection,  and 
interaction  in  air  using  a  single  diaphragm  Riemann  shock  tube  and  validate  them  using  experimental  results.  Mathematical  model 
is  derived  for  one-dimensional  compressible  flow  of  viscous  and  conducting  medium.  Dimensionless  form  of  the  mathemati¬ 
cal  model  is  used  to  construct  space-time  finite  element  processes  based  on  minimization  of  the  space-time  residual  functional. 
The  space-time  local  approximation  functions  for  space-time  /aversion  hierarchical  finite  elements  are  considered  in  higher  order 
Hk’p(Vext)  spaces  that  permit  desired  order  of  global  differentiability  of  local  approximations  in  space  and  time.  The  resulting 
algebraic  systems  from  this  approach  yield  unconditionally  positive -definite  coefficient  matrices,  hence  ensure  unique  numerical 
solution.  The  evolution  is  computed  for  a  space-time  strip  corresponding  to  a  time  increment  At  and  then  time  march  to  obtain  the 
evolution  up  to  any  desired  value  of  time.  Numerical  studies  are  designed  using  recently  invented  hand-driven  shock  tube  (Reddy 
tube)  parameters,  high/low  side  density  and  pressure  values,  high  and  low  pressure  side  shock  tube  lengths,  so  that  numerically 
computed  results  can  be  compared  with  actual  experimental  measurements. 

V.l  Introduction,  literature  review,  and  scope  of  work 

In  compressible  flows,  shocks  naturally  form  due  to  the  existence  of  the  compression  wave,  and  the  process  of  piling  up  of 
these  waves  to  eventually  form  a  shock.  Numerical  simulation  of  flows  with  shocks  can  be  viewed  in  many  ways  depending  upon 
what  outcome  is  of  interest.  The  first  group  of  numerical  methods  are  shock  fitting  or  shock  capturing  methods.  In  these  methods 
one  does  not  pay  attention  to  the  evolution  of  shock  but  are  rather  interested  in  the  shock  relations;  hence,  the  name  “shock  fitting” 
or  “shock  capturing.”  The  conditions  behind  and  ahead  of  the  shock  are  used  to  transition  in  some  manner  and  then  marched 
during  evolution.  Obviously,  these  methods  can  describe  neither  the  evolution  of  the  shock  nor  the  physics  in  the  shock  region.  The 
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second  group  of  methods  are  those  in  which  shock  evolution  is  considered  but  with  much  higher  viscosity  than  the  actual  viscosity 
of  the  medium  so  that  extremely  small  shock  widths  with  actual  viscosity  can  be  avoided.  These  methods  work  well  in  predicting 
shock  relations  and  some  aspects  of  other  features  like  shock  reflection,  shock  interaction,  and  so  on,  as  long  as  the  diffused  shock 
width  is  much  smaller  than  the  spatial  dimension  of  the  domain.  In  this  approach,  with  much  increased  shock  width,  one  could 
study  flows  over  large  objects  since  shock  structure  is  no  longer  a  microprocess.  In  the  third  group  of  methods  one  studies  the 
true  evolution,  propagation,  reflection,  and  interaction  of  a  shock.  This,  of  course,  requires  actual  values  of  viscosity  and  other 
transport  properties.  The  shock  width  is  generally  of  the  same  order  of  magnitude  as  viscosity.  For  example,  for  air  the  viscosity 
is  O(10-6)  whereas  the  shock  widths  are  also  of  the  order  of  ()( 10~6).  Numerical  simulations  of  the  evolution  of  narrow  shocks 
require  local  mesh  refinements  near  the  shock  -  behind  and  ahead  of  the  shock.  Thus,  this  approach  is  good  in  understanding  the 
details  of  the  shock  physics  but  its  use  in  large  spatial  domains  could  be  prohibitively  expensive  due  to  extreme  mesh  refinement 
requirements  in  the  entire  spatial  domain.  There  is  extensive  literature  on  the  subject.  A  good  literature  review  and  discussion  of 
various  approaches,  their  merits,  and  shortcomings  was  done  by  [141-145].  In  the  following  we  only  discuss  the  earlier  published 
work  that  for  most  part  provides  the  foundation  for  subsequently  published  works  discussed  in  these  references. 

A  thorough  presentation  of  various  relevant  issues  related  to  shock  waves  was  first  reported  by  [146]  and  [147].  They  demon¬ 
strated  on  the  basis  of  thermodynamic  considerations  that  dissipation  is  by  necessity  present  in  shock  waves.  When  viscosity  is 
taken  into  account  shocks  are  smeared  and  thus  mathematical  surfaces  of  discontinuity  are  replaced  by  thin  layers  in  which  pressure, 
velocity,  density,  and  temperature  are  continuous.  [148]  used  this  idea  to  introduce  artificial  dissipation  into  the  one-dimensional 
equations  of  hydrodynamics  to  give  the  shocks  thickness  comparable  to  the  spacing  of  points  in  the  discretization.  With  their  spe¬ 
cial  form  of  assumed  dissipation,  they  demonstrated  that  the  resulting  equations  in  their  finite  difference  numerical  scheme  satisfied 
the  Rankine-Hugoniot  relations,  provided  the  thickness  of  the  shock  layers  were  small  in  comparison  with  the  other  dimensions  of 
the  system.  The  paper  presents  complete  details  of  the  proposed  procedure,  its  limitations,  and  stability  criterion  (CFL  condition  as 
discussed  by  [149])  but  lacks  mathematical  proofs  of  existence  and  uniqueness.  Effects  of  nonlinearity  and  viscosity  on  the  shock 
formation  and  shock  structure  was  also  investigated  by  [150]  through  analytical  solutions  of  Burgers  equations  and  other  similar 
quasi-linear  parabolic  equations  with  findings  similar  to  those  reported  by  [146-149].  [151, 152]  utilized  the  concepts  by  [149]  and 
the  hydrodynamics  equations  in  conservation  form  to  present  a  novel  difference  scheme  in  time  for  non-linear  hyperbolic  equations 
that  incorporates  artificial  diffusion.  Such  solutions  agreed  with  well  known  Rankine-Hugoniot  shock  relations  in  the  limiting  case. 

The  idea  of  generalized  solutions  of  the  differential  and  partial  differential  equations  was  first  proposed  by  S.  L.  Sobolev  and 
constitutes  the  mathematics  and  thus  the  backbone  of  the  finite  element  method.  In  an  important  paper,  [153]  discussed  the  problem 
of  generalized  solutions  of  quasi-linear  equations  in  gas  dynamics.  The  author  illustrated  that  for  d<f>/dt  +  <j)(d(j)/dx)  =  0  (Burgers 
equation),  the  theory  of  generalized  solutions  leads  to  non-uniqueness.  This  situation  can  be  corrected  by  imposing  additional 
restrictions  on  the  weak  form.  For  Burgers  equation  (and  its  generalization  to  quasi-linear  systems)  this  restriction  leads  to  the  law 
of  conservation  of  entropy.  Thus,  in  gas  dynamics  equations  describing  reversible  processes  the  law  of  conservation  of  entropy  must 
hold  in  the  theory  of  generalized  solutions,  whereas  in  irreversible  processes  there  must  be  entropy  production  which  in  physical 
systems  under  adiabatic  conditions  is  only  possible  through  dissipative  mechanisms.  In  other  words,  in  the  theory  of  generalized 
solutions  of  gas  dynamics  equations  the  law  of  increase  in  entropy  must  be  replaced  by  the  law  of  dissipation  of  energy  to  ensure 
uniqueness  of  generalized  solutions.  A  rigorous  mathematical  exposition  of  the  solutions  of  quasi-linear  hyperbolic  equations  is 
presented  by  [154].  The  findings  are  similar  to  those  reported  by  Godunov  and  are  summarized  here: 

1.  The  discontinuity  of  solutions  (i.e.  shocks)  is  a  basic  property  of  the  solutions  of  quasi-linear  equations.  Independent  of  the 
smoothness  of  initial  data,  the  solution  is  generally  speaking  continuous,  and  can  be  defined  for  arbitrarily  large  values  of 
time  t. 

2.  Systems  of  linear  equations  are  always  conservative,  while  the  systems  of  non-linear  equations,  generally  speaking,  are 
conservative  only  for  n  <  2  (two  conservation  laws). 

3.  A  discontinuous  solution  of  a  system  of  linear  equations,  satisfying  conservation  laws  of  the  system,  is  unique;  for  quasi- 
linear  systems  additional  ‘stability  conditions’  have  to  be  imposed  to  guarantee  the  uniqueness  of  the  generalized  solution. 

4.  Linear  hyperbolic  equations  describe  reversible  physical  processes  while  quasi-linear  (strongly  non-linear)  systems  generally 
describe  irreversible  processes. 
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5.  Discontinuous  solutions  of  a  system  of  linear  equations  may  be  considered  as  the  limits  of  smooth  solutions  with  smooth 
initial  data  in  the  Cauchy  problem. 

6.  For  systems  of  quasi-linear  equations,  smoothness  is  not  present  in  the  solution  even  if  the  initial  data  are  as  smooth  as 
we  please.  For  this  reason  the  method  of  generalized  solutions  is  unsuited  for  systems  of  quasi-linear  equations  and  hence 
‘method  of  viscosity’  must  be  applied. 

Solution  of  non-linear  hyperbolic  systems  has  also  been  reported  by  [155]  and  [156,  157],  Grimm  proposed  an  existence 
theorem  and  provided  its  proof.  Smoller  reported  general  characteristics  of  these  solutions  with  specific  details  and  discussion  of 
the  Riemann  problem  and  contact  discontinuities.  [158]  presented  a  mathematical  proof  of  the  convergence  of  weak  solutions  of 
quasi-linear  equations  of  first  order  with  artificial  viscosity  to  strong  solutions  as  viscosity  approaches  zero.  [159]  discussed  first 
order  conservative  systems  of  non-linear  conservation  laws  which  have  as  a  consequence  an  additional  conservation  law.  They  show 
that  if  the  additional  conserved  quantity  is  a  convex  function  of  the  original  ones,  the  original  system  can  be  put  into  symmetric 
hyperbolic  form.  They  also  derive  an  entropy  inequality  which  has  also  been  suggested  by  [160]  for  discontinuous  solutions  of 
the  given  system  of  conservation  laws.  Existence  of  discrete  shocks,  genuine  non-linearity,  and  the  use  of  fourth  order  dissipation 
in  a  single  conservation  law  have  been  reported  by  [161, 162],  A  thorough  mathematical  exposition  with  theorems  and  proofs 
for  uniqueness  of  the  solutions  of  hyperbolic  conservation  laws  has  been  reported  by  [163].  Existence  and  uniqueness  of  entropy 
solutions  to  the  Riemann  problem  for  hyperbolic  systems  of  two  conservation  laws  has  been  reported  by  [164].  The  paper  presents 
proofs  of  existence  and  uniqueness  of  the  solutions  in  one  space  variable.  Only  strictly  hyperbolic  and  genuinely  non-linear  systems 
are  investigated.  [165]  reported  an  investigation  of  the  errors  introduced  in  the  calculation  of  strong  shocks  using  artificial  viscosity 
of  the  type  discussed  by  [146]  and  artificial  heat  flux.  Investigation  of  the  errors  introduced  in  the  interaction  of  strong  shocks  due 
to  the  assumption  of  finite  shock  width  has  been  reported  by  Menikoff  [166].  [141-145]  consider  shock  evolution,  propagation, 
and  reflection  using  actual  values  of  transport  properties  and  report  shock  relations,  shock  speed,  and  comparisons  with  Rankine- 
Hugoniot  equation,  but  no  comparisons  are  provided  with  any  experimental  data.  In  these  numerical  studies  with  reference  length 
L0  =  0(1CT5)  and  Riemann  shock  tube  dimensionless  length  of  two  units,  the  physical  length  of  the  shock  tube  is  O(10~5). 
This  work  demonstrates  that  if  the  evolution,  propagation,  and  reflection  of  true  shock  is  of  interest,  then  such  dimensions  of  the 
shock  tube  are  essential  in  order  to  avoid  the  same  discretization  over  the  entire  physical  shock  tube  of  length  of  several  meters  that 
would  lead  to  millions  of  grid  points  and  elements  in  case  of  just  simple  ID  normal  shocks.  Such  discretizations  in  2D  and  3D  are 
obviously  prohibitive.  In  summary,  simulations  of  an  isolated  sharp  gradient  solution  and  its  propagation  during  evolution  is  what 
we  are  faced  with  here.  Ongoing  parallel  research  work  done  by  [167]  addresses  this  issue  and  will  provide  a  practical  alternative 
without  compromise  in  the  quality  of  the  evolution.  In  the  present  work  we  wish  to  numerically  simulate  evolution  of  shock,  its 
propagation,  reinCection,  and  interaction  using  the  parameters  used  in  actual  shock  tube  experiment  performed  by  [168]  using 
Reddy  tube.  The  purpose  obviously  is  to  compare  the  numerically  simulated  results  with  the  experiment.  Even  though  the  shock 
tube  length  in  the  experiment  is  1.000  m  and  the  numerical  results  are  simulated  for  a  shock  tube  length  of  3.00696  x  1 0-6  m,  still 
it  is  possible  to  compare  the  two.  Two  critical  parameters  in  the  shock  tube  experiments  are  the  low  pressure  and  the  high  pressure 
side  lengths  Li  and  /./,  of  the  shock  tube.  It  is  shown  in  the  present  work  that  the  ratio  Li/Lh  is  important  in  the  shock  physics. 
This  allows  us  to  scale  Li  and  Lf,  to  any  desired  length  using  the  same  scale  factor  thus  providing  a  correspondence  between  the 
computed  results  and  the  actual  experiment  with  the  same  Li/ Lh  ratio.  Consequences  of  different  choices  of  the  ratio  Li/ Lh  are 
investigated  and  demonstrated  through  numerical  simulations  of  the  evolutions. 

There  are  two  other  important  aspects  in  the  numerical  simulations  and  experiment  that  allow  us  to  compare  the  two  sets  of 
results  at  selected  locations.  First,  the  process  of  shock  evolution  and  its  propagation  after  it  is  fully  developed  is  same  in  the 
experiment  and  numerical  simulation  before  the  shock  reaches  the  impermeable  boundary.  Thus  the  pressure  measurement  at  a 
location  in  the  vicinity  of  the  diaphragm  where  shock  is  fully  developed  can  be  compared  with  the  shock  relations  in  the  numerical 
simulation.  Secondly,  the  fully  developed  shock  propagates  without  change  for  a  relatively  short  distance  in  the  numerical  simu¬ 
lation,  whereas  in  the  experiment  this  distance  is  half  a  meter.  But  this  is  of  no  consequence  as  there  is  no  change  in  the  shock 
relation  during  this  propagation  in  both  cases.  Thus,  the  incident  shocks  on  the  impermeable  boundary  in  both  experiment  and 
numerical  simulation  are  identical.  This  allows  us  to  conclude  that  pressure  generated  by  the  shock  reflection  in  the  two  cases  can 
be  compared  even  thought  shock  tube  lengths  in  the  experiment  and  numerical  simulations  are  different.  We  keep  in  mind  that  any 
deviations  in  the  shock  relations  of  incident  shock  wave  between  experiment  and  numerical  simulations  are  bound  to  cause  perhaps 
larger  deviations  in  the  two  sets  of  pressure  values  at  the  impermeable  boundary  and  in  its  vicinity  due  to  shock  reflection. 
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V.2  Mathematical  model 


The  mathematical  model  for  one  dimensional  compressible  flow  of  a  viscous  conducting  medium  in  Eulerian  description  with 
transport  can  be  derived  using  conservation  of  mass,  balance  of  momenta,  first  and  second  laws  of  thermodynamics.  Conservation 
of  mass,  balance  of  momenta,  and  the  first  law  of  thermodynamics  yield  continuity  equation,  momentum  equations,  and  the  energy 
equation  whereas  the  second  law  of  thermodynamics  yields  entropy  inequality  which  is  used  to  derive  constitutive  theories  for 
stress  tensor  and  heat  vector  (see  [31]).  As  well  known  in  case  of  fluids,  in  order  to  derive  constitutive  theory(ies)  for  the  Cauchy 
stress  tensor  (contravariant,  see  [31])  <r,  the  Cauchy  stress  tensor  must  be  decomposed  into  equilibrium  Cauchy  stress  tensor  e<r 
and  the  deviatoric  Cauchy  stress  tensor  ,/<x  (or  simply  t).  The  constitutive  theory  for  e<r  establishes  err  =  -pip.  9)1  in  which 
p(p,  9)  is  thermodynamic  pressure  (assumed  positive  when  compressive)  and  the  simplest  form  of  the  constitutive  theory  for  r 
yields  the  well  known  Newton’s  law  of  viscosity.  The  constitutive  theories  for  the  heat  vector  q  that  are  consistent  with  t  can  be 
derived  in  a  number  of  ways  (see  [31]),  however  the  simplest  possible  theory  can  be  derived  directly  using  the  conditions  resulting 
from  the  entropy  inequality.  This  results  in  the  well  known  Fourier  heat  conduction  law.  Using  Newton’s  law  of  viscosity  and 
Fourier  heat  conduction  law  as  constitutive  theories  for  stress  tensor  T  and  heat  vector  q.  we  can  derive  the  following  mathematical 
model  for  ID  compressible  flow  of  a  viscous  conducting  medium  directly  from  the  conservation  and  balance  laws  (in  the  absence 
of  body  forces).  We  use  hat  Q  on  all  quantities  to  indicate  that  they  have  their  usual  dimensions. 
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Qx  —  ^x  77T 
OX 

The  specific  internal  energy  e  is  related  to  total  energy  Et  and  kinetic  energy. 


(V.1) 

(V.2) 

(V.3) 

(V.4) 

(V.5) 

(V.6) 

(V.7) 


We  consider  simple  ideal  gas  law  to  define  dependence  of  p  on  density  p  and  temperature  9  and  consider  e  to  be  proportional  to  9 


e  =  cv9  ;  p  =  pR9 


(V.  8) 


in  which  R  is  the  gas  constant,  //  and  A  are  first  and  second  viscosities,  kx  is  thermal  conductivity,  and  cv  is  specific  heat.  For 
constant  cv  we  can  write 

De  _  D9 


p  Di  ~ pCv  Di  ~ pc% 


09  „  09 

— -  +  u— - 
dt  Ox 


Substituting  from  (V.9)  and  (V.4)  into  (V.3)  we  obtain  the  following  for  the  energy  equation 

„  „  /  09  „  09  \  0qx  „  Oil  »  Ou 

',c"i.ai+“Si)+  Si  +  pSi-T“5i=0 

We  can  also  substitute  for  txx  from  (V.5)  into  (V.10) 


PCi 


foe 

,  ,09 \ 

0qx 

.  ,0u  ^ 

(0u\ 

\oi 

+  u0x  ) 

H — — 

1  Ox 

+  Pwx  —  P 
ox 

\0x) 

=  0 


(V.9) 


(V.10) 


(V.ll) 
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The  final  mathematical  model  consists  of  (V.l),  (V.2),  (V.ll),  (V.5),  (V.6),  and  p  in  (V.8).  We  summarize  these  in  the  following. 


? — - 
dt 


d{pu)  _  i 

3 

dx 

~~du 

dp 

kx  /  XX 

=  0 

+  PM—  + 

dx 

dx 

dx 

dO  „  dO 

\ 

dqx 

du 

—  + 
dt  dx 

+ 

~di+P 

dx 

du 

dx 


Txx  =  H 
Qx  =  k.i 

p  =  pRO 


du 
dx 
dO 
1  dx 


>  V(x,  t)  G  =  flx  x 


(V.12) 


V.3  Dimensionless  form  of  the  mathematical  model 

Dimensionless  form  of  the  mathematical  model  is  helpful  and  many  times  necessary  when  constructing  finite  element  processes 
for  obtaining  numerical  solutions  of  the  mathematical  model. 

We  define  the  following  dimensionless  variables 


L  x  u  p 

L=—,x=—,u=—,p=  — 
To  To  Vo  p  o 

M  ,  A  Tij  p 

P  =  A  =  - ,  Tjj  =  — ,  p  =  — 

Mo  Mo  t0  p0 


n  0  kx  Cy 

V  J  fix  i  1  Cv  —  5 

c/q  fiQ  CvO 


t  = 


t 

to 


(V.13) 


The  quantities  with  hat  Q  are  with  their  usual  dimensions  and  the  quantities  with  the  subscript  zero  are  the  reference  values  of 
the  corresponding  quantities.  Using  the  reference  quantities  in  (V.13),  we  define  the  following  dimensionless  parameters:  Reynolds 
number,  Re\  Brinkman  number,  Br;  and  Eckert  number,  Ec. 


Re  = 


^oMqTq 

Mo 


Br  = 


PqVq 

ko0o 


Ec  = 


CvqOq 


Using  (V.13)  and  (V.  14)  we  can  obtain  the  following  dimensionless  form  of  the  mathematical  model  (V.  12). 


dp  d{pu)  = 
dt  dx 

du  du  (  po  \  dp  (  tq  \  drxx  _ 

P  dt  P  dx  \poVq)  dx  VAM'o/  9x 

pc^fdO^  d0\  1  dqx  |  /  p0  \  du  p*  / du\ 2  _ 

Ec\dt  Udx)  ReBr  dx  \PoMj)/  dx  Re\dx) 

(  Pov0 \  *  du 

,  de 

Qx  —  fix  TJ 

OX 

p  =  pRO 


V(x,  t)  G  itxt  —  x 


(V.14) 


(V.15) 
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If  we  choose 

then 

If  we  choose 

then 

And 


To  =  po  —  pqVq  =  Tcke  ;  Characteristic  kinetic  energy 
T0  ,  PO^’O  1 

- 2  =  1  and  1 -  =  r> 

PoVq  loto  Re 


PoVo 

To  =  Po  =  - =  TC! 

^0 


PoV 0  _  1 

and 

Po 

•4  To 

R 

PoVo 

R  = 

R0 

;  Ro 

Characteristic  viscous  stress 
TO  1 


PO 

Po@o 


(V.16) 

(V.17) 

(V.18) 

(V.19) 

(V.20) 


Generally  we  use  the  greater  of  Trj-e  and  tcvs  for  po  and  To.  In  the  present  work  rcke  »  xcvs,  hence  we  use  (V.16)  to 
nondimensionalize  p  and  txx  .  We  note  that 

p  =  p(j>,R,0)  (V.21) 


hence 


dp  f  dp\  ( dp 


dx  \dp J  \dx J  \d0  J  \dx 


dp  \  f  dd 


(V.22) 


in  which  and  are  deterministic  using  (V.21)  (ideal  gas  law  as  in  (V.15)  or  real  gas  laws  if  needed).  Thus,  ^  is  (V.22)  in  the 
momentum  equation  in  (V.  15)  and  p  in  the  energy  equation  can  be  replaced  by  (V.21),  thereby  eliminating  p  from  the  mathematical 
model.  Thus,  finally  we  have 


dp  d(pu)  = 
dt  dx 


du  ^ du  (  po  \  fdp_dp_  dpdO\  _  ( jo_  \  drx 


dt  dx  \p§v\)\dpdx  dQ  dx 
1  dqx  (  po 


\Po  VoJ  dx 


=  0 


pcvf  d8  d8 
Ec\dt  +  U  dx 


ReBr  dx 


\povVP  P’  dx  Re  V  dx 


=  0 


(  PoVo \  *  du 

T-  =  {l^)^x 
,  dO 

Qx  —  r£x  Tj 

dx 


/  V(x,t)  G  Qxt  —  ^x  x  Qt 


(V.23) 


where 

p*  =  2p  +  X  ;  A  =  -\p  (V.24) 

o 

(V.23)  is  a  system  of  five  nonlinear  time  dependent  partial  differential  equations  in  five  dependent  variables  (p,  u,  0,  txx  and  qx), 
hence  constitute  initial  value  problem  (IVP)  describing  evolution,  propagation,  reflection,  and  interactions  of  ID  normal  shocks. 

Generally  the  constitutive  equations  for  txx  and  qx  are  called  auxiliary  equations  and  txx  and  qx  are  called  auxiliary  variables. 
This  mathematical  model  only  contains  first  order  derivatives  of  p.:  u,  0 ,  txx.  and  qx. 

We  note  that  txx  and  qx  can  be  substituted  in  the  momentum  and  energy  equations  and  thereby  the  constitutive  equations  for 
txx  and  qx  as  dependent  variables  can  be  eliminated  from  the  mathematical  model  and  we  obtain  the  following  mathematical  model 
from  (V.23)  in  dependent  variables  p,  u ,  and  0  (assuming  constant  p*  and  k). 
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dp  d(pu)  = 
dt  dx 

du  du  /  po  \  /  dp  dp  dp  dd  \ 

^  dt  ^  ^  1  dx  VPot'o  )  \dp  dx  +  dO  dx) 

pcv  f  dd  d0\  kx  d29 
Ec\dt  +  U  dx  )  ReBr  dx2 


p*  ( d2u\ 
Re  \  dx2 ) 


=  0 


/  V(#,t)  G  Qxt  —  ^ x  ^ 


(V.25) 


/  Po 
W’o 


(  z?  p\du  d* 

P(P,R,e)di  ~  Ri 


du 

dx 


=  0 


We  note  that  in  (V.25)  we  have  up  to  second  order  spatial  derivatives  of  u  and  6  as  opposed  to  only  first  order  spatial  derivatives 
of  u  and  6  as  in  the  mathematical  model  (V.23).  Both  mathematical  models  are  suitable  for  numerical  computations  using  finite 
element  processes.  Differences  in  the  two  processes  for  calculating  numerical  solutions  obviously  occur  due  to  the  second  order 
spatial  derivatives  of  u  and  6  in  (V.25)  and  first  order  in  (V.23).  We  discuss  these  in  the  following. 


V.4  Space-time  finite  element  processes:  computation  of  evolution 

The  mathematical  models  (V.23)  or  (V.25)  describe  evolution,  hence  are  initial  value  problems.  Their  numerical  solutions  can 
be  calculated  using  either  space-time  coupled  methods  or  space-time  decoupled  methods.  In  the  present  work  we  consider  space- 
time  coupled  finite  element  processes.  Details  and  benefits  of  using  this  approach  can  be  found  in  [44, 81].  In  this  work  we  only 
present  a  brief  summary.  The  choice  of  using  (V.23)  or  (V.25)  dictates  the  admissible  choices  for  space-time  approximations  for  a 
space-time  element. 

If  we  choose  (V.23),  then  the  local  approximations  of  class  C 1  in  space  and  time  ensure  that  all  space-time  integrals  over 
the  space-time  discretization  are  Riemann.  When  the  solutions  are  sufficiently  smooth  as  in  this  case,  the  Lebesgue  space-time 
integrals  suffice.  Thus  when  using  (V.23)  we  could  use  space-time  local  approximations  for  all  dependent  variables  of  class  C° 
in  space  and  time.  If  we  choose  mathematical  model  (V.25),  then  the  space-time  local  approximations  for  p  can  be  of  class  C 1 
in  space  and  time  but  for  u  and  6  we  need  C2  in  space  and  C1  in  time  if  the  space-time  integrals  are  to  be  Riemann.  For  the 
space-time  integrals  to  be  in  Lebesgue  sense  the  space-time  local  approximations  of  class  C°  for  p  in  space  and  time  and  of  classes 
C 1  and  C°  in  space  and  time  for  u  and  6  are  admissible.  See  [4 1  — 43]  for  more  details. 

Since  (V.23)  and  (V.25)  are  nonlinear  partial  differential  equations  in  space  and  time,  the  works  presented  by  [41 — 44, 8 1]  show 
that  a  space-time  integral  form  based  on  space-time  residual  functional  yields  positive-definite  coefficient  matrix  in  the  resulting 
algebraic  system  provided:  (i)  The  second  variations  of  the  residuals  are  neglected  in  the  second  variation  of  the  residual  functional 
and  (ii)  the  nonlinear  conditions  resulting  from  the  first  variation  of  the  residual  functional  are  satisfied  using  Newton’s  linear 
method  (Newton-Raphson  method).  The  space-time  domain  Clxt  is  subdivided  into  space-time  strips  or  slabs  (figure  115(a)  and 
(b))  corresponding  to  the  time  increments  Af,.  i  =  1,  2, ...  which  can  be  uniform  or  non-uniform.  We  consider  a  typical  space-time 
strip  nClxt  corresponding  to  nth  time  increment  (tn-  \  <  t  <  tn)  and  its  discretization  nClxt  using  p- version  nine-node  space-time 
elements  (figure  115(c)). 


nnTxt  =  u  (v.26) 

e 

in  which  is  the  space-time  domain  of  a  typical  space-time  element  ‘e’  for  nth  space-time  strip.  Consider  the  mathematical 
model  (V.25)  used  in  the  present  work  and  let 

{</>}  =  [p,u,6]T  (V.27) 

where  <f>  is  a  list  of  dependent  variables.  Let  "{</>}][  be  approximation  of  {<f>}  over  ”f2®t 

nm  =  [nPln<,nOeh}T  (V.28) 
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In  general  for  local  approximations  np%,  nuffl,  n9eh,  we  can  write  the  following. 

nPh  =  [• N^kl~1’k2~1)’{pi’P2)]{npe } 

nu%  =  [Nikl~t’k2-1)’(jPl’P2)]{nue}  (V.29) 

nQe  _  — 1^2  — 

in  which  { npe },  {”ite},  and  {n9e}  are  nodal  degrees  of  freedom  for  n p%  and  n9fl.  By  substituting  (V.29)  in  (V.25)  we  obtain 
residual  equations  nEf,  i  1,2. 3  V(x,  t )  £  n( \ext.  We  note  that  equal  order,  equal  degree  interpolations  are  admissible.  We  can 
write  (V.29)  in  compact  form 

n{(j)Yh  =  [jV<(fei-l>fc2-l),(Pl,P2)]{n5e|  (V.30) 


t=t 

n 

t  =  t  , 

n— 1 

t=tx=  At 
t  =  0 


(a)  Space-time  domain,  £2 


Last  space-time  strip 


71th  space-time  strip 


First  space-time  strip 


(b)  Space-time  strips 


/Q  =Q  xnD 

rtt  a;  t 

"n  =[t  ] 

t  L  n-1  ’  n  J 


A  typical,  9-node  p-version 
/space-time  element 


0  L 

(c)  Space-time  discretization,  "O  of  the  7ith  space-time  strip 


Figure  1 15:  Space-time  domain,  space-time  strips,  and  discretization  for  nth  space-time  strip. 


[A^fe|  - 1  ’k'2  (pi  ,P2 )  ]  are  local  approximation  functions  for  p,  u,  and  9  and  {n5e}  are  total  degrees  of  freedom  for  all  dependent 
variables,  (fci. — 1),  (^2  —  1)  are  orders  of  continuity  in  space  and  time  and  p\,  p2  are  corresponding  p-levels.  In  general,  ki,k2,Pi,P2 
can  be  different  for  each  dependent  variable  if  we  so  desire.  Let  14(”f2®t)  be  the  approximation  space,  then 

vh(nnext)  c  Hk*(nfrxt)  ;  k  =  (k1,k2)  v  nnext  c  nnlt  (v.3i) 
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#(**>*.), (pl»2)(nj«  )  =  rw  .  w\  e  C-(fcllfc2),(plp2)(nQe  > 

(V.32) 

pi  >2^-1,  p2  =  2k2-i  v  nn'tcnn^} 

We  note  that  for  k-\  =  2,  =  2  the  space-time  integrals  over  "Q//  are  Lebesgue.  When  k\  —  k 2  >  2,  the  local  approximations 

over  nO|t  yield  space-time  integrals  over  ”  O/,  in  Riemann  sense.  Due  to  smoothness  of  the  evolutions  we  choose  k\  =  2  and 
fc2  =  2  i.e.  local  space-time  approximations  for  all  variables  of  class  C 1  in  space  and  time. 

We  construct  space-time  residual  functional  I(n(j)h)  for  the  discretization  n( l£t  f°r  nth  space-time  strip  containing  M  space- 
time  elements  using  element  residuals  nEf;  i  =  1,  2, 3  obtained  by  substituting  local  approximations  (V.29)  into  (V.25). 

M  M3 

=  EWD  =  E  E  {nET^nmn^h))  (V.  33) 

e=l  e—li—1 

First  variation  of  /(n</>h)  set  to  zero  gives  necessary  conditions  provided  /(•)  is  differentiable  in  its  arguments. 

M3  M 

5I(nM  =EE  (nEf,  S(nEf))  =  £  Vfth )  =  sCVfc)  =  0  (V.34) 

e=li=  1  e=l 

Sufficient  condition  or  extremum  principle  is  given  by  (see  [43,79, 81, 102]) 

M  3 

S2I(n<j>h)  =  E  E  ),  S(nEf))  >  0  (V.35) 

e=li=l 

Let  (n(f>h) o  be  an  assumed  solution  then  improved  solution  n(f>h  is  obtained  using  Newton’s  linear  method  with  line  search. 

n<t>h  =  (nMo  +  aA(nM  (V.36) 

a {n<Ph)  =  -  [62I(n<j>h)\  ^\h)og((nMo)  (V.37) 

where  a  is  determined  such  that  /("<^h.)  <  I  ((n<t>h)o)-  Convergence  of  the  iterative  solution  method  is  checked  using  \gi(n(f>h)\  < 
Ai,  i  =  1,2,...  in  which  Ai  is  a  preset  tolerance  for  computed  zero  (generally  1  (T  6  or  lower). 

Numerical  computation  of  the  evolution  is  commenced  for  the  first  space-time  strip  corresponding  to  the  time  increment  At 
using  BCs  and  ICs  and  then  time  marched  by  using  the  computed  solution  at  t  =  At  as  initial  condition  for  the  second  space-time 
strip,  thus  obtaining  solution  for  At  <t  <  2  At.  This  procedure  of  time  marching  is  continued  until  the  desired  time  is  reached. 

V.5  Experimental  setup  and  measurements 

Experimental  work  on  ID  Riemann  shock  tube  has  been  reported  by  [168],  These  experiments  were  conducted  by  Prof.  KPJ 
Reddy’s  research  group  at  Indian  Institute  of  Science,  Bangalore,  India.  Figure  116  shows  a  photograph  of  the  Reddy  tube  (and 
schematic)  that  consists  of  a  29  mm  diameter  stainless  steel  shock  tube  divided  into  490  mm  long  high  pressure  (driver)  and  510 
mm  low  pressure  (driven)  sides  separated  by  a  0. 1  mm  thick  aluminum  or  mylar  diaphragm.  The  low  pressure  side  is  maintained 
at  0.88  bar  and  the  pressure  on  the  high  pressure  side  is  varied.  The  pressure  measurements  are  conducted  at  two  locations  A  and 
B.  Pressure  sensor  at  location  A  measures  the  fully  developed  shock  pressure  behind  the  fully  developed  shock  wave.  The  pressure 
sensor  at  location  B  is  used  to  measure  the  pressure  behind  the  reflected  shock  wave  (highest  measured  value  listed  in  table  2). 
The  measured  values  of  pressures  at  location  A  and  B  for  air  reported  by  [168]  are  given  in  Table  2.  The  values  of  pi  and  pi, 
corresponding  to  ‘*’  are  used  in  numerical  simulations. 

Using  the  experimental  measurements  in  table  2  we  chose  three  typical  ph  values  (high,  medium,  and  low):  7.58,  5.38,  3.18 
and  pi  of  0.88  (for  all  three  values  of  p/,)  for  numerical  simulations  of  the  shock  tube  experiments.  If  these  pressure  values  are 
nondimensionalized  using  reference  pressure  p0,  then  we  have  7.58/0.88,  5.38/0.88,  and  3.28/0.88  as  pressure  ratios  of  Ph/pi 
(dimensionless).  In  the  numerical  studies  we  use  these  pressure  ratios  in  the  dimensionless  form  of  the  mathematical  model  for  the 
Riemann  shock  tube. 
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Table  2:  Measured  pressure  values  (in  bar) 


V.6  Considerations  in  the  numerical  simulation  of  shock  evolution  and  comparisons  with  experimen¬ 
tal  results 

As  discussed  earlier,  shock  width  is  generally  of  the  same  order  of  magnitude  as  the  viscosity.  Thus,  in  air,  shock  widths  are 
O(10”6).  Resolution  of  the  evolution  of  such  a  phenomenon  obviously  will  require  spatial  discretization  with  element  lengths  of 
the  order  of  ()( 10-6).  With  such  a  refined  discretization  required  for  shock  resolution,  numerical  simulation  of  ID  normal  shocks 
in  Riemann  shock  tube  1000  mm  long  as  used  in  the  experiment  is  virtually  impossible  using  a  fixed  discretization.  This  may 
require  millions  of  elements  and  the  same  number  of  time  increments. 

However,  the  pressure  information  at  locations  A  and  B  related  to  fully  developed  propagating  shock  and  the  reflected  shock 
can  be  generated  numerically  without  modeling  the  entire  shock  tube  of  1000  mm.  Consider  a  shock  tube  of  length  {Lh  +  L{),  /,/, 
and  Li  being  the  high  pressure  and  low  pressure  side  dimensionless  lengths  (figure  117(a)).  We  choose  Lh  +  Li  =2  and  begin 
with  Lh  =  Li  =  1.  Upon  rupture  of  the  diaphragm  at  t  =  0  the  compression  waves  are  initiated  to  the  left  of  the  diaphragm 
which  pile  up  during  evolution  due  to  higher  density  behind  the  wave  and  hence  higher  wave  speed  and  eventually  form  a  fully 
developed  shock  at  location  a  —  a,  a  very  small  distance  to  the  left  of  the  diaphragm.  We  note  that  both  the  time  and  the  distance 
from  the  diaphragm  of  location  a  — a  are  extremely  small  and  are  same  in  the  experiment  and  the  simulations.  The  shock  formation 
is  rather  quick  and  is  in  the  proximity  of  the  diaphragm.  The  fully  developed  shock  propagates  toward  the  left  impermeable 
boundary.  The  pressure  value  at  a  —  a  or  other  locations  to  the  left  of  it  during  shock  propagation  but  before  the  shock  reaches 
the  impermeable  boundary  can  be  compared  to  pa  (same  as  pa  in  table  2)  as  both  are  pressures  corresponding  to  fully  developed 
shock.  Upon  reaching  the  impermeable  boundary  to  the  left,  the  shock  wave  with  same  shock  relations  in  the  experiment  and  in  the 
simulation  reflects.  This  results  in  higher  pressure  at  the  boundary  and  to  the  right  of  the  boundary  compared  to  the  shock  relation 
pressure  corresponding  to  the  incident  fully  developed  shock.  Thus,  the  larger  pressure  reading  at  location  B  (in  the  vicinity  of 
the  impermeable  boundary)  in  the  experiment  corresponds  to  the  pressure  value  at  location  b  —  b  in  the  numerical  simulation  after 
the  shock  reflection.  Thus  we  see  that  numerical  simulation  for  a  shock  tube  of  dimensionless  length  two  units  that  correspond  to 
approximately  3.127  x  10  6  m  is  sufficient  to  simulate  the  shock  physics  in  the  experiment. 
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V.7  Definition  of  a  shock 


We  define  a  sustained  wave  that  does  not  disperse  or  diffuse  anymore  during  further  evolution  as  a  shock.  In  case  of  Riemann 
shock  tube  upon  rupture  of  the  diaphragm,  compression  waves  with  progressively  increased  speed  pile  up  in  the  low  density  region. 
These  processes  result  in  steepening  of  the  front  or  traveling  wave.  On  the  other  hand,  the  mechanism  of  dispersion  comes  into 
play  due  to  viscosity  of  the  medium  which  results  in  elongation  of  the  base  of  the  wave  or  the  front.  If  the  steepening  process  is 
stronger  than  the  base  elongation  process,  then  the  wave  begins  to  steepen  as  evolution  proceeds  and  eventually  we  reach  a  time 
during  evolution  when  both  processes  equilibrate.  At  this  time  we  have  a  wave  or  a  front  that  would  neither  steepen  nor  disperse 
during  further  evolution.  We  refer  to  this  wave  or  front  as  ‘shock’.  This  process  can  be  quantified  by  examining  the  increase  in 
entropy  per  unit  volume  for  each  space-time  strip.  The  basic  mechanism  of  entropy  production  in  shocks  is  due  to  conversion  of 
mechanical  energy  into  heat  due  to  viscous  dissipation.  Thus  if  Sr  is  the  dimensionless  rate  of  entropy  production  per  unit  volume 
then 


Sr 


1/ 

1 

f d9\2\ 

9  \ 

v  Re 

ReBr 

9  \ 

\dx)  ) 

(V.38) 


where 


(V.39) 


We  note  from  the  definition  of  a  shock  that  Sr  must  be  constant  for  a  fully  developed  shock  to  exist  during  further  evolution.  Sr 
provides  a  thermodynamic  map  that  quantitatively  establishes  when  shocks  are  formed  for  the  first  time  as  well  as  their  existence 
upon  further  evolution.  Secondly,  most  numerical  processes  suffer  from  numerical  dispersion  in  which  case  the  presence  of  shock 
may  be  possible  to  establish  but  the  shock  structure  would  be  in  error.  [44]  have  shown  that  the  LSP  and  STLSP  can  be  completely 
free  of  numerical  dispersion  with  proper  choices  of  h,  p ,  and  k.  In  the  present  work  this  aspect  is  critical  in  ensuring  that  shock 
structure  and  the  Sr  behavior  reported  have  physical  and  true  behavior  based  on  the  mathematical  model. 


V.8  Computations  of  ID  Normal  Shocks  Using  Space-Time  Finite  Element  Method 

We  consider  a  Riemann  shock  tube  of  two  units  (dimensionless)  in  length,  as  shown  in  Figure  1 17(a).  The  medium  is  air  with 
the  following  properties  at  NTP: 

A  =  1.983  x  1(T5  Pa-s,  p  =  1.225412  kg/m3,  k  =  2.8854  x  1CT2  W/m-K,  cv  =  717.0  J/kg-K 
The  following  reference  values  are  chosen: 

L0  =  1.50348  x  10~6  m,  =  A,  Po  =  P ,  hs  =  k,  cv o  =  c„,  90  =  410.52  K 

vo  =  343.0  m/s,  to  =  L0/vo  =  4.4996  x  10-9  s,  p0  =  r0  =  PqVq  =  1-4438  x  105  Pa 

With  these  reference  values,  various  characteristic  numbers  have  the  values 

Re  =  =  31.891,  Ec  =  =  0.40027 

Br  =  =  0.19721,  Pr  =  =  0.49276 

ko0o  ko 

We  use  the  time  interval  At  =  0.02  (a  nondimensional  value),  which  gives  a  dimensional  time  increment  of  At  =  8.9592  x  10-11 
s.  In  this  study,  the  following  three  pressure  ratios  are  considered: 

ph  7.58  5.38  ,  3.18 

—  =  - ,  - ,  and - 

pi  0.88  0.88’  0.88 

The  influence  of  the  various  values  of  lengths  Li  and  A/,  on  the  evolution  is  also  investigated.  Between  three  pressure  ratios  and 
the  various  choices  of  Li  and  A/,,  we  choose  the  following  combinations: 
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(a)  For  (ph,Pi)  =  (7.58,  0.88)  we  choose 

(Li,Lh)  =  (1.0, 1.0),  (1.25, 0.75),  (1.5, 0.5),  (1.7, 0.3),  (1.8, 0.2),  (1.9, 0.1) 

(b)  For  ( Li ,  Lh)  =  (1.0, 1.0)  we  consider 

(Ph,Pi)  =  (7.58, 0.88),  (5.38, 0.88),  (3.18, 0.88) 

Figure  1 17(b)  shows  boundary  conditions  at  the  two  ends  of  the  shock  tube  and  the  initial  conditions  at  time  t  =  0  for  the  first 
space-time  strip.  Isothermal  ICs  are  used  at  t  =  0  (9  =  1.0).  The  initial  conditions  for  the  second  space-time  strip  ([At,  2Af])  at 
t  =  At  are  obtained  from  the  computed  evolution  for  the  first  space-time  strip  at  At.  The  space-time  domain  2  x  At  is  divided 
into  a  uniform  discretization  of  101  nine-node  p- version  space-time  finite  elements.  The  pressure  ratio  (same  as  density  ratios  as 
p  =  pR9  with  R  =  1,  9  =  1,  hence  p  =  p  at  t  =  0,  ICs)  or  density  ratio  Ph/ Pi  is  specified  over  an  element  centered  at  x  =  0  in  a 
continuous  and  differentiable  manner  from  p/,  to  pi.  Numerical  solutions  are  of  class  C 1  in  space  and  time  with  equal  p-level  of  11 
in  space  and  time,  thus  local  approximations  for  all  dependent  variables  are  in  a  scalar  product  subspace  T/l2’2)!11’11)  ("f 2®t)  and 
At  =  0.02  is  considered.  With  this  choice  of  discretization,  orders  of  the  space,  and  p- 1  eve  Is  in  space  and  time,  the  integrated  sum 
of  squares  of  the  residuals  remain  (9  (Hr  fi)  or  lower  for  the  entire  evolution  for  all  numerical  studies,  confirming  that  the  governing 
differential  equations  in  the  mathematical  model  are  satisfied  quite  well.  Newton’s  linear  method  in  most  cases  converges  in  less 
than  5  iterations  with  \gi\  <  O(10~fa)  or  lower. 


Figure  1 16:  (a)  Schematic  diagram  of  the  29  mm  internal  diameter  Reddy  tube  with  pressure  sensors  located  in  the  driven  and  driver 
sections,  (b)  Photograph  of  fully  assembled  Reddy  tube  with  pressure  gauges  mounted  for  measuring  the  shock  wave  parameters 
and  diaphragm  rupture  pressure. 


V.8.1  ID  normal  shock  for  (ph,pi)  =  (7.58, 0.88)  with  (Lh  Lh)  =  (1.0, 1.0),  (1.25, 0.75),  (1.5, 0.5),  (1.7, 0.3),  (1.8, 0.2)  and 
(1.9, 0.1) 

Figures  1 18(a)-(f)  show  evolution  of  rate  of  entropy  production  Sr  along  the  length  of  the  shock  tube  for  0  <  t  <  1 50  A/.  For 
each  ratio  of  Li/Lh  except  1.9/0. 1  we  observe  steady  and  nondiffusive  Sr  (constant  width  of  Sr  zone)  during  the  entire  evolution. 
The  path  of  the  shock  (i.e.  Sr )  from  the  location  of  the  diaphragm  toward  the  left  impermeable  boundary  is  always  straight  as  there 
is  only  constant  low  density  air  ahead  of  it  in  its  path  with  the  same  value  as  in  shock  relations.  The  path  of  the  reflected  shock 
is  not  straight  as  it  travels  through  the  compressed  medium  and  eventually  reflects  from  the  impermeable  boundary  on  the  right 
side  of  the  diaphragm.  These  evolutions  of  Sr  confirm  that  for  each  ratio  of  Li/Lt,  (except  Li/Lh  =  1. 9/0.1)  a  shock  is  formed 
in  the  low  density  region  that  propagates,  reflects,  and  interacts  upon  further  evolution.  For  Li/Lh  =  1. 9/0.1  lack  of  constant  Sr 
indicates  lack  of  steady  propagating  shock.  These  findings  can  be  confirmed  by  examining  evolution  of  pressure  along  the  length 
of  the  shock  tube. 

Figures  1 19(a)-(f)  show  pressure  evolution  along  the  length  of  the  shock  tube  for  At  <  t  <  60Af  for  all  length  ratios.  Figures 
1 19(a)-(e)  show  constant  steady  pressure  wave  propagation  to  the  left  of  the  diaphragm  with  pressure  values  of  0.88  and  2.36  ahead 
and  behind  the  shock  wave,  confirming  a  steady  shock  for  1  <  /./,  <  0.2.  For  Ay,  =0. 1  we  clearly  observe  lack  of  formation  of  a 
steady  pressure  wave,  confirming  lack  of  a  steady  shock  wave  as  indicated  by  Sr  evolution  in  figure  1 18(f).  This  is  obviously  due 
to  inadequate  length  Ly,  that  results  in  insufficient  volume  of  high  pressure  air  in  the  length  Ly,  to  form  and  sustain  a  shock. 

Figures  1 1 9(a)-(f)  also  show  reflection  of  the  shock  waves  from  the  left  impermeable  boundary  for  t  <  60  At.  Evolutions  of 
pressure  for  65Af  <  t  <  120A t  and  125At  <  t  <  150Af  for  all  length  ratios  are  shown  in  Figures  120(a)-(f)  and  121(a)-(f).  We 
observe  the  following: 
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Impermeable  boundary  (B i ) 
for  all  values  of  time 


t 


Figure  117:  Shock  tube  schematic,  initial  conditions,  and  boundary  conditions 


(i)  The  pressure  of  the  left  boundary  continues  to  increase  due  to  reflection  of  the  shock  wave  for  each  length  ratio  until  it 
reaches  a  maximum  value  and  then  begins  to  decrease  upon  further  evolution. 

(ii)  The  maximum  pressure  value  at  the  left  boundary  upon  shock  reflection  has  the  highest  value  for  ( Li ,  /,/,  )  =  (1, 1).  This 
maximum  value  decreases  with  progressively  reducing  Lf,  .  For  L/,  =  1,  the  length  of  the  high  pressure  zone  is  the  largest 
out  of  all  values  considered  in  the  numerical  studies,  hence  the  reason  for  such  behavior. 

(iii)  Progressively  reducing  length  of  the  high  pressure  zone  has  pronounced  influence  on  the  evolution  of  pressure  for  t  > 
60A  t. 

(iv)  Evolution  of  u  and  9  are  not  shown  for  the  sake  of  brevity. 
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(a)  Evolution  of  Sr,  ( Li ,  L =  (1.0, 1.0)  (b)  Evolution  of  Sr ,  ( Li ,  L^)  =  (1.25,  0.75)  (c)  Evolution  of  Sr ,  ( Li ,  L h)  =  (1.5,  0.5) 


i 


3.00 

3.00 

i  3.00 

2.75 

2.75 

2.75 

2.50 

2.50 

2.50 

2.25 

2.25 

1  2.25 

X 

2.00 

2.00 

1  2.00 

-  1 .75 

-1.75 

1  -1.75 

^  1 .50 

^1.50 

^  1 .50 

1-1.25 

1-  1 .25 

- 

1—1.25 

1.00 

1.00 

1.00 

c 

0.75 

0.75 

0.75 

0.50 

0.50 

0.50 

r  13  fV 

0.25 

0.25 

0.25 

r  - 

0.00 

0.00 

.MhJuJn.l.jMMufl, 

0.00 

OLOOLooLOomo 
or^  in  (N  oc\j  m  h-o 


■»—  O  OO  OO  O  O 
I  I  I  I 

Position,  x 


omomoinomo 

or^mcNjocsiinNO 


O  OO  OO  O  O  t— 
I  I  I  I 

Position,  x 


omoinoinomo 
or^  m<N  oc\j  m  h>o 


■»—  O  OO  OO  O  O 
I  I  I  I 

Position,  x 


(d)  Evolution  of  Sr,  (Li ,  L^)  =  (1.7,  0.3)  (e)  Evolution  of  Sr,  (Li,  L^)  =  (1.8, 0.2)  (f)  Evolution  of  Sr,  (Tj,  L^)  =  (1.9,  0.1) 


Figure  118:  Evolution  of  rate  of  entropy  production  for  different  values  of  L/  and  L/,  with  pk  =  7.58  and  pi  =  0.88 
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(e)  S (Lt,Lh)  =  (1.8, 0.2) 


(f)  (. LuLh )  =  (1.9,  0.1) 


Figure  1 19:  Evolution  of  pressure  for  different  values  of  Li  and  T/,  ;  At  <t  <  60  A f 
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(a)  (Lt,Lh)  =  (1.0,  LO) 


(b)  (Lt,Lh)  =  (1.25,0.75) 


(c)  (LuLh)  =  (1.5,  0.5) 


(d)  (LltLh)  =  (1.7,  0.3) 


(e)  S (Lt,Lh)  =  (1.8, 0.2) 


(f)  {LuLh)  =  (1.9,  0.1) 


Figure  120:  Evolution  of  pressure  for  different  values  of  Li  and  T/,  ;  60Af  <t<  1 20A/ 
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(c)  (LuLh)  =  (1.5,  0.5) 


(d)  (LltLh)  =  (1.7,  0.3) 
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(f)  {LuLh)  =  (1.9,  0.1) 


Figure  121:  Evolution  of  pressure  for  different  values  of  Li  and  /./, ;  120Af  <t<  150  Af 
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V.8.2  ID  normal  shocks:  (. LuLh )  =  (1.0, 1.0)  for  (ph,pi)  =  (7.58,0.88),  (5.38,0.88),  (3.18,0.88)  and  comparison  with 
experimental  results 

Figures  122(a)-(c)  show  evolution  of  Sr  along  the  length  of  the  shock  tube  for  0  <  t  <  150  At.  For  all  three  pressure  ratios  we 
observe  formation  of  a  steady  shock  that  first  reflects  from  the  left  boundary  and  then  from  the  right  boundary.  From  diaphragm 
to  the  left  boundary,  the  shock  path  is  a  straight  line  whereas  upon  reflection  the  path  of  the  shock  is  curved.  Figures  123(a)-(c) 
show  evolution  of  density  along  the  length  of  the  shock  tube  for  0  <  t  <  1 50  AT  Similar  evolutions  of  temperature  6  and  velocity 
u  are  shown  in  Figures  124(a)-(c)  and  125(a)-(c).  Figures  126(a)-(c),  127(a)-(c),  128(a)-(c)  show  evolution  of  pressure  along  the 
length  of  the  tube  for  the  three  pressure  ratios  for  At  <  t  <  150AT  For  all  three  pressure  ratios  we  have  steady  propagating  shock 
that  reflects  from  both  boundaries.  Table  2  presents  a  summary  of  the  computed  pressures  and  a  comparison  with  the  experimental 
data  for  the  three  pressure  ratios.  Shock  relations  in  the  table  refer  to  pressure  values  ahead  of  the  shock  and  behind  the  shock. 
The  pressure  values  at  the  left  boundary  due  to  shock  reflection  result  in  evolution  of  pressure  between  pmin  and  pmax  range  for 
all  three  values  of  pressure  ratios  Ph/pi  ■  We  note  that  the  computed  pressure  values  upon  shock  reflection  are  precisely  at  the 
left  boundary  whereas  the  measured  values  are  away  from  the  left  boundary.  We  also  remark  that  measured  values  may  have  a 
margin  of  error.  For  example,  for  pi,  of  5.38  the  measured  pressure  behind  the  shock  is  2.35  whereas  for  ph  of  7.58  it  is  2.31. 
This  is  inconsistent,  as  we  expect  the  pressure  behind  the  shock  for  ph  =  5.38  to  be  lower  than  that  for  pi,  =  7.58.  The  computed 
values  of  the  pressure  behind  the  shock  are  consistent.  They  show  progressively  diminishing  value  of  pressure  behind  the  shock 
for  progressively  reduced  ph .  The  computed  ranges  of  ( Pmin,  Pmax )  for  all  these  values  of  pi,  are  consistent  as  well.  They  show 
progressively  reducing  ( Pmax, Pmin )  range  with  progressively  reducing  ph  value. 


Table  3:  Computed  and  Measured  Pressure  Values 


Pressure  Ratio  ( Ph,Pi )  =  (7.58,0.88) 

Shock  relations 

Pressure  at  left  boundary 

Computed 

Measured 
(Location  A) 

Computed 

Measured 
(Location  B) 

(0.88,  2.36) 

(0.88,2.31) 

Pmax  =  ^  .41 
Pmin  =  3.68 

4.00 

Pressure  Ratio  ( Ph,Pi )  —  (5.38,0.88) 

Shock  relations 

Pressure  at  left  boundary 

Computed 

Measured 
(Location  A ) 

Computed 

Measured 
(Location  B) 

(0.88,  2.04) 

(0.88,  2.35) 

Pmax  —  5.28 
Pmin  =  2.70 

3.97 

Pressure  Ratio  ( Ph,Pi )  —  (3.18,0.88) 

Shock  relations 

Pressure  at  left  boundary 

Computed 

Measured 
(Location  A) 

Computed 

Measured 
(Location  B) 

(0.88,  1.62) 

(0.88,  1.81) 

Pmax  —  3.12 
Pmin  =  1-71 

3.64 
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(a)  Sr,{LuLh)  =  (1.0, 1-0),  (phiPl)  =  (7.58,0.88) 
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(b)  Sr,(Li,Lh)  =  (1.0, 1.0),  (ph,Pi)  =  (5.38,0.88) 
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(c)  Sr,(Li,Lh)  =  (1.0, 1.0).  (ph,pi)  =  (3.18,0.88) 


Figure  122:  Evolution  of  rate  of  entropy  production  Sr  for  different  pressure  ratios 
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(a)  p,  {LuLh)  =  (1.0, 1.0 ),(Ph,Pi)  =  (7.58,0.88) 
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(b)  p,(LhLh)  =  (1.0, 1.0 ),(ph,pt)  =  (5.38,0.88)  (c)  p,(LuLh)  =  (1.0, 1.0 ),(ph,pi)  =  (3.18,0.88) 


Figure  123:  Evolution  of  density  p  for  different  pressure  ratios 
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(a)  9,(LhLh)  =  (1.0, 1.0 ),(ph,pi)  =  (7.58,0.88) 
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(b)  e,(LhLh)  =  (1.0, 1.0 ),{ph,Pl)  =  (5.38,0.88)  (c)  9,(L,,Lh)  =  (1.0, 1.0 ),(ph,pi)  =  (3.18,0.88) 


Figure  124:  Evolution  of  temperature  6  for  different  pressure  ratios 
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(a)  u,(Ll:Lh)  =  (1.0, 1.0), (ph, pi)  =  (7.58,0.88) 
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(b)  u,(LuLh)  =  (1.0, 1.0 ),(ph,pi)  =  (5.38,0.88)  (c)  u,(Ll:Lh)  =  (1.0, 1.0 ),{jph,pi)  =  (3.18,0.88) 


Figure  125:  Evolution  of  velocity  u  for  different  pressure  ratios 
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(a)  At  <  t  <  60At 


(b)  60At  <  t  <  120At 


(c)  120At  <  t  <  150Af 

Figure  126:  Evolution  of  pressure;  ( Ph,Pi )  =  (7.58,0.88),  ( Lh,Li )  =  (1, 1) 
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(a)  At  <  t  <  60At 


(b)  60At  <  t  <  120At 


(c)  120At  <  t  <  150At 

Figure  127:  Evolution  of  pressure;  ( Ph,Pi )  =  (5.38,0.88),  ( Lh,Li )  =  (1, 1) 
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(a)  At  <  t  <  60At 


(b)  60At  <  t  <  120At 


(c)  120At  <  t  <  150Af 

Figure  128:  Evolution  of  pressure;  ( Ph,Pi )  =  (3.18,0.88),  ( Lh,Li )  =  (1, 1) 
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We  discuss  computed  solutions  and  correlation  with  experimental  results. 

(i)  We  note  that  in  the  numerical  simulations  the  impermeable  boundaries  are  theoretical.  This  is  virtually  impossible  to  achieve 
in  the  experimental  set  up,  thus  we  expect  the  left  and  right  boundary  in  the  experimental  setup  to  be  compliant.  This  has  the 
influence  of  lowering  the  maximum  pressure  values  due  to  shock  reflection. 

(ii)  We  also  observe  some  inconsistency  in  the  experimental  data.  For  example,  the  shock  relation  (0.88,  2.35)  for  pi,  =  5.38  is 
inconsistent  with  (0.88,  2.31)  for  pp  =  7.58.  Naturally,  the  pressure  behind  the  shock  wave  for  pp  =  7.58  should  be  greater 
than  that  for  pp  =  5.38. 

(iii)  We  also  observe  that  the  measured  pressure  at  location  B  for  ph/pi  =  3.18/0.88  is  3.64  which  is  greater  than  3.18.  This  is 
obviously  not  possible. 

(iv)  All  computed  solutions  are  consistent. 

(a)  Shock  relations  (0.88,  2.36),  (0.88, 2.04),  (0.88, 1.62)  for  pp  =  7.58,  5.38,  and  3.18  show  consistently  reduced  pres¬ 
sure  (2.36, 2.04, 1.62)  behind  the  shock  as  expected. 

(b)  Maximum  pressure  values  at  the  left  boundary  due  to  shock  reflection:  7.41,  5.28,  3.12  have  progressively  reduced 
values  that  are  lower  than  corresponding  pressure  values  in  the  high  pressure  region:  pp  —  7.58,  5.38,  and  3.18.  This 
is  consistent. 

(v)  Overall,  the  experimentally  measured  values  are  in  reasonable  agreement  considering  the  extreme  difficulty  of  achieving 
theoretical  conditions  in  designing  the  experiment. 

(vi)  We  remark  that  since  the  fully  developed  shock  relations  in  the  experiment  and  in  the  numerical  simulations  do  not  precisely 
agree,  this  naturally  will  influence  the  pressure  values  of  the  reflected  shock  waves  in  the  experiment  and  the  simulation  as 
we  note  in  Table  2. 

V.9  Summary,  concluding  remarks,  significance  and  impact  of  this  research 

In  this  work  numerical  simulation  of  ID  normal  shocks  in  single  diaphragm  Riemann  shock  tube  is  studied  and  comparison 
with  experimental  measurements  using  Reddy  tube  is  presented.  The  following  conclusions  can  be  drawn  from  the  results  obtained: 

(1)  Two  mathematical  models  and  their  dimensionless  forms  are  presented:  Model  1  is  based  on  ( p ,  u,  9,  txx,  qx)  and  Model  2  is 
based  on  (p,  u,  9)  as  dependent  variables.  Model  1  consists  of  a  system  of  first-order  nonlinear  partial  differential  equations 
based  on  continuity  of  mass,  balance  of  linear  momentum,  balance  of  energy,  and  constitutive  equations  for  txx  (deviatoric 
Cauchy  stress)  and  heat  vector  qx.  In  Model  2,  the  constitutive  equations  are  substituted  in  the  momentum  and  energy 
equations  resulting  in  three  partial  differential  equations  containing  up  to  second-order  spatial  derivatives  of  u  and  9.  Model 
2  is  meritorious  but  it  requires  higher-order  global  differentiability  of  approximations  used  in  space  and  time  compared  to 
Model  1. 

(2)  In  the  present  work.  Model  2  is  used  in  space-time  finite  element  formulation  for  a  time  strip  corresponding  to  a  time 
increment  At  based  on  minimization  of  the  residual  functional.  Local  approximations  of  class  C 1  in  space  and  time  with 
p-level  of  11  in  space  and  time  are  used.  Evolution  is  computed  by  time  marching.  With  these  choices  of  p-level  and  101 
element  discretization  for  a  dimensionless  domain  of  two  units,  the  maximum  residual  of  the  order  of  <9(10  ())  or  lower 
is  obtained  during  the  iterative  solution  procedure.  The  residual  functional  for  each  space-time  strip  is  (9(10-6)  or  lower, 
confirming  good  accuracy  of  the  computed  solution. 

(3)  A  number  of  numerical  studies  are  presented  for  pressure  ratios  ( Ph,Pi )  =  (7.58,0.88),  (5.38,0.88),  (3.18,0.88).  For 
pressure  ratio  (ph,Pi)  =  (7.58,  0.88),  the  influence  of  the  length  of  high  pressure  side  on  shock  relations  and  the  maximum 
pressure  value  upon  shock  reflection  is  investigated  using  (LpLp)  =  (1.0, 1.0),  (1.25,0.75),  (1.5, 0.5),  (1.7, 0.3),  (1.8, 0.2), 
and  (1.9,  0.1).  For  0.2  <  Lp  <  1.0,  the  shock  relations  remain  the  same  regardless  of  the  choice  of  Lp .  However,  the 
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pressure  evolution  at  the  left  boundary  is  affected  significantly.  As  expected,  larger  values  of  Lh  yield  higher  reflected 
pressures  at  the  left  boundary  due  to  larger  volume  of  high  pressure  air.  For  L/,  =  0.1,  we  observe  lack  of  shock  formation 
as  for  this  choice  the  steepening  of  compression  wave  can  not  overcome  the  diffusive  process  due  to  viscosity.  The  evolution 
of  pressure  differs  significantly  for  different  choices  of  Lh,  specially  for  t  >  60Af.  Rate  of  entropy  production  evolutions 
presented  in  the  work  ensure  existence  of  a  shock  or  lack  of  one. 

(4)  Three  pressure  ratios  (high,  medium,  and  low)  are  chosen  based  on  experimental  data.  Numerical  simulations  show  that  for 
all  three  pressure  ratios  we  have  a  sustained  shock  that  propagates,  reflects,  and  interacts  for  ( Li,Lh )  =  (1.0, 1.0).  This 
choice  of  lengths  of  low  and  high  pressure  sides  are  based  on  the  experimental  setup.  The  results  shown  graphically  and  in 
tabular  form  confirm  that  the  numerical  simulations  are  consistent  i.e.  high  and  low  values  of  various  quantities  at  various 
locations  occur  as  expected. 

(5)  Overall  the  comparisons  of  the  computed  solutions  with  the  measured  pressure  data  for  shock  relations  and  pressure  upon  the 
first  reflection  are  in  good  agreement.  Minor  inconsistencies  in  the  measured  pressure  data  are  observed  and  are  discussed. 
These  are  unavoidable  in  a  sensitive  and  complex  experiment  in  which  it  may  not  be  possible  to  create  precise  theoretical 
conditions  in  the  experimental  set  up  or  vice  versa. 

(6)  Numerical  studies  were  also  conducted  using  Model  1,  a  system  of  first  order  partial  differential  equations  with  local  ap¬ 
proximations  of  class  C 1  in  space  and  time  and  p-level  of  1 1  in  space  and  time  for  all  dependent  variables.  In  this  case, 
all  space-time  integrals  are  Riemann.  The  residual  functional  values  of  the  order  of  O(10-6)  (similar  to  those  for  Model 
2)  confirm  that  in  this  case,  the  governing  differential  equations  (GDEs)  are  satisfied  in  the  the  pointwise  sense  as  the 
space-time  integrals  are  Riemann.  Hence,  when  the  residual  functional  I  —y  0,  we  are  ensured  that  the  residual  function 
E  =  A(f>h  —  /  — >  0  in  the  pointwise  sense  V(®,  t)  in  the  space-time  domain  because  only  then  I  — >•  0  can  hold.  An  important 
point  to  note  is  that  in  Model  2  with  local  approximations  of  class  C 1  in  space  and  time,  space-time  integrals  are  Lebesgue, 
but  in  this  case,  I  values  of  the  same  order  of  magnitude  as  in  Model  1  confirm  that  the  solutions  computed  using  Model  2 
also  satisfy  the  GDEs  in  the  pointwise  sense.  In  other  words,  with  I  values  of  the  order  of  0(10  °)  resulting  from  the  dis¬ 
cretization,  p-levels  and  the  orders  of  the  approximation  space  used  in  Model  2,  we  are  ensured  that  the  space-time  Lebesgue 
integrals  approach  space-time  Riemann  integrals.  This  deduction  is  critical  in  confirming  that  the  solutions  computed  from 
Model  2  reported  indeed  satisfy  the  GDEs  in  the  pointwise  sense  with  good  precision  (due  to  residual  functional  of  the  order 
of  O(10-6)). 

The  numerical  solutions  reported  here  are  not  compared  with  finite  difference  and  finite  volume  solutions.  Convergence  of 
the  numerically  computed  solutions  (discretization  and  order  of  truncation  error  independence  of  the  computed  solutions)  in 
these  methods  only  implies  that  the  computed  solutions  do  not  change  any  more  with  further  mesh  refinement  or  by  increas¬ 
ing  truncation  error  order.  It  is  only  by  substituting  the  computed  solutions  in  the  non-discretized  GDEs  that  we  can  be  sure 
that  the  computed  solutions  indeed  are  the  solutions  of  GDEs  as  well  as  establish  their  proximity  to  the  theoretical  solution. 
In  these  methods  we  have  discrete  numerical  values  at  the  grid  points  that  are  computed  based  on  discretized  form  of  the 
GDEs.  Thus,  in  these  methods,  there  is  no  mechanism  to  check  if  the  computed  solutions  satisfy  non-discretized  GDEs 
V(®,  t)  in  the  space-time  domain.  In  the  STLSP  presented  and  used  in  this  work,  we  indeed  show  that  GDEs  are  satisfied 
in  the  pointwise  sense  with  high  precision.  Computations  are  time  marched  only  when  sufficiently  high  accuracy  of  the 
computed  solution  is  achieved  for  the  current  space-time  strip.  This  ensures  accuracy  of  the  solution  for  the  entire  evolution. 
Thus,  comparisons  with  finite  difference  and  finite  volume  solutions  is  not  very  meaningful,  hence  not  included  here. 

In  this  research  work,  evolution,  propagation,  reflection,  interaction  and  repeated  reflection  of  ID  normal  shocks  in  Riemann 
shock  tube  and  comparisons  with  experimental  data  are  presented.  A  very  significant  aspect  of  the  work  is  that  it  simulates  the 
first  compression  wave  and  piling  up  of  subsequent  compression  waves  behind  it  that  eventually  results  in  fully  formed  shock  which 
then  propagates,  reflects,  interacts  and  experiences  repeated  reflections.  Space-time  coupled  finite  element  processes  with  time 
marching  with  local  approximations  in  Hk,p( fl"t)  spaces  permitting  higher  order  global  differentiability  in  space  and  time  are 
used  for  each  space-time  strip.  Integrals  are  maintained  in  Riemann  sense  by  choosing  appropriate  order  of  the  approximation 
space  in  space  and  time.  This  is  an  essential  feature  that  ensures  that  when  the  integrated  sum  of  squares  residuals  (I)  for  each 
space-time  strip  approaches  zero,  the  GDEs  are  satisfied  in  the  pointwise  sense,  hence  ensure  true  solutions  of  the  GDEs.  This 
work  shows  the  strength  and  significance  of  hpk  framework  and  variationally  consistent  integral  forms,  for  IVPs  in  this  case  (and 
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BVPs  in  other  areas  of  research  presented  in  this  report)  that  has  been  part  of  the  ongoing  research  in  computational  mathematics 
during  this  grant. 


Final  remarks 

During  this  three  year  time  period  of  the  grant,  five  major  areas  listed  under  I-V  have  been  investigated.  Summary  and  conclu¬ 
sions  resulting  from  this  research,  its  impact  and  significance  have  been  described  at  the  end  of  each  section  in  italics.  Comments 
and  in  some  cases,  preliminary  details,  are  also  provided  for  future  research.  In  each  of  the  five  major  areas  of  research,  model 
problems  and  their  numerical  solutions  are  presented  to  illustrate  the  features  of  the  mathematical  models  and  their  applications. 
Computational  mathematics  frame  for  obtaining  numerical  solutions  of  the  BVPs  and  IVPs  in  these  areas  is  based  on  hpk  finite 
element  method  with  variationally  consistent  integral  forms  in  which  the  space  or  space-time  local  approximations  are  in  Hk’p(Cle) 
or  Hk'p{flext)  scalar  product  spaces.  These  spaces  permit  higher  order  global  differentiability  local  approximations  that  are  neces¬ 
sary  to  ensure  integrals  over  the  discretizations  in  the  Riemann  sense,  so  that  when  the  integrated  sum  of  squares  of  the  residuals 

(I)  approaches  zero  for  the  whole  discretization  we  are  ensured  that  the  GDEs  are  satisfied  in  the  pointwise  sense.  Variationally 
consistent  integral  forms  (in  space  or  space-time)  yield  unconditionally  stable  computational  processes  for  all  BVPs  and  IVPs. 
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